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Abstract—In this paper, a new micromechanical disc resonator 
with two L-shaped horizontal support beams in torsional mode 
vibrations has been proposed. The proposed micromechanical 
resonator has been studied in the field of natural frequencies and 
support loss. In order to verify the findings of natural 
frequencies, the analytical results are compared to the simulation 
results given by ANSYS software. A good agreement between 
analytical and simulation results is shown. In addition a closed-
form equation for support loss quality factor in torsional mode 
vibrations of the proposed micromechanical resonator is 
presented. The results show that using L-shaped support beams 
can improve the support loss quality factor up to two times. 
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I. INTRODUCTION  
Micromechanical resonators are small micromechanical 

devices which vibrate at high frequencies and are used in 
devices such as filters [1], sensors [2] and gyroscopes [3]. 
Several loss mechanisms in the resonators exist, such as air 
damping, thermoelastic damping (TED) and support loss. The 
measured unloaded quality factor is mainly the combination of 
these loss mechanisms, which expressed as [4]: 

TEDSupportTotal Air

1 1 1 1
Q Q Q Q

         (1)  

Among the loss mechanisms in a micromechanical 
resonator, air damping can be eliminated by operating the 
resonator in vacuum. Thermoelastic damping is the result of an 
irreversible heat flow due to the stress gradients in 
micromechanical resonators and usually is too low to limit the 
quality factor at high frequency [5-7]. At high frequencies, the 

main loss mechanism which determines the quality factor is the 
support loss which is caused by the propagation of the elastic 
waves through the substrate [4]. In micromechanical 
resonators, a high quality factor is desirable as it leads to 
improved performance in frequency selective applications. 
Therefore, modeling support loss as dominant mechanism of 
energy loss is a matter of debate for improving the performance 
of the resonators. 

In [8], authors studied the support loss in square rocking 
mass resonator. They derived the support loss quality factor 
equation for the torsion mode, out of plane rocking mode and a 
combination of both. In [9], authors presented an analytical 
model for support loss in clamped-free and clamped-clamped 
beam resonator with in-plane flexural vibrations. In addition,         
in [10], the support loss in the center supported 
micromechanical disk resonator under radial bulk-mode 
vibrations was calculated. Authors provide significant insights 
into the geometrical design and choice of materials in high-Q 
center supported disk resonant structures. In [11], the 
thermoelastic damping in micro- and nano-electromechanical 
circular thin-plate resonators under contour-mode vibrations 
was investigated and it was demonstrated that the QTED of the 
contour-mode vibrations of a circular thin-plate resonator is 
well above 106 when its resonant frequency is below 1 GHz. In 
[12], authors presented the analytical equation of the support 
loss quality factor in the plunging-mode vibrations of a 
micromechanical rectangular-plate resonator with two T-
shaped support beams. They obtained the closed-form 
expression for support loss quality factor in the plunging-mode 
vibrations of micromechanical rectangular-plate resonator with 
two support beams. Findings demonstrated the support loss 
quality factor in the plunging-mode vibrations is enhanced 
about 1.5 times using T-shaped support beams instead of 
conventional orthogonal support beams.  
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The main contribution of this paper is introducing a new 
support beams scheme for torsional mode micromechanical 
disk resonators. This paper is organized as follows. The closed-
form equations of support loss quality factor and natural 
frequency for a micromechanical disc resonator with two 
horizontal support beams in torsional mode vibrations is first 
obtained. Then, a new design for support beams is presented to 
improve support loss quality factor. Finally, the closed-form 
equation of support loss for proposed design is calculated and 
discussed. 

II. TORSIONAL MODE VIBRATIONS OF A CONVENTIONAL 
MICROMECHANICAL DISC RESONATOR 

Figure 1 shows a micromechanical disk resonator of radius 
R, beam length L, beam width w and thickness h, suspended 
from the substrate through two support beams. The torsional 
mode vibrations for the micromechanical disc resonator with 
two horizontal support beams are shown in Figure 2. In Figure 
2, the resonator is rotated by θ0 around the x axis. Figure 3 
illustrates the side view of the torsional mode vibrations for the 
micromechanical disc resonator with two horizontal support 
beams and also the transformations of the resonator in this 
mode. Figure 4 shows how the torsional moment is exerted to 
the substrate in a micromechanical disc resonator with two 
horizontal support beams in torsional mode vibrations. 

