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Abstract. Graphene and carbon nanotubes have a Steiner minimum tree structure, which 

endows them with extremely good mechanical and electronic properties. A modified 

Hall-Petch effect is proposed to reveal the enhanced mechanical strength of the SiC/graphene 

composites, and a fractal approach to its mechanical analysis is given.  Fractal laws for the 

electrical conductivity of graphene, carbon nanotubes and graphene/SiC composites are 

suggested using the two-scale fractal theory. The Steiner structure is considered as a 

cascade of a fractal pattern. The theoretical results show that the two-scale fractal 

dimensions and the graphene concentration play an important role in enhancing the 

mechanical and electrical properties of graphene/SiC composites. This paper sheds a 

bright light on a new era of the graphene-based materials. 

Key Words: Steiner Minimum Tree Structure, 3D Printing, Graphene-based 

Composites, Two-scale Fractal Dimension 

1. INTRODUCTION 

Graphene is a two-dimensional nanomaterial with a Steiner minimum tree structure 

[1,2] characterized by the most stable structure and network optimization,  see Fig. 1. The 

Steiner structure is also seen in natural phenomena, for example, multiple bubbles’ 

interaction leads to such a structure and it is used for nanofiber fabrication by the bubble 

electrospinning [3,4,5]. Fig. 2 is a photograph of dry cracked soil, and it can be seen that 

the cracks meet the requirements of the Steiner minimum tree structure. The trusswork 

with the Steiner minimum tree structure has the most stable and good mechanical property. 

Likewise, graphene also has very stable chemical and mechanical properties. The network 

optimization characteristics of graphene give it excellent thermal and electrical 

conductivity properties; as a result high electronic and thermal conductivities are predicted. 
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Graphene/SiC composites are widely used in various fields, from ceramics to building 

materials, and the three-dimensional printing technology is now available for advanced 

fabrication of graphene/SiC composites [6-9]. 

a)   b)  

Fig. 1 (a) Steiner minimum tree structure and (b) Steiner minimum tree structure in graphene 

 

Fig. 2 Cracked land with minimal tree structure 

Graphene is the hardest material found so far, and has an excellent mechanical property 

as well; it is one of the materials with the highest known strength. At the same time, it has 

good toughness and can be bent with ease. The specific surface area of graphene is up to 

2600m2/g. In addition, graphene has good electrical conductivity; at room temperature, its 

electron mobility can be as high as 20000cm2/(V·s), which is more than 10 times that of 

silicon and more than twice that of indium antimonide (InSb).  

Table 1 compares the mechanical, thermodynamic and electrical properties of graphene 

with other materials. Due to its unique properties, graphene is widely used to enhance the 

mechanical and electronic properties of various functional composites.  
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Table 1 Properties of graphene, CNT, nano-sized steel and polymers [10] 

Materials 
Tensile strength Thermal conductivity  at 

room temperature  (W/mK) 

Electronic 

conductivity(S/m) 

graphene 
130±10GPa (4.84±0.44)×103 to 

(5.30±0.48)×103 

7200 

CNT 60~150GPa 3500 3000~4000 

nano-sized steel 1769MPa 5~6 1.35×106 

HDPE plastic 18~20MPa 0.46~0.52 Insulator 

Natural rubber 20~30 0.13~0.142 Insulator 

Kevlar fiber 3620MPa 0.04 Insulator 

2. MECHANICAL PROPERTY  

A smaller grain size results in a stronger material; this can be explained by the 

well-known Hall-Petch effect [11,12], which is widely used in material design, that is, 

adding nano or micro particles can improve the mechanical properties of materials. In 

1951, Hall found the relationship between crystal particle size and yield strength. In 1953, 

Petch discovered that crystal size also had a similar relationship with brittle fracture. The 

Hall -Petch effect was described in a mathematical expression [11,12]: 

 
0

k

d 
 = +

  
(1)

   

Here, σ is the elastic modulus or strength, σ0 is the parent property of the material, k is the 

material constant, d is the average diameter of the particle, β is the geometric constant, and 

it is related to the volume percentage of the additive. 

