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Abstract. This paper presents a new analytical bar-substrate model for the analysis of an 

isotropic and homogeneous nanowire embedded in an elastic substrate. A fourth-order 

nonlocal strain gradient model based on a thermodynamic approach is employed to 

represent the small-scale effect (nonlocal effect) while the Gurtin-Murdoch continuum 

model based on the surface elastic theory is used to account for the size-dependent effect 

(surface energy effect). The proposed model is derived from the virtual displacement 

principle, leading to the governing differential equations and its associated natural 

boundary conditions. The analytical solutions of the sixth-order governing differential 

equation for the nanowire-substrate element are provided, and were employed in numerical 

simulations. Two numerical simulations are used to demonstrate the performance and to 

investigate the characteristics of the fourth-order nonlocal strain gradient model on 

nanowire responses, when compared to the classical model and the second-order nonlocal 

strain gradient model. The first simulation investigates the influences of nonlocal and 

surface effects on the responses of a nanowire embedded in an elastic substrate, while the 

second simulation study assessed the sensitivity of system stiffness on parameters in the 

nanowire-substrate model. 
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1. INTRODUCTION 

With the rapid development of technology and science, nanotechnology plays a greater 

role in several applications and has led to a huge effort to study nano-sized structures in the 

engineering fields. However, the characteristics of these nanoscale structures differ from the 

large-scale structures, and size or scale affects those behaviors [1-5]. Furthermore, the 

development of numerical models for replacing the results from the experiments, which are 

expensive and require specific equipment for testing or observation, is a challenging problem 

to the structural analysis community, motivating also this current study. The available 

numerical models to characterize the mechanical responses of nanostructures in the structural 

engineering field fall into two categories, namely, (i) atomistic models; and (ii) continuum-

mechanics models. The atomistic models are established at molecular or atomic level based 

on several techniques, such as molecular dynamics simulations [6-7], density functional 

theory [8-9], etc. These models can provide comprehensive details and are beneficial in the 

analysis of small and simple nanostructures [10]. However, the atomistic simulations are very 

cumbersome and have high computational costs when applied to complex or large 

nanostructure systems. For large-scale nanostructures, the continuum-mechanics models are 

an attractive alternative to simulate the mechanical characteristics of the nanostructures, with 

good applicability and simplicity. Although the classical continuum models do not originally 

incorporate size-scale effect, this model type can be applied with non-classical continuum 

theories, and have been named “nonlocal” continuum models [11-12].   
According to the nonlocal continuum models, several non-classical continuum 

theories are employed to account for the size-scale or the so-called “nonlocal” effect, 

which introduces additional material length-scale parameters in nonlocal elasticity theory 

[13-14], couple stress theory [15], modified couple stress theory [16-17], strain gradient 

theory [18-19], or in modified strain gradient [20-21]. In the last twenty years, the 

nonlocal elasticity theory of Eringen [13-14] was the most popular for addressing size-

scale effect, and was widely applied in several studies of nanostructures [22-24]. 

However, there are paradoxical results (the vanishing of nonlocal effect) in the modeled 

responses of nanostructures, such as for a cantilever beam subjected to an end load [25-

26]. Romano et al. [27] reported that this paradox is caused by the incompatibility of 

equilibrium equations and constitutive boundary terms. To avoid the ill-posedness of 

Eringen nonlocal elasticity theory, Peddieson et al. [25] suggested the nonlocal strain 

gradient theory as expanded from the general integral constitutive equation of Eringen 

nonlocal elasticity theory [14]. When only the first two terms were considered, the general 

form of the stress-strain relation based on the nonlocal strain gradient theory was similar to 

the form of the simplified strain-gradient elasticity model as proposed Altan and Aifantis 

[28]. This led to the so-called “second-order” nonlocal strain gradient model [29-30]. The 

performance of this nonlocal constitutive model has been investigated by several researchers 

[23, 29, 31-37]. For example, Zaera et al. [31] studied the inconsistency of the strain gradient 

model with the boundary terms. Khodabakhshi and Reddy [23] presented the governing 

equations and boundary terms of the strain gradient beam model based on von Karman 

nonlinearity in the Euler-Bernoulli beam theory, Timoshenko beam theory, and third-

order Reddy beam theory. Kong et al. [32] used the strain gradient theory to investigate 

static and dynamic characteristics of Euler-Bernoulli beams. Barretta and Marotti de Sciarra 

[33] proposed a strain gradient constitutive model based on a consistent thermodynamic 

approach for the analysis of carbon nanotubes (CNTs). This concept was later applied to 
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establish the modified constitutive laws for Euler-Bernoulli nanobeams [34-35], Timoshenko 

nanobeams [36], and a nanowire [37]. Narendar and Gopalakrishnan [29] studied an 

ultrasonic wave dispersion characteristics of a nanorod based on nonlocal strain gradient 

model. These studies have confirmed the superiority of the strain gradient model. In this 

work, the nonlocal strain gradient model based on the thermodynamic framework is chosen 

to improve the proposed model and to eliminate the paradoxical results. 

