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ABSTRACT. In this investigation, three-dimensional elastic finite element analyses have been conducted to 
compute the stress intensity factor (KI) in a SENB specimen with varied thickness (B) and crack-length to width 
ratio (a/W). The results indicate that the magnitude of KI depends on B, and significantly varies along the crack-
front from surface to the center of the specimen. The maximum value of KI is found at mid plane of the 
specimen. Based on the present 3D finite element calculations an effort is made to propose the new analytical 
relationship between maximum KI and specimen a/W, which helps to estimate maximum KI by only knowing 
specimen geometry and applied load. 
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INTRODUCTION  
  

n Fracture analysis, two-dimensional approach of LEFM is popular because of its simplicity in mathematical 
formulation and numerical analysis. In two-dimensional structural analyses, plane strain is governed by case where 
deformation is highly constrained for example plates with larger thickness, and plane stress is used for thin plates.  

Several methods have been developed in past, to compute the KI for engineering problems with complex geometry and 
loading [1].  Fett [2] has used boundary allocation method to compute KI solutions for components containing internal 
cracks. Chen and Lin [3] investigated the dependence of the KI from the imposed boundary conditions in a rectangular 
cracked plate. Based on the asymptotic solution of the singular stress field, and the common numerical solution (stresses 
or displacements) obtained by finite element method, a simple and effective numerical method is developed by Yihua Liu 
et al. [4] to calculate stress intensity factors.  
Due to complexity of the solution, the stress field around the crack-front in 3D continua is limited. Kwon and Sun [5] 
given the detailed literature review about the efforts in computating 3D stress intensity factor and presented 3D FE 
analyses to investigate the stress fields near the crack tip. The authors [5] suggested a simple technique to determine 3D KI 
at the mid plane of a specimen by knowing 2D KI and Poison’s ratio (v). Moreira et al. [6] studied the 3D effects in a 
central cracked plate by numerical determination of the stress field and KI variation through the thickness.  As Single edge 
notch bend (SENB) specimen is more preferred for fracture tests hence, it is essential to have such study on this 
specimen. The aim of this investigation is to study the variation of KI along the crack-front considering a SENB specimen 
geometry having varied thickness (B) and crack length to width ratio (a/W). To calculate the maximum KI at mid plane of 
any fracture specimen, it is essential to conduct complex 3D FEA. Hence, it is always very difficult for a structural 
engineer to conduct 3D FEA for estimating KI at the mid plane of a specimen. Hence, based on the present 3D FE 
calculations, an attempt is made to propose a new analytical relationship between KI at the mid plane, a/W and applied 
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stress ratio (/y) which shall be a great help in estimating maximum magnitude of KI in a SENB specimen without 
complex 3D FE analysis. 
 
 
FINITE ELEMENT ANALYSIS 
 

 series of 3D finite element analyses have been made on SENB specimens using ABAQUS 6.5 [7] finite element 
software. The dimensions of SENB specimen has been computed according to ASTM standard E1290 [8] 
considering width of the specimen W=20mm. Figure1 shows the geometry of the SENB specimen used in this 

analysis. Finite element computations were carried- out considering only one-half of the specimen due to the geometric 
and loading symmetry. The analysis domain is descritized using 20-noded quadratic brick finite elements using reduced 
integration. This kind of elements were used in the work of Moreira et al. [6],  Qu and Wang [9], Kim et al. [10], Courtin et 
al. [11], Kudari and Kodancha [12]. In this analysis, the number of elements in the analysis domain varied with the 
thickness (B) of the specimen. The specimen thickness modeled by considering 11 layers in the thickness direction.  A 
typical mesh used in the analysis for specimen thickness B=4 mm is shown in Fig. 2. The stress distributions in the 
specimen and magnitudes of KI have been extracted by using ABAQUS post processor. The variation of stress 
components and KI along the crack-front has been studied for different specimen thickness and crack length to width 
ratio (a/W=0.45-0.70).  
 

 
Figure 1: The geometry of the SENB specimen used in the analysis (W=20 mm). 

 

 
 

Figure 2: 3D Specimen FE mesh used for the analysis. 
 

In this work the magnitude of applied stress () is computed using the relation [13]: 
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where, P is applied load, B is thickness of the specimen, W is width of the specimen, S=4W, the span of the specimen. 
The specimen thicknesses (B) considered in this analysis is 2 to 20 mm (B/W=0.1-1.0) in steps of 2 mm. In these finite 
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element calculations, the material behaviour has been considered to be multi-linear kinematic hardening type pertaining to 
an interstitial free (IF) steel possessing yield strength of 155 MPa, elastic modulus of 197 GPa, Poison’s ratio=0.30, and 
Ramberg-Osgood constants N=3.358 and =19.22 [14]. 
 