The Hall-Petch effect cannot describe the effects of the size distribution surface 

morphology of particles on the mechanical property; additionally, when the particles tend 

to be small enough, an inverse Hall-Petch effect occurs [11], so a modified Hall-Petch 

effect is much needed to take into account the particles’ surface morphology. For 

graphene-reinforced composites, see Fig.3, considering the two-dimensional characteristics of 

graphene, d, can be obtained by using the equivalent diameter: 
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where A is the average area of graphene and δ is the thickness of graphene. 

We obtain the following modified Hall-Petch effect formula 
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k

A
 


= +   (3) 

where k’ is the material constant. 
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Fig. 3 Microstructure of graphene composites 

The mechanical properties of composites can be enhanced by adding graphene, which 

can be qualitatively described by the Hall-Petch effect. For isotropic elastic materials, the 

stress formula is 

 A

F
=

  
(4)

 

Here σ is the stress, F is the external force applied, and A is the area of the cross section of 

the object. 

Fig. 4(a) is a force analysis diagram of a control body containing graphene. The control 

body is fractured under external forces, and the fracture surface is unsmooth as shown in 

Fig. 4(b). 

a) b)  

Fig. 4 Force analysis of the composite control body containing graphene 

The control body in Fig. 4(a) can be divided into two parts, SiC matrix and graphene. 

Before breaking, the matrix needs to overcome the friction resistance between the matrix 

and the graphene, which is very high due to an extremely large specific surface area of the 

graphene. In addition, the fracture surface contains a lot of graphene, which is not smooth. 

To sum up, the force balance equation can be written 

 
F A f= +

  (5) 
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where F is the external force, F is the frictional resistance between the matrix and the 

graphene, and A is the area of the non-smooth section, which can be expressed as: 

 0 +A A A= 
  (6) 

where A0 is the smooth cross section area, A is proportional to the specific surface 

parameters of graphene. 

The real stress of the matrix of the composite material is 

 0

=
+

F f

A A


−


  

(7)
 

The frictional resistance between the matrix and the graphene is proportional to the 

surface area of graphene; if the percentage of the volume of graphene is φ, we have 

 
2/3f S        (8) 

 2/3A S      (9) 

where φ is the volume concentration.  

Eq. (7) becomes  
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where a and b are constants, 
0 = /F A , /a a A=  and /b b A= . Fig. 5 shows the effect of 

graphene content on the stress of the composites under the same force. 

 

Fig. 5 The effect of the graphene content on the stress of the composites under the same 

force ( =100a b= , 0 =1000) 

To obtain a formula similar to the Hall-Petch effect, we make a simple mathematical 

approximation to formula (10). Let 
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2/3x =

  (11) 
Eq. (10) becomes  
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Differentiating Eq. (12) with respect to x, we have  
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Setting x=0, we have  
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Its first order Taylor series approximation is  
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That is  
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So we obtain the following formulation similar to the Hall-Petch effect 
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where 
2

aA bF
k

A

+
= . Table 2 shows the effect of the graphene content on the fracture 

strength of PVA/ graphene composites [10]. 

Table 2 Influence of the graphene content on the fracture strength of PVA/ graphene 

composites [10] 

φ (%) 0 0.3 0.5 0.7 

σ0(MPa) 49.7 68.2 72.2 87.8 

 

According to the data in Table 2, we can approximately determine that k=13.2165, so that 
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Fig. 6 shows the stress-strain behavior for PVA/graphene nanocomposites with different 

GO weight loadings. With only 0.7 wt.% GO, the tensile strength of the nanocomposite 

increased by 76% from 49.9 to 87.6 MPa [10]. 
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Fig. 6 Stress-strain behavior for PVA/graphene nanocomposites with different GO weight 

loadings. With only 0.7 wt.% GO, the tensile strength of the nanocomposite 

increased by 76% from 49.9 to 87.6 MPa [10] 

3. ELECTRONIC PROPERTY  

According to Ohm’s formulation, the resistance of a metal rod can be expressed as 

 
kL

R
S

=  (20) 

where R, L, and S represent, respectively, the resistance, the length and the area of the 

conductor, k is a constant. 