The size-dependent effect or the so-called “surface energy” is caused by altered 

energy of the atoms at a free surface. This effect often plays a greater role in the mechanical 

responses of small-scale structures, when the surface-to-volume ratio is large, as found in 

several publications [38-41]. To incorporate the surface energy within the continuum model, 

Gurtin and Murdoch [42-43] proposed a surface elasticity theory and established a surface 

continuum model for isotropic materials based on zero thickness of the surface layer. To 

confront the surface effect, a lot of literature [24, 44-48] has applied the Gurtin and Murdoch 

surface model to nanostructures. For example, Liu and Rajapakse [44] studied the static and 

dynamic characteristics of elastic nanobeams under different load conditions. Fu et al. [45] 

later extended the work of Liu and Rajapakse [44] to cover the nonlinear analysis of both 

static and dynamic nanobeam problems. Limkatanyu et al. [24] investigated the flexural 

responses of nanobeams based on the Eringen nonlocal elasticity theory, while Fu et al. 

[46] studied these responses based on the strain gradient theory. Furthermore, Lim and 

He [47] examined the buckling behavior of a micro/nanofilm in relation to the nonlinear 

buckling characteristics of cylindrical nanoshells based on the classical shell theory 

proposed by Sahmani et al. [48]. In this current work, the Gurtin-Murdoch model [42-43] is 

applied to represent the surface surrounding effect within a uniaxial member in the 

nanoscale.  

Among the several continuum models for the analysis of a nanowire embedded in a 

substrate, many approaches were used to establish the nanobar-substrate models. For 

example, Limkatanyu et al. [49-50] proposed nonlocal bar-substrate elements based on 

the nonlocal elasticity theory of Eringen [13-14] and the surface continuum model of 

Gurtin and Murdoch [42-43] for both displacement-based formulation [49] and force-

based formulation [50]. However, these models are ill-posed for the nanowire system 

under uniform load when the substrate modulus reaches zero [37]. Later, Sae-Long et al. 

[37] extended the strain gradient bar model based on the thermodynamic approach of 

Barretta and Marotti de Sciarra [33] to the bar-substrate model. This model can overcome 

the ill-posedness in a series of Eringen nonlocal models, but this model is categorized 

into the second-order nonlocal strain gradient model when only the first two terms of the 

nonlocal constitutive relation are considered. 

In light of the need to upgrade the bar model for nano-scale problems, the main 

objective of this work was to develop the bar-substrate model with inclusion of higher-

order terms in the nonlocal strain gradient model [25, 29] and the surface energy effect. 

The first three terms of the nonlocal strain gradient constitutive relation are considered, 

making this a “fourth-order” nonlocal strain gradient model [29-30].  This kind of model 

has been confirmed the superiority of performance to represent the complicated 

characteristics [51]. Thus, this work takes an interest in the influence of adding the third 

term in the nonlocal strain gradient model on the responses of the nanowire-substrate 

system, when compared to the second-order nonlocal strain gradient nanowire-substrate 

model [37]. The so-called “exact” displacement shape functions of the proposed sixth-

order governing differential equilibrium equation given in this work are adapted from the 
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analytical solutions of the beam model on Kerr-type foundation, proposed by Morfidis 

[52] and Avramidis and Morfidis [53]. To the best knowledge of the authors, this is the 

first time that the fourth-order nonlocal strain gradient model is applied in a displacement-

based bar element to study the characteristics of a nanowire embedded in an elastic 

substrate. 

The contents of this paper are organized as follows. Sections 2 and 3 provide the brief 

discussions of the nonlocal strain gradient model and the surface elastic theory that are 

employed to represent nonlocal and surface energy effects in this study, respectively. Then, 

the model formulation is presented in Section 4. It includes the governing differential 

equations such as the compatibility equations, constitutive relations, and equilibrium equation. 

Based on the virtual displacement principle, the governing differential equilibrium equation, 

its associated natural boundary conditions, and analytical solutions of the proposed model are 

also presented in this section. Next, Section 5 shows two numerical simulations of the 

characteristics of a nanowire embedded in a substrate. The first simulation is used to 

investigate the higher-order term in the fourth-order strain gradient model, with nonlocal and 

surface energy effects on the mechanical responses of the nanowire-substrate system, while 

the second simulation examines the sensitivity of system stiffness on nanowire and substrate 

properties. Finally, the last section gives the conclusions from this study. All symbolic 

calculations in this work were performed with the computer software Mathematica [54]. 

