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ABSTRACT

This research focuses on the buckling behavior of a porous Functionally Graded (FG) sandwich plate using
the sinusoidal shear deformation theory and hyperbolic tangent and secant thickness stretching functions
with novel displacement fields. The proposed model assumes a different thickness layer system with FGM
on the top and bottom and a ceramic core. Hamilton's energy principle is applied to the FGM sandwich
plates to understand their buckling behavior. The mesh convergence on Finite Element (FE) model is
carried out, and the accuracy of the results is tested using the existing research. The present model results
match reasonably well with the previously published literature. The impact of the transverse shear
deformation, plate aspect ratio, size-to-thickness ratio, and volume fraction is investigated for different

thickness layer systems.
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I.  INTRODUCTION

Composite structures are highly demanding due to
mechanical properties such as endurance, light weight, high
strength, and stiffness to mass ratios. They are employed in
numerous modern engineering applications, including civil
construction, vehicles, marine industry, and aerospace
applications. Understanding the mechanical behavior of
composite laminates is essential for the intricate design since
composite laminates can be customized to serve the intended
purpose while having a very complicated composition due to
their layered structure. Functionally graded composites are able
to carry out contemporary and unique tasks that traditional
composite materials are unable to. These sophisticated
composite materials, which are manufactured using advanced
combinations of metal and ceramic techniques, have
microscopically inhomogeneous morphology [1].

Exploring optimal materials that fulfil the strength and
stability standards over their lifetime is a tough work for an
engineer due to the rising demands given by the numerous
structural components. Composites are increasingly preferred
in this context due to the amount of flexibility they provide in
terms of product design. High stiffness and strength may be
achieved with a minimal weight by using a variety of
lamination schemes, fibre orientation, material types, and
material combinations. Nowadays, numerous types of
engineering structures use Functionally Graded (FG) sandwich
plates. In order to achieve improved mechanical characteristics

in traditional laminated composite materials, homogeneous
elastic laminae are joined to one another. However, a sudden
shift in material characteristics at the interface between two
materials may result in high interlaminar stresses, which may
lead to delamination. The use of FGMs, where material
characteristics vary continuously, is one method to counteract
these negative effects. This can be implemented by varying the
volume fraction of the constituent materials progressively,
typically along the thickness direction. This reduces interface-
related problems of composites, resulting in uniform stress
distributions. Generally, FGMs are composed of a composition
of ceramic and metal or made up of different materials. The
ceramic component in a FGM provides temperature barrier
effects and prevents the metal from corrosion and oxidation,
while the metallic component toughens and reinforces the
FGM [2-4]. Due to widespread use of FG sandwich structures,
it has become essential to know their responses. Shear
deformation theories like the First-Order Shear Deformation
Theory (FSDT) and Higher-Order Shear Deformation Theory
(HSDT) need to be implemented to predict the responses of FG
sandwich plates, as the shear deformation effect is more
noticeable in thick plates or plates composed of novel materials
such as FGM. The FSDT offers good results, but they rely on
the shear modification factor, which is challenging to figure out
because it involves a number of variables. On the other hand,
HSDT doesn't need a shear modification factor, but its
equations of motion are more difficult compared to FSDT [5].
From the 3-D equations of elasticity, a 2-D theory of bending
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movements of isotropic, elastic plates can be made. Like
Timoshenko's one-dimensional theory of bars, this theory takes
into account the effects of rotatory inertia and shear [6].
Authors in [7] proposed a mathematical 3D elasticity solution
for a sandwich hybrid with a FG core, loaded by a hard sphere
indentor in a crosswise direction. On the basis of first order
shear deformation theory and nonlinear von Karman
displacement field with variable thickness under uniform
temperature rise, the thermal stability of a sandwich FGM
circular plate with variable thickness has been analysed in [8].
The buckling behavior of FGM circular plates with variable
thickness under radial compression has been investigated in
[9]. Under thermal and mechanical loadings, authors in [10]
conducted buckling analysis of truncated conical sandwich
FGM shells with stiffeners and various material combinations
along the thickness supported by Pasternak elastic foundations
under thermal and mechanical loadings. The four-node
quadrilateral element for plates based on third order zigzag
theory was improved in [11] and was validated by static and
dynamic behavior. The inverse hyperbolic shear deformation
theory based on C; continuity Finite Element (FE) technique
has been proposed for the analysis of sandwich plates and
laminated composites in [12]. Unified formulation has been
extended to FGM plates, and a variable kinematic model taking
into account different material laws along the thickness was
proposed in [13]. The C, isoparametric element and Mori-
Tanaka homogenization technique have been used to conduct
static and dynamic analyses on FGM skew plates exposed to
mechanical pressure in [14]. The impact of skew angle on the
axial stress and deflection has been studied employing the same
Lagrangian element in combination with higher order shear
deformation theory in [15].