However, for a carbon nanotube, the resistance can be expressed as [13] 

 R L  (21) 

where α is the fractal dimensions of the carbon nanotube, and it can be calculated as α=2.52 

[13]. 

The fractal theory has become a useful tool to various engineering problems, for 

examples, non-smooth fibers [14], the fractal current law [15], the fractal pressure drop 

through a cigarette filter[16], fractal-like multiple jets in electrospinning process [17], the 

fractional Fokker-Planck equation [18], the fractional Kundu–Mukherjee–Naskar equation 

[19], the fractal Telegraph equation[20], and fractal integral equations and fractal 

oscillators [21,22], the fractal Boussinesq equation [23], the fractal microgravity [24],the 

fractal Bratu-type equation [25], the fractal diffusion [26], the fractal two-phase flow [27], 

the fractal boundary problems [28], and the fractal convection-diffusion law [29].  

In this paper we will apply the fractal theory to the study of the electronic properties of 

carbon nanotubes [30,31], graphene and graphene-based composites. 

The fractal dimension can be calculated as 

 
ln

ln
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where M is the new number of the measured units under a reduced size of 1/N. For 

example, the fractal dimensions for the Koch curve is ln4/ln3, while the Cantor set is 

ln2/ln3, and the Sierpinski triangle is ln3/ln2.  

In Ref. [13], the graphene or the carbon nanotube is considered as a graphene fractal as 

illustrated in Fig. 7. 

The fractal dimension of the graphene fractal is 

 
ln 5

=1.16096
ln 4

 =  (23) 

Eq. (23) describes exactly a fractal pattern as illustrated in Fig. 7, the initial iteration is 

a graphene unit, and the iteration process can continue to infinity. The value of the fractal 

dimensions is an important factor to describe the self-similarity of a geometric patterner. 

However, for a practical application, a discontinuous geometric patterner can be 

considered as some cascade of a self-similar fractal one. For example, we have two 

adjacent cascades of the Sierpinski triangle, see Fig. 8. Their porosity factors are quite 

different, and we need the two-scale fractal dimensions to measure the difference [32-35]. 

The two-scale fractal theory has been widely used as an effective mathematics tool to 

analyze various discontinuous problems, for examples, fractional Camassa-Holm equation 

[36], biomechanism of silkworm cocoon[37], snow’s thermal insulation [38], fractal 

calculus for analysis of wool fiber [39] and polar bear hairs [40,41]. 

 
 

Fig. 7 The graphene fractal 

 

Fig. 8 Two adjacent levels of the Sierpinski triangle with fractal dimensions of ln3/ln2. 

The two-scale fractal dimension is defined as [32-35] 

 0

0

L

L
 =   (24) 

where α and α0 are dimensions for the two scales, respectively, one is large and the other is 

smaller; L and L0 are, respectively, the measured units (e.g. length, area or volume) for the 

two scales. For the two adjacent levels of the Sierpinski triangle given in Fig. 8, the 

two-scale fractal dimensions are 3/2 and 9/8, respectively. 
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Consider a unit of the graphene as illustrated in Fig. 9; we have L/L0=5/4 and α0=2, and 

 
5

2 =2.5
4

 =   (25) 

According to Eq. (21), the resistance of a carbon nanotube can be expressed as 

 2.5R kL=  (26) 

Using the experimental data given in Ref. [42], we can identify the value of k in Eq. (26), 

and obtain the following relationship 

 2.594.5R L=  (27) 

This is quite close to R=95L2.52, which was given in Ref. [13]. Comparison of our 

theoretical result given by Eq. (27) with the experimental data from Ref. [42] is depicted in 

Fig.10.  

 

Fig. 9 A unit of the two-dimensional graphene 

 

Fig. 10 Resistance (kΩ) versus length (μm) for SWNTs. The dots are experimental data [42], 

the continuous line is the theoretical prediction according to the two-scale fractal theory 

Graphene/SiC composites are widely used in engineering, especially advanced materials 

science and smart ceramics, and their electrical property is the focus for various applications. 
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Consider a rod of graphene/SiC composite as illustrated in Fig. 11. Graphene-based 

composite materials have attracted much attention due to their extremely good thermal and 

electronic properties [10,42]. 