2. NONLOCAL STRAIN GRADIENT MODEL 

The nonlocal strain gradient model [25, 29] was originally derived from the nonlocal 

elasticity theory [14], which assumed the stress at a reference point x is a function of the 

strain field at every point in the body. The original constitutive relation of the nonlocal 

elasticity theory was represented by the weighted averages of the contribution of the 

strain tensor at all points in the body to the stress tensor at the given point. This leads to 

the mathematical problems to get the solution for nanostructure continuum models. To 

overcome this limitation, Eringen [14] presented the kernel function in the form of a 

modified Bessel function for applying in the differential constitutive equation. However, 

the integral constitutive relation as suggested by Eringen [14] can be converted exactly 

into a corresponding differential form for some kernels [25, 29]. Later, Peddieson et al. 

[25] presented an alternative way to avoid the mathematical problem in the nonlocal 

elasticity theory by using the nonlocal strain gradient model. The constitutive relation of 

the nonlocal strain gradient model comes from the integral constitutive relation of the 

nonlocal elasticity theory [14] when the material-length scale parameter is very less than 

1 (e0a <<1). Thus, the expansion of the elastic energy W based on the following 

assumption for a uniaxial stress problem is obtained by only considering the first three 

terms as: 
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where Exx is the Young modulus; e0a is the nonlocal-scale parameter; εxx(x) is the axial 

strain; ε1(x) and ε2(x) are the axial strain gradients corresponding to the second and the 

third terms in the nonlocal strain gradient model, respectively. It needs to be emphasized 

that the first term on the right-hand side of Eq. (1) represents the local (conventional) 

strain energy (as in large-scale structural analysis), while the second and third terms 

represent the nonlocal strain energy (small-size-scale effect) associated with the second 

and the third terms of the nonlocal strain gradient model, respectively. 

The elastic energy time rate of the energy functional W of Eq. (1) is: 

 1 2 1 2 0 1 1 2 2

1 2

[ ( ), ( ), ( )]xx xx xx
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W W W
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= + + = + +
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where a dot on top of a symbol (·) denotes the time derivative; σ0 is the local (conventional) 

normal stress; σ1 and σ2 are higher-order normal stresses associated with the second and the 

third terms of strain gradient, respectively. These normal stresses can be defined as: 
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It is clear from Eqs. (3) to (5) that the local normal stress σ0 is the conjugate-work pair 

of the axial strain εxx, as shown in Eq. (3), while the higher-order normal stresses σ1 and 

σ2 are the conjugate-work pairs of the axial strain gradients ε1 and ε2 as demonstrated in 

Eqs. (4) and (5), respectively.  

In order to fulfill the thermodynamics, the elastic energy time rate of the energy 

functional W of Eq. (2) must be satisfied as following condition [33]: 

 xx xx

L A L A

dA dx WdA dx 
   

−   
   
     (6) 

where σxx is the nonlocal normal stress. By substituting Eqs. (3) to (5) into Eq. (6), the 

relation is: 

 0 1 1 2 2

L A

Local term Second-order strain gradient term Fourth-order strain gradient term

σ dA dx 0xx xx xx

L A L A L A

dA dx dA dx dA dx
       

− − − =       
       
               (7) 
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To simplify the variational form in Eq. (7) for analysis of a uniaxial problem, it can 

apply terms in the axial force Nxx(x): 

 0 1 1 2 2

Local term Second-order strain gradient term Fourth-order strain gradient term

( ) ( ) ( ) ( ) 0xx xx xx

L L L L

N x dx N x dx N x dx N x dx− − − =        (8) 

where 0 0( )
A

N x dA=   are the local axial forces; 1 1( )
A

N x dA=   and 2 2( )
A

N x dA=   

are the higher-order axial forces associated with the second and the third terms of the 

nonlocal strain gradient model within the thermodynamic approach, respectively. 

3. SURFACE ELASTICITY THEORY 

The size-dependent effect or the so-called “surface energy” effect stems from different 

energy density at the surfaces of the bulk material, becoming significant when the surface-

to-volume ratio is large. This is found in various experiments and in atomistic simulations 

of micro/nano-scale problems [38, 41]. To account for the effect of surfaces and interfaces, 

Gurtin and Murdoch [42-43] introduced a non-classical continuum model of surface 

elasticity under the hypothesis of a zero-thickness surface layer and perfect bonding 

between a solid core and an outer surface shell, as shown in Fig 1. For the analysis of the 

uniaxial responses in this study, the relation between the surface stress τxx and surface 

strain εsur (constitutive relation of surface elasticity) along the longitudinal direction are 

given by Gurtin and Murdoch [42-43] as: 

 
0xx sur surE− =    (9) 

where Esur and τ0 are, respectively, the surface elastic modulus and residual surface stress 

when the values of both of these are obtained from experiments or from atomistic 

simulations [38]. 

