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Abstract. Numerical simulation is performed to investigate the mesoscale stress-strain 

localization in a surface-modified commercial titanium alloy. The calculated crystalline 

microstructure corresponds to that observed in experiments and is accounted for in an 

explicit way as initial conditions of a dynamic boundary-value problem. The latter is stated in 

terms of plane strain developing in microstructure subjected to tension and is solved 

numerically by the finite-difference method. Elastic-plastic constitutive models were built to 

describe the experimental mechanical response both of the substrate and of the modified 

layer. Plastic strain localization is found to depend on the grain yield strength. 
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1. INTRODUCTION 

Stress-strain localization phenomena have been much studied both experimentally and 

theoretically (see, for instance, a review [1]) and may be due to different physical 

processes operating at different scale levels. At the microlevel, dislocations, slip bands, 

dislocation cells, fragmented structures, etc., are formed in single crystals and in grains of 

polycrystals. The macroscopic stress-strain localization may be due to the geometry of 

structure elements or specimens, or else, to loading conditions. In simulating localization 

effects observed in homogeneous specimens under loading, the form of the plastic 
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potential [2] generally plays a decisive role. The softening rate was a decisive factor for 

the onset of localization [3]. To describe the final fracture in the form of strain 

localization in a polycrystalline material, there was developed a crystal plasticity model 

with a hardening law accounting for slip and twin systems [4]. It was shown in [5, 6] that 

a large deformation gradient theory can provide a localized shear band thickness in the 

neck, no matter what the computational grid size is. A non-local constitutive formulation 

including a gradient internal length of poroplastic materials was given in [7] to derive 

analytical expressions of the critical hardening/softening modulus for localized failure. 

Since the mid-1980s the mesoscopic stress-strain localization associated with different 

interfaces were studied numerically in many papers where an explicit account is taken of the 

material microstructure (see, e.g. [8-12]. In our earlier works we investigated stress-strain 

localization processes in polycrystalline materials [13, 14], metal-matrix composites [15, 16] 

and materials with coatings [17, 18]. It has been shown numerically that the curvature of the 

coating-substrate interface is responsible for the stress concentration that gives rise to plastic 

strain localization in metal substrates and causes fracture of ceramic coatings. The level of 

local stresses near an interface of certain curvature depends on the difference in the 

mechanical properties between the contacting materials at the interface. An explicit account 

of microstructure of coated titanium was not considered in the literature yet. The aim of the 

present work is to simulate numerically the evolution of the mesoscale stress concentration 

and plastic strain localization in surface modified commercial VT1-0 titanium samples 

subjected to tension, with the respective polycrystalline and submicrocrystalline structures of 

the titanium substrate and modified surface layer being taken into account. 

2. FORMULATION OF THE PROBLEM AND EXPERIMENT 

Use was made of low-energy high-current electron beam (LEHCEB) treatment to 

provide a combination of melting and fast crystallization of a thin surface layer of VT1-0 

titanium samples. The crystalline microstructure and modified surface layer thickness 

were found to depend on the energy density, with a curvilinear interface being formed 

between the substrate and the modified surface layer (Fig. 1a) [19]. 

The experiments under consideration included the following stages. Dumb-bell test pieces 

with a gage section of 2112 mm were cut out by wire electrical discharge machining. The 

test pieces were annealed in a vacuum chamber at a temperature of 750C for 1 h and polished 

mechanically. Uniaxial tension of the titanium samples was performed in an INSTRON 5582 

tensile testing machine at room temperature and a loading rate of 0.3 mm/min. The stress-strain 

behavior is shown by dots in Fig. 1b. The flat surfaces of the samples were exposed to three 50 

µs pulses using a SOLO electron beam system (Institute of High Current Electronics SB RAS, 

Tomsk, Russia). The beam energy density was 18 J/cm
2
 and the pulse repetition frequency was 

0.3 Hz. Irradiation was performed in argon atmosphere with a residual pressure of 0.02 Pa. A 

JEM-2100 transmission electron microscope (TEM) was employed to examine the 

microstructure of the samples before and after the electron beam processing. The hardness and 

elastic moduli of the titanium substrate and modified surface layer were measured with a 

NanoTest nanotester equipped with Berkovich pyramid. 

The calculations relied on an explicit account of the experimental microstructure (Fig. 