 
Fig. 11 Graphene/SiC composite 

 

Electrical conductivity of continuous non-metal materials scales with its length with a 

negative power 

 -C L  (28) 

We already know that the addition of graphene can greatly enhance the electrical 

conductivity of the composite. The equivalent length of graphene and the equivalent length 

of SiC material can be expressed as 

 

1/2

Graphene

Graphene

V
L



 
  
 

 (29) 

 
1/3( )SiC SiCL V  (30) 

where LGraphene is the equivalent length of graphene, δ is the thickness of the graphene, LSiC 

is the equivalent length of SiC material, VGraphene and VSiC are, respectively, the total 

volumes of graphene and SiC in the composite. 

We assume that the graphene concentration in the composite is φ, which implies 

 0GrapheneV V =  (31) 

 0 (1 )SiCV V= −  (32) 

where V0 is the total volume of the composite. 

After a simple operation, we have the following scaling laws 

 1/2

GrapheneL   (33) 

 
1/3(1 )SiCL  −  (34) 
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The electrical conductivity of graphene and the resistance of SiC are, respectively, as 

follows 

 1 /2

GrapheneC
  (35) 

 2 /3(1 )SiCC  −  (36) 

where α1 and α2 are two-scale dimensions for graphene and SiC material, respectively. 

According to the analysis given in the above section, we have α1=2.5, which implies 

 1.25

GrapheneC   (37) 

The total resistance of the graphene/SiC composite can be expressed as 

 2 /31.25

1 2 (1 )Graphene SiCR R R k k
 −= + = + −  (38) 

where k1 and k2 are constants in this study. 

Electrical conductivity of graphene/SiC composites can be expressed as 

 
2 /31.25

1 2

1

(1 )
C

k k
 −

=
+ −
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where k1 and k2 are constants in this study. In most cases, k1>>k2, and Eq. (39) can be 

approximated as 

 
1.25

0C C k= +  (40) 

In Ref. [42] three powder compositions were prepared with increasing GNPs contents, 

specifically 5, 10 and 20 vol.% were used to measure the electrical conductivity of the 

graphene/SiC composite. The results are listed in Table 3. 

Table 3 Electrical conductivity of the graphene/SiC composite with different GNPs 

contents [42] 

φ (%) 0 0.05 0.10 0.20 

C(S/m) 17 305 933 2306 

Porosity(%) 0.5 0.6 0.65 0.70 

α2 1.5 1.8 1.95 2.1 

According to the above experimental data, we know C0=17 S/m, and constant k 

involved in Eq. (40) can be approximately determined; finally, the following equation is 

obtained 

 
1.2517 15195C = +  (41) 
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Fig. 12 shows the comparison between our theoretical prediction and the experimental 

data, and a good agreement is obtained. 

 

Fig. 12 The electrical conductivity of the graphene/SiC composite rod 

4. DISCUSSION AND CONCLUSION  

Many experiments have proved that an increase of GO concentration will enhance the 

SiC/graphene composite’s mechanical property; however, similarly to the inverse Hall-Petch 

effect, when the concentration of GO increases to a threshold value, an inverse effect can 

be predicted.  

Recently Le et al. suggested a theoretical method for graphene-reinforced composites, 

showing a bright light on the optimal design of SiC/ graphene composites for advanced 

applications [43]. 

This paper suggests, for the first time, some new concepts for graphene/SiC composites, 

e.g., the graphene fractal and the two-scale porosity. A fractal modification of Ohm’s 

resistance formulation is suggested, and our theoretical prediction sees a good agreement 

with the experiment results given in Ref. [40]. Furthermore, the mechanical and electrical 

properties of the graphene/SiC composites are theoretically analyzed by the two-fractal 

theory and experimentally verified by open experimental data in literature [10, 42]. 
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