 
Fig. 1 Nanowire embedded in substrate with a circular or a rectangular wire cross-section [37] 

Bar bulk Bar bulk
Bar bulk x

Rectangular sectionCircular section

Outer surface shell
Outer surface shell

Nanowire

z

z z

y y

D B

H



 Fourth-Order Strain Gradient Bar-Substrate Model with Nonlocal and Surface Effects... 663 

4. FORMULATION 

4.1. Compatibility Equations 

Based on the small strain assumption, the sectional axial strain of the nanowire εxx(x), 

and the sectional axial strain gradients ε1(x) and ε2(x) are related to the axial displacement 

of the nanowire ux(x) through the compatibility conditions: 
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Under the hypothesis of perfect bonding between the bulk of nanowire and the surface 

surrounding outer surface shell [42-43], the surface displacement usur(x) is perfectly 

compatible with the axial displacement of the nanowire (usur(x) = ux(x)). Therefore, the 

compatibility relation of the surface surroundings involving surface strain εsur(x), surface 

displacement usur(x), and axial displacement of the nanowire ux(x) is as follows: 

 
( ) ( )

( ) sur x
sur

u x u x
x

x x

 
= =

 
  (13) 

Like the assumption regarding surface surroundings, the interaction between 

nanowire and substrate is assumed to be perfect based on the kinematic assumption of the 

Winkler foundation model [55]. Thus, the compatibility relation between the substrate 

deformation Δsub(x) and the nanowire axial displacement ux(x) is: 

 ( ) ( )sub xx u x =  (14) 

4.2. Differential Equation and Its Boundary Conditions:  

The Principle of Virtual Displacement 

In the displacement-based formulation, the principle of virtual displacement is 

employed to establish the governing differential equilibrium equation and its boundary 

conditions for the nanowire element embedded in the substrate, as shown in Fig. 2. The 

features, such as the nanowire-substrate interaction, the nonlocality, and the surface energy 

effect, are incorporated to the model in this procedure. 
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Fig. 2 Ideal nanobar element embedded in substrate 

A general form of the total virtual work expression is: 

 int ext 0W W W  = + =  (15) 

where δW is the total virtual work of the bar-substrate element system; δWint is the 

internal virtual work; and δWext is the external virtual work.  

The internal virtual work δWint and the external virtual work δWext of Eq. (15) can be 

expressed as: 
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End boundary terms

External load term
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x x

L
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where Dsub(x) is the substrate interactive force and the conjugate-work pair of the 

substrate deformation Δsub(x); Px(x) is the axial distributed load; U = {U1  U2  U3  U4  U5  U6}T 

is the displacement vector that contains the end displacements of the nanowire element; 

and P = {P1  P2  P3  P4  P5  P6}T is the force vector that contains the end forces of the 

nanowire element. 

Considering the variational form of Eqs. (7) and (8), the internal virtual works in Eq. 

(16) becomes: 

 

Local term Second-order strain gradient term Forth-order strain gradient term

int 0 1 1 2 2

Nanowire terms

( ) ( ) ( ) ( ) ( ) ( )

( )

xx

L L L

sur sur

W N x x dx N x x dx N x x dx

N x

= + +

+

     



Surface energy term Substrate medium term

( ) ( ) ( )sub sub

L L

x dx D x x dx+   

 (18) 

where 0( ) ( ( ) )sur xxN x x d


= −     represents the equivalent axial force from the surface 

stresses. By substituting the compatibility equations of Eqs. (10) to (14) into the internal 
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virtual work δWint of Eq. (18) and then combining with the external virtual work δWext of 

Eq. (17), the total virtual work of nanowire-substrate element system of Eq. (15) is: 
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To move the all differential operators of the axial displacement ux(x) into the sectional 

force resultants, integration by parts is applied to Eq. (19): 
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Following the Cartesian sign convention, Eq. (20) can be expressed as: 
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Considering the arbitrary variable of δux(x) in Eq. (21), the governing differential 

equilibrium equation for the proposed nanowire element embedded in elastic substrate is: 
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From Eq. (21), the boundary force conditions at the ends of an element are also 

obtained by considering arbitrary δU: 

 