 

 
Fig. 1.  Conventional micromechanical disc resonator 

 

 
Fig. 2.  Torsional mode vibrations of a micromechanical disc resonator 

 
Fig. 3.  Side view of the torsional mode vibration 

 

 
Fig. 4.  Exerted torsional moment to the substrate 

 
The torsional moment is obtained from (2) [8]: 

3
0

t
G whM

L
 

  (2) 

Where, θ0 is the angular rotation of the resonator. G is the 
shear modulus. Values of  in w/h for w h is represented in 
[13]. The support loss quality factor in torsional mode vibration 
is obtained from (3) [8]: 

Support

1
Q U

   (3) 

In (3), U is the total energy obtained from a single vibration 
cycle of the resonator and the support beams,  is the natural 
frequency of the resonator,   is the net power of the resonator 
output energy flow. In order to calculate the vibrational energy 
and frequency, the effective inertia moment and the equivalent 
stiffness should be determined. The equivalent inertia moment 
is obtained from (4) [14]: 

2 2 2 2 21 ( ) (3 )
9 12effJ whL w h hR R h      (4) 

The equivalent stiffness in torsional mode of the 
micromechanical disc resonator with conventional support 
beams for w h is obtained from (5) [8]: 

3 32
(1 )t

G wh E whK
L L
 


 


  (5) 

The natural frequency is obtained from (6): 
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And the vibrational energy is obtained from (7): 
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III. VERIFICATION 
Resonator structure, support beams and substrate are made 

from single-crystal silicon with material properties listed in 
Table I. The calculated frequency from (6) was compared to 
the frequency obtained by ANSYS for the design specifications 
given in Table II. The results of this comparison are listed in 
Table II. 

TABLE I.  MATERIAL PROPERTIES OF SINGLE-CRYSTAL SILICON 

E (GPa) ρ (kg/m3)   
131 2330 0.28 

TABLE II.  COMPARISON BETWEEN ANALYTICAL AND SIMULATION 
RESULTS OF NATURAL FREQUENCY. 

Parameters Example 1 Example 2 
R (m) 150 80 
L (m) 300 250 
w (m) 30 20 
h (m) 10 5 

Analytical (kHz) 85.7 138.9 
ANSYS (kHz) 83.9 136.81 

%Error 2.1 1.5 
Table II shows that the frequency obtained from (6) is in 

agreement with the frequency from ANSYS, which verifies the 
equivalent stiffness and the effective inertia moment of the 
micromechanical disc resonator with two horizontal support 
beams. 

IV. ADMITTANCE MATRIX AND POWER FLOW 
The power flow into the support structure is explained as 

(8) [15]: 
1 Re( )
2

  F.V  (8) 

In order to form a relation between the velocity vector and 
the power vector at the junction of the beam to the substrate, an 
admittance matrix (Y) is applied. Expressions for power in 
terms of shear force Fz, bending moment Mb and torsional 
moment Mt (the shear force and bending and torsional 
moments in the beams and anchor connection point) are 
presented as (9)-(15) [12]: 
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  M M M Mt tb b     (13) 

  M F M Fz zt t     (14) 

M F Mz tb 
       (15) 

TABLE III.  CONSTANTS ASSOCIATED WITH ADMITTANCE MATRIX FOR 
POISSON’S RATIO OF 0.28 AND 0.3 [4, 16] 

υ = 0.3 υ = 0.28 Coefficients 
0.216450.22172  Re(y11) = Re(y22) 
-0.29149 -0.28546  Re(y23) = Re(y32)  
0.461980.45735 Re(y33) 

 
Substituting (6), (7) and (11) in (3) and using (2), the 

support loss quality factor in torsional mode of the 
micromechanical disc resonator with two horizontal support 
beams will be obtained from (16): 

 2 36 1
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V. TORSIONAL MODE VIBRATIONAL OF A 
MICROMECHANICAL DISK RESONATOR WITH L-SHAPED SUPPORT 

BEAMS 
Figure 5 shows the schematic view of micromechanical 

disc resonator with L-shaped support beams along with 
geometric characteristics. As shown, L1, w1, L2, w2 are the 
related parameters for L-shaped part of support beam. The 
torsional mode vibrational of the resonator and the torsional 
moments which are applied to the substrate are shown in 
Figure 6. The torsion moment is obtained from (17): 

3
0

1 2
G wh

M t L
 

  (17) 

A T-shaped part has been added at the end of the L-shaped 
beams to halve the torsional moment. According to [14] the 
equivalent stiffness depends on the equivalent torsional 
moment which applied to the resonator and therefore, the      T-
shaped part has not significant effect on the equivalent 
torsional moment applied to the resonator. Hence, the stiffness 
remains constant. Table IV shows the effect of neglecting the 
inertia moment of the T shaped part on frequency. 