The buckling of FGM sandwich plates is analyzed in this
study using the equivalent single layer shear deformation
theory. In order to take into consideration the shear
deformation in the displacement field, a modified hyperbolic
function in terms of thickness direction was used. To evaluate
the buckling behavior of FGM sandwich plates, an FE model
has been created. The Cy FE model was developed based on a
new mathematical model to facilitate buckling analysis and
was evaluated for convergence. The outcome has been
corroborated by previously published research. The buckling
behavior has been analyzed using parametric studies to assess
the impact of different material layers with various thicknesses
by varying size to thickness ratio, power index, and aspect
ratio.

II. FORMULATION

A. Geometry of the FGM Sandwich Plate

The geometrical features of a sandwich plate (with FGM on
top and bottom surface and ceramic core) are described in
Figure 1 with sides a and b and total thickness h. The mid-
plane of the plate is taken as the reference plane (z = 0).

B. Homogenization of the FG Plate

The volume fraction function is defined in (1), with the
power index (p) and the distance from the mid-plane (z) of the
plate.

o Metallic

Functionally
Graded
Material

Metallic

Fig. 1. Geometry of the FGM sandwich plate.

Effective material parameters like Young’s modulus E(z)
and Poisson ratio p(z) can be determined as functions of
thickness for different thickness layer systems from mid-plane
as follows:

_ [ z=hy p
Vi@ = {2 (1)
here, z lies between hy and h;.
V,(z) =1 (1b)
here, z lies between h; and h,.
_ Z—h3 p
Vo(@) = (73] (10
here, z lies between h, and h;.
E(z) = Epy + (B¢ — Ep) * Vn(2) (2a)
w2 = i + (He = M) * Vn(2) (2b)

where E., un, and E¢, pc represent Young’s modulus and
Poission’s ratio of metal and ceramic, respectively. Power
index is denoted by p= 0, V;,(z) is the volume fraction function
of layer n (n = 1, 2, 3) at thickness z.

The suggested HSDT uses the shear deformation function
g(z) associated with g, and g, which is represented in (3),
whereas the transverse shear strain distribution along plate
thickness, thickness stretching function t(z) associated with ©
is expressed in (4) to include the thickness stretching
deformation of plate.

g(z) = =sin {7} 3)

_ [3m 22 3m 21
t(z) = {?} (1 — tanh K) - 7sech 3 “

In-plane displacements u, v, and transverse displacement w
are expressed in (5)-(7) using the shape function g(z) and the
thickness stretching function t(z). For the C, continuity of the
FE analysis, out of plane derivatives are complex due to the
involvement of the strain with second-order derivatives, but C,
continuity is extremely intricate and difficult to model.
Therefore, new nodal unknowns are substituted for the out-of-
plane derivatives to verify that displacement field variables are
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continuous within elements and need the application of penalty
approach during FE formulation.

u(x,y,z) = up(x,y) = zopx(x,y) = 8(2)Psx (x,y) (5)

v(x,y,2) = Vo(%,y) — zapy (x,y) — g(2)Wsy(x,y) (6)

w(x,y,2) = wo(x,y) + t(Z)P(x,y) (M
where ap, ——— =0, apy —Z—V; =0

C. Kinematics of Structure

Strain—displacement can be derived by differentiating the
displacement field as given below:

_0up __Odopx sy
Exx= 0x z 0x g(Z) 0x
_Ovo _ Oapy sy
=%y T %y @ ay
at,
€p=—- (®)
0z
_ (Ou v, dap dapy P sy
Vo = G+ 8 =2 T - @ T
aw, 6f
Yxz =6_x0_ Zlle>( +t(Z)_
dwg
Yyz = B_y — Qpy _a_zzlpsy + t(Z)a_y

D. Constitutive Relations for the FGM Sandwich Plate

Linear constitutive relationship between stresses and strain
is given by constitutive matrix.