2

2 1
1 02

0

2
2 1 3 2

0
0

2

2 1
4 02

2
5 1 6 2

( ) ( )
( ) ( ) ;

( )
( ) ; ( ) ;

( ) ( )
( ) ( ) ;

( )
( ) ; ( )

sur

x

x
x

sur

x L

x L
x L

N x N x
P N x N x

xx

N x
P N x P N x

x

N x N x
P N x N x

xx

N x
P N x P N x

x

=

=
=

=

=
=

  
= − − + + 

 

 
 = − − + = −    

  
= − + + 

 

 
 = − + =    

 (23) 

4.3. Force-Deformation Relations 

The force-deformation relations of the axial resultants for nanowire are established by 

inserting the compatibility equations of Eqs. (10) to (12) into the relations in Eqs. (3) to 

(5) and considering stress in term of axial force, resulting in the following relations: 

 0
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where 
A

A dA=   represents the cross-section area. The force-deformation relation of the 

axial force induced by the surface stress can be found by substituting the compatibility 

condition Eq. (13) into Eq. (9), and considering this in terms of the axial resultant. Thus, 

the force-deformation relation of surface surroundings is 

 
( )

( ) x
sur sur

u x
N x E

x


= 


 (27) 

where d


 =   is the section perimeter of nanowire. Similarly, the relation between 

substrate interactive force Dsub(x) and the substrate deformation Δsub(x) can be expressed 

by enforcing the compatibility relation of Eq. (14) as: 

 ( ) ( ) ( )sub s sub s xD x k x k u x=  =  (28) 

where ks represents the elastic modulus of the substrate medium. The compatibility relations, 

equilibrium equation, and force-deformation relations of the proposed nanowire element 
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embedded in elastic substrate media as demonstrated above, can be conveniently summarized 

for the whole model formulation in a Tonti’s diagram [56], as shown Fig. 3. 

 

Fig. 3 Tonti’s diagram for the fourth-order nonlocal strain gradient model of nanowire 

embedded in elastic substrate 

4.4. “Exact” Displacement Shape Functions 

According to the force-deformation relations in Eqs. (24) to (28), the governing 

differential equilibrium equation in Eq. (22) can be rewritten in terms of the axial displacement 

ux(x) as: 
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where (ExxA)eff = ExxA + EsurΓ represents the effective nanowire stiffness accounting for 

the contribution of the solid core and the outer surface. The effective nanowire stiffnesses 

(ExxA)eff for circular and rectangular sections are given by Juntarasaid et al. [57] as: 
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where D is the diameter of circular nanowire cross-section; and B and H are, respectively, 

the width and height of a rectangular section. 

It needs to be pointed out that the sixth-order governing differential equilibrium 

equation in Eq. (29) represents the state equilibrium for the fourth-order strain gradient 

model of the nanowire embedded in elastic substrate, with inclusion of the surface energy 

effect. When the third term of the nonlocal strain gradient model in Eq. (22) vanishes 

(N2(x) = 0), the governing differential equilibrium equation in Eq. (29) will be reduced 

to a second-order nonlocal strain gradient model proposed by Sea-Long et al. [37]. 

Furthermore, the governing differential equilibrium equation in Eq. (29) can be transformed 

into the local bar-elastic medium system when the nonlocal-scale parameter and the surface 

energy effect are ignored (e0a = Esur = 0). The general form of differential equation in Eq. 

(29) is found in several engineering applications. For example, in a beam on elastic three-

parameter foundation as reported by Morfidis [52] and by Avramidis and Morfidis [53] etc. 

The natural boundary conditions (end boundary force terms) in terms of axial 

displacement ux(x) can be expressed by the force-deformation relations in Eqs. (24) to 

(27) in Eq. (23), giving 
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 (31) 

It can be observed from the boundary conditions of Eq. (31) that the end boundary 

forces associated to the local system, P1 and P4, are not resisted only by the local axial 

force but also by the higher-order axial forces from the gradient terms. Furthermore, the 

statically equivalent axial force due to the higher-order strain gradient terms N1(0), N2(0), 

N1(L), and N2(L) must satisfy kinematics of the nanowire element at the end boundaries, 

thus resulting zeroes for – (∂N2(0) / ∂x) + N1(0), N2(0), – (∂N2(L) / ∂x) + N1(L), and N2(L).  