 
RESULTS AND DISCUSSION 
 
2D Stress Intensity Factor (KI) 

n this study, initially 2D elastic plane-stress FE analysis has been conducted on the SENB specimen with a/W=0.45-
0.70 to extract the KI. The magnitude of KI computed by theoretical formulation [15] as given in Eq. (2) and present 
2D FE analysis is plotted against a/W in Fig. 3. 

 

)(YaKI            (2) 
 

where,   is applied stress, a is crack length and Y is geometric factor. The Fig. 3 indicates that the present FE results of 
2D KI are in excellent agreement with the results obtained by theoretical Eq. (2). These analyses provide the validation of 
the FE computation of KI in 2D. 
 

 
 

Figure 3: Variation of KI
  vs. a/W obtained by Eq. (2) Ref [15]  and 2D FEA. 

 
3D Stress Intensity Factor (KI) 
A series of 3D FE stress analyses have been carried out on SENB specimen with varied B, a/W and normalized applied 
stress (/y) to study the variation of KI along the crack-front. The applied stress () in this analysis is computed using 
the analytical formulation provided in the work of sherry et al. [13]. The details of extraction of magnitudes of KI are 
discussed elsewhere [16].  
A typical variation of KI for B=10mm with a/W=0.55 for various loading (/y=0.08 to 0.80) is shown in the Fig.4. This 
figure indicates that the magnitude of KI is higher at the centre of the specimen than on the surface. This is due to 
variation of stress tri-axiality along the specimen thickness. The nature of variation of KI shown in Fig.4 is in good 
agreement with the similar results presented by Fernandez et al. [17]. Further, the effect of a/W on variation of KI is also 
studied. A typical variation of KI along the crack-front for specimen having various a/W and B=10 mm for /y=0.56 is 
shown in Fig. 5. This figure illustrates that for the similar applied load the magnitude of KI at the centre and the surface of 
the specimen increases as a/W increases. This kind of variation of KI along the crack front is not possible to study 
analytically. The 2D magnitude of KI can be computed by well-known analytical formulation Eq. (2). The Eq. (2) do not 
consider the effect of specimen thickness, and provide the magnitude of KI less than that at the center of the specimen as 
shown in Fig. 5 (Typically for a/W=0.60). From this result, one can infer that the analytical estimates of KI (estimated by 
Eq. (2)) are not suitable for the analysis of fracture in case of specimens with higher thickness (plane strain).  Earlier, 
Nakamura and Parks [18] have used degree of plane strain to demonstrate the plane strain behavior in 3D cracked plate. 
The degree of plane strain, Dp, a parameter that measures the variation of the constraint factors needs the computed 
values of stress variation in all three directions as [18]: 
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Figure 4: Variation of KI along the crack-front for various 
loading. 
 

Figure 5: Variation of  KI along the crack-front for B=10 mm and 
various a/W. 

 

This Dp is quite complex to compute and analysis. The above limitations in fracture analysis demand the 3D analysis of 
fracture specimen to find the KI at the center (maximum) of the specimen.  
One can observe from Fig.5 that there exists a considerable difference in the magnitudes of KI between center and surface 
of the specimen. A typical variation of difference between the magnitude of KI at the center and on the surface (KI) for a 
specimen having B=10mm for /y=0.56 and various a/W is shown in the Fig. 6. This figure indicates that KI of the 
specimen increases as a/W increases, which infers that higher magnitude of specimen a/W ratio provides maximum out-
of-plane constraint. The magnitude of KI are also extracted for B=2 to 20 mm (B/W=0.1 to 1) and a/W=0.45 to 0.70 for 
loading /y=0.08 to 0.80. A typical variation of KI for thicknesses B=2mm, 10mm and 20mm for a/W=0.50 and 
/y=0.56 is shown in Fig 7. This figure clearly demonstrates an interesting finding that the magnitude of KI at the center 
of the specimen is independent of specimen thickness (B). 
 

 

Figure 6: Variation of KI for various a/W ratios. 
 

Figure 7: Variation of  KI  along the crack-front for B=2 mm, 10 
mm and 20 mm with a/W=0.50 
 