0 g = EO0)
Q11 = Q22 =Q33 = PR
E(@)p(+w
Q12 = Q3 =Qup = 1_23:2—_253
E(z)
Q44 = Qs5 = Qg6 = 2(1;) )
(Oxx) Qi1 Q2 Qi3 O 0 0 (Exx)
Oyy Qiz Qa2 Q 0 0 0 |[&y
Oz _|Qizs Qs Q3 0 0 0 |]€z (10)
Tyl |0 0 0 Qu 0 0\
%] |0 o 0o 0 Qs o J vazJ
kT}’Z) 0 0 0 0 0 Q66 sz

E. Governing Equation of Motion

Hamilton’s principle derives the equations of motion. U is
the strain energy, K is the Kinetic energy, and W is the work
done by external forces.

$8(U—K—-W)aQ =0 (11)
The strain energy of FGM sandwich plate is shown in (12):
U= %fff €Todxdy dz =

= I €™ Z7[Quj]Z 0z3e, Ox Dy (12)

Critical buckling load along the x and y axis is represented
by Nx and Ny, while Nxy represents the shear buckling. The
total work done by external compressive forces acting on the
plate edges is:

ow ow

WZ
W= LN NS aNy S dxdydz (13)

The material rigidity matrix [D] is obtained from the
constitutive matrix given in (10) and the thickness matrix given
in (14). This matrix facilitates the use of the proposed HSDT as
an equivalent single layer theory to downscale the 3-D domain
to the 2-D domain for the analysis.

(2] =
[1 000O0OzO0OO0OOOSE OO O O O0 O 0]
010000z0O0O0T0TUQGE 0 O 0 0 0 O
000O0OOOOOOOTOTG OO0 O 0 t, 00
001000O0Oz2z0O0UO0O0w§g 0 0 0 0O (14)
000100O0OO0OT1IO0TG0TGO0OTUDO g’z 0 0 t, O
000O0O010O0OO0O0O0O11TO0O OO0 O g’Z 0 0 ¢t

_ z=h/2 T
[D] = [,__ 1217 [Qy](Z] 9z (15)

The geometric rigidity matrix [Dg] is obtained by [N] and
thickness coordinate matrix [Z,] given in (16):

Dl = ;=5 (2] [N] (2] 02 (16)
where:
m=[ W)
1 0
AR A
0 t(2)

Thee displacement in the FE can be represented as the
linear combination of node shapes and corresponding shape
functions. The principle of virtual work was applied using the
mid plane strain vector. The material stiffness matrix and the
geometrical stiffness matrix are obtained. The total potential
energy for buckling analysis is:

=‘ff €' [D] € 0X6y——ff € [Dg] €, 0x Ay (17)
[Kg] = J[[Bg]"[Dg1(Bg] [J] 9gan (18)
1II. RESULTS AND DISCUSSION

In the current work, buckling analysis on FGM sandwich
plate was carried out using FE formulation based on a 9-node
isoparametric Cy continuous shape function.