In the current work, the analytical solutions of the sixth-order governing differential 

equilibrium equation in Eq. (29) are adapted and applied from the general solutions of the 

beam problem on the Kerr-type foundation, proposed by Morfidis [52] and Avramidis 

and Morfidis [53]. This leads to the so-called “exact” displacement shape functions: 

 1 1 2 2 3 3 4 4 5 5 6 6( ) ( ) ( ) ( ) ( ) ( ) ( )x C Cu x x x x x x C xC C C= + + + + +       (32) 
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where ψ1(x) to ψ6(x) are the functions associated with solutions of the sixth-order 

differential equation; and C1 to C6 are the generalized coordinates corresponding to the 

geometric boundary conditions. More details of the exact displacement shape functions 

are given in Appendix A. 

5. NUMERICAL SIMULATIONS 

In this section, two numerical simulations are demonstrated and assessed for the 

mechanical characteristics of nanowire embedded in an elastic substrate. The first 

simulation investigates the mechanical responses of that nanowire to illustrate the 

influences of higher-order terms in the strain gradient, nonlocal, and surface energy 

effects on the nanowire responses. The second simulation examines the influences of 

system parameters on the effective Young’s modulus of the nanowire system, and the 

element stiffness at the end of the nanowire model. 

5.1.  Simulation I: Nonlocal Strain Gradient Models vs Local Model in the 

Analysis of a Nanowire embedded in an Elastic Substrate 

A free-free silver nanowire embedded in the elastic substrate under the tensile force 

PEnd of 100,000 nN at the right-hand side of the member end, as shown in Fig. 4, is 

studied in this simulation.  

 

Fig. 4 Simulation I: System with a free-free nanowire embedded in an elastic substrate 

for response analysis 

The material and geometric properties of the nanowire come from the publication of 

Juntarasaid et al. [57], with 76 GPa bulk modulus of the silver nanowire Exx; and 50 nm 

diameter D. The length of the nanowire L is assumed to be 1,000 nm. The nonlocal-scale 

parameter e0a is set at 200 nm. This value has been found in several studies on characteristics 

of nanostructures [37, 49-50]. The surface energy choice follows the publication of He and 

Lilley [58] with elastic surface modulus Esur = 1.22 nN/nm, while the residual surface stress 

1,000L nm=

Elastic substrate medium

Elastic substrate medium

100,000EndP nN=

Nanowire (Silver):

Nonlocal-Scale Parameter:

Surface Layer:

Substrate Modulus: 

76xxE GPa=

0 200e a nm=

01.22 / ; 0 /surE nN nm nN nm= =
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214.92 /sk nN nm=

50D nm=

Bar bulk
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is assumed zero (τ0 = 0 nN/nm). These values correspond to the crystallographic direction 

[001] as introduced by Shenoy [59]. The characteristics of a polymer as the surrounding 

medium are represented by the elastic substrate modulus ks = 14.92 nN/nm2, given by 

Liew et al. [60]. 

In order to assess how nonlocal-scale effect, surface energy, and the higher-order 

terms of the strain gradient affect the nanowire’s responses, three analytical models of 

such responses are compared. These are the proposed model; the second-order nonlocal 

strain gradient nanowire-substrate model of Sae-Long et al. [37]; and the local bar model 

embedded in elastic substrate. It needs to be noted that the so-called “local” model does 

not consider the size-scale effect. Furthermore, each analytical model gives two systems 

for the discussion of surface energy effect, namely the system with surface effect and the 

system without surface effect. Thus, there are six cases to analyze by simulations. 

Fig. 5 superimposes the axial displacement along a nanowire’s length obtained from 

the six analytical cases. This diagram indicates that the influence of the nonlocal effect on 

nanowire displacement is more pronounced than the surface energy effect, especially at 

the end of the nanowire under tensile load. The nonlocality makes the system distinctly 

stiffer, while the additional term in the fourth-order nonlocal strain gradient makes the 

element slightly stiffer, as clearly observed when compared with the local model or with 

the second-order strain gradient bar model. The surface energy effect slightly affected 

system stiffness by stiffening it when nonlocality is included. Furthermore, it can be 

observed that the substrate modulus is in effect nullified when nonlocality is ignored. 

This matches prior observations in several bar-substrate models [37, 49-50]. 

Similar to the observations in Fig. 5, the distribution of axial strain in Fig. 6 and the 

distribution of axial force in Fig. 7 are affected by the nonlocality, the higher-order terms 

in strain gradient, and the surface energy effects. It can see in Fig. 6 that the axial strain 

of the bar-substrate system distinctly differs between the local model and a set of 

nonlocal strain gradient models, especially at the end of the nanowire under tensile load. 

The axial strain from the nonlocal strain gradient models tends to spread smoothly from 

the end load, while the axial strain associated with the local model increases abruptly. 