1c–d). The associated tension tests were simulated. The dynamic boundary-value problem 

http://www.multitran.ru/c/m.exe?t=6996605_1_2&s1=%E2%20%F1%E5%F0%E5%E4%E8%ED%E5%20%E2%EE%F1%FC%EC%E8%E4%E5%F1%FF%F2%FB%F5%20%E3%EE%E4%EE%E2%20%EF%F0%EE%F8%EB%EE%E3%EE%20%E2%E5%EA%E0
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represented in the plane strain formulation was solved numerically by the finite-difference 

method [17]. Elastic-plastic constitutive models were built to describe the experimental 

mechanical response both of the substrate and of the surface layer. The isotropic strain 

hardening function confines the equivalent stress: 
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where 
p

eq  is the equivalent plastic strain, s and 0 are the ultimate stress and yield stress, and 
p

r  is a representative value of the equivalent plastic strain. To allow for the stochastic 

orientation of crystallites in the modified layer relative to the loading direction, the yield stress, 

elastic shear, and bulk moduli were varied in a random way from one crystallite to the other 

within the ranges presented in Table 1. The average yield strength of the crystallites was 

calculated as the substrate yield strength multiplied by the ratio of surface layer-to-substrate 

hardness. The experimental ratio was found to be 1.25, whereas the ratio of surface layer-to-

substrate elastic moduli was 1.1. That is why different combinations of three values of the yield 

strength and shear () and bulk (K) moduli were used for the substrate grains (see Table 1). The 

strain hardening function for grains characterized by average properties accounts for the 

experimental stress-strain behavior of the titanium substrate (Fig. 1b). 

Table 1 Mechanical properties of grains and crystallites used in the calculations 

 0 [МPa] s [МPa] 
p
r [ %] K [GPa]  [GPa] 

Crystallites 113–338 388 0.13 73–102 52–74 

Grains 90, 180, 270 310 0.13 66, 79, 93 47, 57, 67 

 

Fig. 1 Experimental (a) and simulated microstructures (b–c) of a commercial VT1-0 

titanium substrate with a modified surface layer produced by means of LEHCEB 

surface irradiation and a plastic potential for a titanium sample (d) 
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The boundary conditions for the top and bottom surfaces correspond to a free surface 

and symmetry plane, respectively. The right- and left-hand surfaces simulate uniaxial 

elongation of the polycrystalline microstructures along the X-axis. 

3. PLASTIC STRAIN LOCALIZATION AT THE MESOSCALE 

Two sets of calculations were performed. One set deals with the elongation of a single 

titanium grain with a modified surface layer (Fig. 1с). The yield strength of the substrate 

grain was 90, 180, and 270 MPa (Table 1). The plastic strains were found to originate near 

the curvilinear interface between the substrate and the modified surface layer, giving rise to a 

system of slip bands that develop in conjugated directions and compensate for the local 

bending of the material (Figs. 2a and 2b). In a qualitative sense, the same strain patterns are 

observed in the experiments (Fig. 2c). The plastic strain localization is shown to be more 

pronounced in grains possessing higher resolved shear stress and stiffness than in those 

favorably oriented in the loading direction (Figs. 2a and 2b). 

 
Fig. 2 Plastic strain relief in the tensile microstructure presented in Fig. 1c with substrate 

yield strength of 270 (a) and 90 MPa (b) and an experimental TEM image of the 

plastic strain localization in a titanium grain with a modified surface layer (c) 

 

Fig. 3 Equivalent stress patterns for the cases presented in Fig. 2a and b 
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Note that the only difference between the cases presented in Figs. 2a and 2b is the 

magnitude of the yield stress of the substrate grain, with all the other factors, among which 

are the microstructure and distribution of the mechanical properties of crystallites in the 

modified surface layer, being the same. Despite this, the plastic strain patterns in the 

modified layer differ widely between the two cases at hand. For instance, there are 

crystallites and crystallite groups that experience large strains in one case or undergo no 

plastic flow at all in the other case (circles in Figs. 2a and b), and vice versa (squares in Figs. 

2a and b). This is due to the difference in the plastic strain localization histories between the 

titanium substrate grains lying below the modified layer. For a titanium grain unfavorably 

oriented relative to the loading direction, the modified surface layer is exposed to low 

stresses (Fig. 3a). Plastic flow originates in the surface layer. On further loading the plastic 

strain localization pattern formed in the surface layer controls the plastic strain generation 

and localization in the substrate grain. Other scenario is realized in the substrate grain 

possessing low yield stress, where the microcrystalline layer formed on the grain surface is 

hardened (Fig. 3b). In this case, plastic flow originates in the grains lying near the interface 

between the substrate and the modified surface layer, and the plastic strain localization 

pattern in the grains depends on the degree of interfacial curvature. 

The other set of calculations is devoted to a simulation of deformation of the microstructure 

containing three grains in the substrate (Fig. 4). The highest stress concentration and plastic 

strain localization are observed in a triple (hard-soft-hard grains) junction, and the plastic 

strain localization bands formed in hard grains are curved due to grain rotation caused by 

plastic straining of a soft grain lying in between (Fig. 4a). 

 

Fig. 4 Plastic strain relief and stress patterns in the tensile microstructure given in Fig. 1d 
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4. CONCLUSION 

Stress-strain localization in surface modified titanium subjected to tension is investigated 

numerically. Plastic strain patterns in a microcrystalline modified surface layer lying over 

titanium grains of different orientations relative to the loading direction are found to be 

dramatically different. Plastic strain localization is most pronounced in titanium grains 

undergoing high resolved shear stresses, and the plastic strain localization bands assume a 

curvilinear form due to grain rotation. 
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