A. Model Convergence and Validation

Based on the suggested innovative HSDT, the governing
equations for the FE model which is utilized for the buckling
analysis of the FGM sandwich plate are obtained from the
principle of virtual work. In-house MATLAB algorithm for FE
formulation was written using the 9-noded Lagrangian
isoparametric shape functions. Using mesh convergence
studies, the FE model was evaluated and its performance was
assessed. The FE analysis was carried out on a simply
supported square FGM sandwich plate. The material properties
are shown in Table I. To predict the buckling responses of the
FGM sandwich plate, we consider the plate subjected to axial
in-plane forces.
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TABLE L MATERIAL PROPERTIES
Material Poission’s Mass density Modulus of
ratio (kg/m’) elastiity (GPa)
ALO; 0.3 2702 70
Al 0.3 3800 380

The change in dimensionless critical buckling load with
various power law indices, different layers of different
thickness types of FGM sandwich and mesh sizes was
investigated. The presented numerical solutions are computed
using novel theory, and the findings are compared with the
existing research. The non-dimensional critical buckling ratio is
expressed as:

Na?

Ner = Eph3

where N is the buckling load due to external load. From Table
II, it can be seen that as power index increases, the non-
dimensional critical buckling loads for uniaxial and biaxial
compression loading for different thickness layer systems
decrease. It can be seen that for various layer configurations
and for the same boundary condition, non-dimensional critical
buckling load decreases with increase in the power index that
corresponds to increase in metallic volume fraction. Further, it

can be seen that the biaxial buckling loads are smaller than the
uniaxial buckling loads. For convergence investigations,
several mesh sizes have been used, and the results are reported
in Table II in terms of non-dimensional critical buckling load.
For validation and accuracy, the model's results were compared
to the findings of [5]. For a critical buckling load, it has been
observed that a mesh size of 9x9 elements can provide
sufficient convergence.

In Table III, the dimensionless critical buckling load for
uniaxial and biaxial compressive loading is presented for
various power index and aspect ratios for different thickness
layer systems, showing that the decrease in the shorter
dimension increases the critical buckling load. The Al/Al,O4
FGM sandwich plate has been analyzed for buckling with all
sides simply-supported (SSSS). It has been observed that with
a given size-to-thickness (a/h) ratio, a rise in power index
results in a gradual decrease in non-dimensional critical
buckling load. Further, it is also observed that an increase in
(a/b) ratio results in an increase in the critical buckling load for
a fixed power index. From Figure 2, it can be seen that the
material variation is continuous within the layers of FGM and
core, however, there is a drastic change near the layer interface.