The maximum axial strains differ between the local model and the proposed model by 

approximately about 3.10 times, while the maxima between the second-order model and 

the proposed fourth-order model differ approximately about 3.28 %. The axial force 

distribution in Fig. 7 clearly shows that the additional terms in higher-order nonlocal strain 

gradient models influence the axial-force action. There is a change in the axial force in 

compression (negative value) for both the second-order strain gradient model and the 

proposed fourth-order strain gradient. These results are associated with the higher-order 

governing differential equation of each model, seen in Eq. (29), and correspond to the static 

indeterminacy of the nanowire-substrate system. 
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Fig. 5 Nanowire axial displacement versus distance along the nanowire 

 

 
Fig. 6 Nanowire axial strain versus distance along the nanowire 
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Fig. 7 Nanowire axial force versus distance along the nanowire 

Fig. 8 illustrates the distribution of substrate interaction force along the nanowire for 

the six cases. The shapes in this diagram are similar to the axial displacement in Fig. 5. 

This result does not surprise because the substrate interactive force is directly obtained 

from the axial displacement based on the hypothesis of the Winkler-foundation model 

[55]. Therefore, the additional higher-order terms in the fourth-order nonlocal strain 

gradient model, nonlocal, and surface energy effects on this response are similar to the 

axial displacement in Fig. 5. 

 
Fig. 8 Substrate interaction force versus distance along the nanowire 
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5.2. Simulation II: Parametric Study 

This simulation study investigated the sensitivity of the effective Young’s modulus on 

nanowire and substrate parameters of the fourth-order and second-order nonlocal strain 

gradient models for the problem of a nanowire embedded in the substrate medium. The 

nanowire-substrate system under the tensile force PEnd of 10 nN at the free-end right-hand 

side member, as shown in Fig. 9, is employed to study herein.  

  
Fig. 9 Simulation II: System with a free-free nanowire embedded in an elastic substrate 

for parametric study 

The material properties of nanowire and its surface energy come from the publication 

of Assadi et al. [61], with 70 GPa bulk modulus of the anodic alumina nanowire Exx; and 

5.1882 nN/nm elastic surface modulus Esur. The length of the nanowire L is fixed with 

1,000 nm while the residual surface stress τ0 is assumed zero. To investigate the 

sensitivity of the effective Young’s modulus, the variation of the nanowire and substrate 

parameters include the nonlocal-scale parameter e0a with 0 – 200 nm, the nanowire 

diameter D with 5 – 30 nm, and the substrate modulus ks with 10 – 100 nN/nm2. 

The method to examine the influence of the size effects on the effective Young’s 

modulus Eeff was adapted from He and Lilley [58] and Jiang and Yan [62], and has been 

widely used [37, 49]. In the first step, the end displacement uEnd including the nonlocal 

and surface effects was determined from the proposed model and the second-order 

nonlocal strain gradient model of Sae-Long et al. [37], as shown on the left-hand side of 

Eq. (33). Then, the effective Young’s modulus Eeff is solved from Eq. (33). 
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It needs to be pointed out that the right-hand side of Eq. (33) is the end displacement 

based on the classical bar model on elastic foundation [63] (without nonlocal and surface 

effects). Therefore, the meaning of the effective Young’s modulus Eeff in Eq. (33) is the 

value of Young’s modulus that makes the displacement in the local nanowire-substrate 

system equal to the displacement in the nonlocal nanowire-substrate system with the 

surface effect. 

From the parametric study, it is clear that in all the cases shown in Fig. 10 the 

effective Young’s modulus Eeff increased with the nonlocal-scale parameter e0a and 

decreased with the nanowire diameter D, especially with larger magnitudes of the 

substrate modulus ks. The nanowire-substrate interaction with nonlocal and surface 

energy effects plays an important role in scale effects on the effective Young’s modulus 

Eeff. Furthermore, it can be observed that the variation of the effective Young’s modulus 

Eeff due to the nanowire diameter D is independent on the substrate modulus ks, when the 

nonlocal effect is not included, as shown in Eq. (29). Finally, the added higher-order term 

(fourth-order nonlocal strain gradient term) of the proposed model makes the effective 

Young’s modulus Eeff increase when compared to the second-order nonlocal strain 

gradient model [37]. 

In order to investigate the effects of the added higher-order term in the nonlocal strain 

gradient model on the end stiffness of the nanowire-substrate system, this study defined 

the end stiffness as: 

 andEnd End
str c

End End

P P
K K

u u
= =  (34) 

where Kstr and Kc are the end stiffnesses corresponding to the analytical axial displacement 

uEnd as obtained from the nonlocal strain gradient models and the local model, respectively. 

This approach modifies the method to determine the contact stiffness from Jiang and Yan 

[62], Khajeansari et al. [64], and Limkatanyu et al. [49]. 