Table IV shows that neglecting the inertia moment of the   
T-shaped part has little effect on natural frequency. Therefore, 
the natural frequency and vibrational energy in torsional mode 
vibrations of a micromechanical disc resonator with two        L-
shaped support beams are obtained from (6) and (7), 
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respectively. By substituting (6), (7), (11) and (17) in (3), the 
support loss quality factor is calculated as follows: 

 2 33 14 11
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 (18) 

 

 
Fig. 5.  Micromechanical disc resonator with L-shaped support beams 

 

 
Fig. 6.  Torsional mode vibrational of a micromechanical disc resonator 

with L-shaped support beams 
Figure 7 shows the support loss quality factor in torsional 

mode vibrations of a micromechanical disc resonator with two 
L-shaped support beams in terms of the changes in beam length 
for three different width thicknesses. Figure 8 shows the 
support loss quality factor in torsional mode vibrations of a 
micromechanical disc resonator with two L-shaped support 
beams in terms of the changes in thickness of substrate for 
three different beam thicknesses. The values in Table IV 
Example 1 has been used for the charts. 

Considering the geometric values in Table V, the support 
loss quality factors of micromechanical disc resonator with two 
L-shaped support beams and the micromechanical disc 

resonator with conventional support beams in torsional mode 
vibrations have been compared. As shown in Table V, support 
loss quality factor at the same resonant frequency is enhanced 
about 2 times by using the L-shaped beams. 

TABLE IV.  COMPARISON BETWEEN ANALYTICAL AND SIMULATION 
RESULTS OF NATURAL FREQUENCY IN TORSIONAL MODE VIBRATIONS OF A 

MICROMECHANICAL DISC RESONATOR WITH TWO L-SHAPED SUPPORT 

Parameters Example 1 Example 2 
R (m) 150 80 
L (m) 300 250 
w (m) 30 20 
h (m) 10 5 
L1 (m) 40 35 
w1 (m) 35 30 
L2 (m) 55 60 
w2 (m) 20 25 

Analytical (kHz) 85.7 138.9 
ANSYS (kHz) 80.3 129.64 

% Error 6.3 6.67 
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Fig. 7.  Support loss quality factor in term of the changes in beam length 

for three different width thicknesses 
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Fig. 8.  Support loss quality factor in term of the changes in thickness of 

substrate for three different beam thicknesses 
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TABLE V.  COMPARISON BETWEEN THE SUPPORT LOSS QUALITY FACTORS IN THE TORSIONAL MODE VIBRATIONS OF MICROMECHANICAL DISC RESONATOR 
WITH TWO L-SHAPED SUPPORT BEAMS AND CONVENTIONAL SUPPORT BEAMS 

Model 2: 
L-shaped beams 

Model 2: 
Conventional beams  

Model 1: 
L-shaped beams  

Model 1: 
Conventional beams  Parameters  

80  80  150  150  R (m) 
250 250 300  300  L (m) 
20  20  30  30  w (m) 
5  5  10  10  h (m) 
35  -  40  -  L1 (m) 
30 -  35  -  w1 (m) 
60  -  55  -  L2 (m) 
25  -  20  -  w2 (m) 

1000 1000  1000 1000 hp(m) 
138.9 138.9 85.7  85.7  Analytical frequency (kHz)  

7.43108  3.715108 7.94107  3.97107  Quality factor  
     

VI. CONCLUSION 
In this paper, the closed-form expressions were obtained 

for natural frequency and support loss quality factor in the 
torsional mode vibrations of micromechanical disk resonator 
with two support beams. To verify the obtained frequency, 
analytical frequency was compared with the frequency 
obtained from the ANSYS software and a good agreement 
between them has been observed. In addition, a new design 
was proposed to enhance the support loss quality factor. The 
conventional support beams were replaced with L-shaped 
ones. The findings show that using the new design caused the 
support loss quality factor to increase 2 times. Moreover, it 
show that an increment in thickness and width of the support 
beams, decreases the quality factor and that by increasing the 
length of the beams and thickness of substrate, the quality 
factor increases. 
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