Fig. 4 to 7 show that KI strongly varies with distance along the crack-front and depends on the specimen thickness. Figure 
4 to 7 show that the magnitude of KI is higher at the centre of the specimen than on the surface. This nature of variation 
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of KI is in agreement with the result presented by Kwon and Sun [5]. Based on their FE results, Kwon and Sun [5] have 
proposed a formulation to obtain the highest magnitude of 3D KI (at the centre of the specimen) based on magnitude of 
KI obtained by 2D analysis as: 
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where  is Poisson’s ratio of the material.  
The highest magnitude of the KI (at the center of the specimen) extracted by the present 3D FE analysis for various a/W 
ratios is plotted in Fig. 8 along with the 3D KI values estimated by the formulation, Eq. (4) using 2D results shown in Fig. 
3. The 2D computation of KI were made in order to verify the possible use of the formula (Eq. (4)) proposed by Kwon 
and Sun [5]. The Fig.8 shows that there is an acceptable agreement of 3D KI at the center of the specimen and the 
computations made by the formulation given by Kwon and Sun [5] using present 2D FE results. 
As magnitude of KI is found to be maximum at the centre of the specimen, it becomes important to do the fracture 
analysis of material based on the value of KI estimated at the center of the specimen. This demands 3D FE analysis of 
fracture specimen, which is difficult and time consuming for any fracture analyst. Hence, in this study an effort is made to 
propose a simple relation to estimate KI at the center of the specimen, without any numerical computations. Further, the 
magnitude of KI at the center of specimen having various B (B=2 to 20mm) and /y=0.08 to 0.80 and a/W=0.45 to 0.70 
are extracted from 3D FE analysis. A typical plot of KI at center against /y and B for a/W=0.50 is plotted in Fig.9.   
 

Figure 8: Variation of KI for various a/W ratios obtained by 
present 3D FEA and Kwon and Sun [5] 
 

Figure 9: A typical plot of KI at specimen centre against / y   

for various B. 
 

It is interesting to know from this figure that the variation of KI vs. /y is linear for various specimen thicknesses (B) and 
is independent of B. This nature of the variation of KI vs. /y allows us to obtain the relation between KI and /y for 
particular a/W.  Next, the slope of KI vs. /y is evaluated by fitting a straight-line equation to all the values of KI 
estimated at the centre of the specimen shown in Fig. 9. Now, it is required to find the variation of   KI / (/y) with the 
specimen thickness (B) for various a/W.  KI / (/y) against normalized thickness (B/W) for various a/W are plotted in 
Fig. 10. The plot indicates that the slopes are almost independent of normalized specimen thicknesses (B/W).  The 
average slope values of B=2 to 20mm (B/W=0.1-1.0) are computed for a respective a/W. The plot between average slope 
value of KI / (/y) and a/W is shown in Fig 11. This figure is used to obtain the relation between KI / ( /y) and a/W, 
in which KI is the only unknown.  As relation between KI / (/y) and a/W is nonlinear, we have tried to fit the data with 
a suitable polynomial. In such exercise, we found a polynomial equation of third order fits the data with least error 
(Coefficient of determination, COD=0.99885), which is superimposed in Fig.11. From this third order polynomial fit, the 
relation between KI, (a/W) and (/y) can be expressed as: 
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Using Eq. (5) for various (a/W) and applied stress ratio (/y), the value of KI can be easily computed.  To validate the 
formulation, Eq. (5), the computed values of KI using Eq. (5) for typically, a/W=0.50 for B=10mm is compared with 
present 3D FE results and results of Kwon and Sun [5] in Fig.12. The figure shows that the results computed by Eq. (5) 
are in excellent agreement with the results of Kwon and Sun [5]. The maximum percentage of error estimated in use of 
Eq. (5) for B=2 to 20mm, a/W=0.45 to 0.70 and /y=0.08 and 0.80 is 2.17%. Hence, the above proposed analytical 
formulation (Eq. (5)) is much capable and easy to use to compute maximum KI in a specimen by knowing only specimen 
a/W and applied stress ratio (/y). This formulation is much improved and simple to the one given by Kwon and Sun 
[5], which demands 2D KI results. 
Using the proposed new approximate analytical Eq. (5) one can estimate the magnitudes of maximum KI at mid plane of 
the SENB specimen without complex numerical solutions. The proposed Eq. (5) can encourage the practicing engineers 
to estimate the realistic value of KI as compared to Eq. (2). 
 

 
 

Figure 10: Variation of KI/  / y  against normalized thickness 

(B/W) for various a/W 
 

Figure 11: Variation of average slope value of  KI/  / y   vs. 

a/W 
 

 
Figure 12: Comparison of KI estimated using Eq.(5) for typically, a/W=0.50 and B=10mm is with present 3D FE results and results of 
Kwon and Sun [5]. 
  

 
CONCLUDING REMARKS 
 
(i) The magnitude of KI varies along the crack-front and is found to be maximum at the centre of the specimen 
(ii) The magnitude of KI is observed to be independent of B at the center of the specimen  
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(iii) The proposed formulation, Eq. (5) is more simple than the one proposed by Kwon and Sun [5] given in Eq. (4), 
which needs magnitude of K computed by 2D FE analysis. The proposed Equation can be readily used to evaluate 
the maximum KI in a SENB specimen by knowing only applied stress, specimen thickness (B) and a/W 
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