TABLE IL. NON-DIMENSIONAL CRITICAL BUCKLING LOADS FOR VARIOUS THICKNESS OF LAYER SYSTEMS FOR Al/ALL,O; FGM
SANDWICH PLATE (a/b=1, a/h=10)
p Theory Ref. Uniaxial buckling load Biaxial buckling load
1-0-1 2-1-2 1-1-1 2-2-1 1-2-1 1-0-1 2-1-2 1-1-1 2-2-1 1-2-1
FSDT [5] 13.0045 | 13.0045 | 13.0045 | 13.0045 | 13.0045 6.5022 6.5022 6.5022 6.5022 6.5022
0 Present 5%5 13.1092 | 13.1092 | 13.1092 | 13.1092 | 13.1092 6.5546 6.5546 6.5546 6.5546 6.5546
Present 77 13.0768 | 13.0768 | 13.0768 | 13.0768 | 13.0768 6.5384 6.5384 6.5384 6.5384 6.5384
Present 9%x9 13.0687 | 13.0687 | 13.0687 | 13.0687 | 13.0687 6.5344 6.5344 6.5344 6.5344 6.5344
FSDT [5] 7.3634 7.9403 8.4361 8.8095 9.2162 3.6817 3.9702 4.2181 4.4047 4.6081
05 Present 5%5 7.4329 8.0147 8.5142 8.9265 9.2994 3.7165 4.0073 4.2571 4.4632 4.6497
’ Present 77 7.4094 7.9894 8.4879 8.8991 9.2717 3.7047 3.9947 4.2439 4.4495 4.6359
Present 9%x9 7.4034 7.9830 8.4811 8.8921 9.2647 3.7018 3.9916 4.2406 4.4460 4.6323
FSDT [5] 5.1648 5.8387 6.4641 6.9485 7.5056 2.5824 2.9193 3.2320 3.4742 3.7528
| Present 5%5 5.2193 5.8998 6.5306 7.1000 7.5801 2.6097 2.9499 3.2653 3.5500 3.7900
Present 77 5.2005 5.8785 6.5076 7.0748 7.5485 2.6002 2.9392 3.2538 3.5374 3.7775
Present 9%x9 5.1956 5.8730 6.5016 7.0683 7.5483 2.6002 2.9365 3.2508 3.5342 3.7742
TABLE III. NON-DIMENSIONAL CRITICAL BUCKLING LOAD FOR VARIOUS ASPECT RATIO AND POWER INDEX FOR VARIOUS
THICKNESS OF LAYER SYSTEMS FOR Al/AL,O; FGM SANDWICH PLATE (a/h = 10)
(a/b) Uniaxial buckling load Biaxial buckling load
P | ratio 1-0-1 2-1-2 2-1-1 1-1-1 2-2-1 1-2-1 1-0-1 2-1-2 2-1-1 1-1-1 2-2-1 1-2-1
1/3 4.1276 4.1276 4.1276 4.1276 4.1276 4.1276 3.7148 3.7148 3.7148 3.7148 3.7148 3.7148
0 12 5.2049 5.2049 5.2049 5.2049 5.2049 5.2049 4.1639 4.1639 4.1639 4.1639 4.1639 4.1639
32 28.8668 | 28.8668 | 28.8068 | 28.8668 | 28.8668 | 28.8668 10.2921 10.2921 10.2921 10.2921 10.2921 10.2921
2 454834 | 454834 | 454834 | 454834 | 454834 | 454834 | 15.1822 | 15.1822 | 15.1822 | 15.1821 15.1822 15.1821
1/3 2.3214 2.5035 2.6105 2.6611 2.7934 2.9099 2.0894 2.2533 2.3496 2.3950 2.5144 2.6189
05 12 2.9308 3.1607 3.2941 3.3591 3.5250 3.6726 2.3444 2.5285 2.6352 2.6873 2.8201 2.9381
’ 32 16.893 18.2031 18.8385 19.2964 | 20.1193 | 20.9776 5.8870 6.3466 6.6030 6.7384 7.0589 7.3506
2 26.8601 | 28.9383 | 29.9475 | 30.6591 | 31.9572 | 33.2872 8.7949 9.4791 9.8527 10.0520 | 10.5227 10.9493
1/3 1.6242 1.8360 1.9832 2.0337 2.2171 2.3645 1.4616 1.6525 1.7851 1.8303 1.9952 2.1281
1 12 2.0516 2.3190 2.5018 2.5684 2.7971 2.9855 1.6413 1.8552 2.0015 2.0547 2.2377 2.3884
32 12.0322 | 13.6020 | 14.4529 | 15.0143 16.1370 | 17.3085 4.1485 4.6895 5.0446 5.1874 5.6333 6.0104
2 19.2013 | 21.7087 | 23.0957 | 23.9486 | 25.7529 | 27.5610 6.2321 7.0453 7.5701 7.7853 8.4426 8.9974

IV. CONCLUSIONS

The buckling behavior of FGM sandwich plates was carried
out using FE formulation based on a 9-node isoparametric Cy,
continuous shape function from the novel suggested

displacement fields with a hybrid hyperbolic tangent and secant
function for accounting for the effect of thickness stretching.
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Fig. 2.
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various values of power index in the 1-1-1 layer system.

The performance of the FE model is characterized as quite

satisfactory after the comparison with the findings of the
existing literature. For the parametric study, the model is
transformed for different (a/b) ratios and power index. The
corresponding critical buckling loads for uniaxial and biaxial
compressive loading were calculated. The following key points
have been made regarding the critical buckling load in the
buckling analysis:

(1]

(2]

(3]

[4]

The developed FE model shows good convergence with an
optimal mesh size of 9x9 elements, producing accurate
results.

For the same boundary conditions and plate geometry, the
critical buckling load for uniaxial buckling is greater than
biaxial buckling.

The developed FE model delivers results comparable with
the existing ones.

The FG sandwich plate's critical buckling load increases as
the ceramic constituent in the plate increases.

Increase in the (a/b) ratio results in higher values of non-
dimensional critical buckling load for a constant power
index.
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