Fig. 11 presents the normalized end stiffness Kstr / Kc with varied nanowire diameter 

D, nonlocal-scale parameter e0a, and substrate modulus ks. Based on these results, the 

influences of small-scale, size-dependent, and nanowire-substrate interaction effects on 

stiffness matches the observations in the parametric study of Fig. 10. The gradient terms 

are nullified when nonlocality is not included (e0a = 0). Furthermore, the influence of the 

higher-order term in the fourth-order nonlocal strain gradient model is more pronounced 

than that of the highest term in the second-order nonlocal strain gradient model, 

especially when the diameter of the nanowire is small and the nonlocal-scale parameter 

and the substrate modulus are comparatively large. This observation is clear when 

compared to the end boundary forces of each model, seen in Eq. (31). 
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Fig. 10 Sensitivity of the effective Young’s modulus to nanowire diameter, nonlocal 

scale parameter, and substrate modulus obtained from the proposed model and 

the second-order nonlocal strain gradient model 
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Fig. 11 Variation of normalized end stiffness with diameter of nanowire for various nonlocal 

scale parameters and various substrate moduli 

6. CONCLUSIONS 

This paper presented a new bar-substrate model considering nonlocal and surface 

energy effects in the analysis of a nanowire embedded in an elastic substrate. The features 

of the proposed bar model include nanostructure-substrate interaction, size-scale (nonlocal) 

effect and size-dependent (surface) effect. The nonlocal and surface energy effects are, 

respectively, represented through a fourth-order nonlocal strain gradient model and the 

Gurtin-Murdoch continuum model, while the interaction between bar and substrate is 

modeled based on the Winkler foundation model. The proposed model is in a displacement-

based formulation, so the governing differential equilibrium equation and its boundary 

conditions were determined from the principle of virtual displacement. Analytical solutions 

were directly obtained by solving the sixth-order governing differential equation, and were 

employed to provide analytical responses of the nanowire system in this study. The 

performance of the proposed model in characterizing the nanowire-substrate system was 

assessed from two numerical simulations.  
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The first simulation demonstrates that nonlocality, added higher-order terms in the 

strain gradient theory, and surface energy effects stiffen the nanowire-substrate system. 

This matches the second parametric simulation study. Furthermore, both simulations 

indicate that the influence of nonlocality on system responses is stronger than of the 

surface energy effect, and the substrate modulus is nullified when nonlocality is ignored. 

Finally, the influence of the added term in the fourth-order nonlocal strain gradient model 

increased with the nonlocal-scale parameter e0a and with substrate modulus ks, but decreased 

with nanowire diameter D. The system stiffness was larger than with the second-order 

nonlocal strain gradient model. 

The next step in developing the proposed nanowire-substrate model is to consider the 

effects of geometric nonlinearity (geometric stiffness matrix) in the element. Moreover, 

this study will be extended to buckling analysis of a nanostructure embedded in an elastic 

substrate. Finally, the authors hope that the proposed nanowire-substrate model will be 

useful in the field of nanotechnology. 
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 APPENDIX A 

The homogeneous differential equation of Eq. (29) can be rearranged into the general 

form: 

 
6 4 2

1 2 36 4 2

( ) ( ) ( )
+ ( ) 0x x x

x

u x u x u x
u x

x x x

  
+ + =

  
    (A1) 

where the parameters ϑ1, ϑ2, and ϑ3 are: 
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For convenience, the parameters in the general solution are defined by: 

 
32

3 21 1 2 31 2 (2 / 27) ( / 3)( / 3)
; ; and

3 2

− +− +
= =  = +

   
     (A3) 

There are many solutions of the homogeneous differential equation of Eq. (A1) that 

depend on sign of the quantity Δ = α3 + β2. All the possible solution cases are described 

by Morfidis [52] and Avramidis and Morfidis [53]. They suggest that the most likely 

solution case I has the quantity Δ larger than zero (Δ = α3 + β2 > 0), while in case II Δ is 

less than zero (Δ = α3 + β2 < 0). Thus, these cases are assessed in this study. However, 

there are other types of solutions when Δ is equal to zero (Δ = α3 + β2 = 0). This case is 

unlikely and almost impossible. Therefore, this study neglected this case.  

The general form of the homogeneous solution to Eq. (29) is 

 1 1 2 2 3 3 4 4 5 5 6 6( ) ( ) ( ) ( ) ( ) ( ) ( )x C Cu x x x x x x C xC C C= + + + + +       (A4) 
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For the solution case I (Δ = α3 + β2 > 0), the analytical solution can be expressed as: 
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In case II (Δ = α3 + β2 < 0), the analytical solution can be written as: 
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