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Abstract. In this paper, a multi-scale coupling mathematical model is suggested for 

simulating the polymer filling process in the weld line region on a micro scale. The model 

considers two aspects: one is the coupling model based on stresses in the whole cavity 

region; the other is the multi-scale coupling model of continuum mechanics (CM) and the 

molecular dynamics (MD) in a weldline region. A weak variational formulation is 

constructed for the finite element method (FEM), which is coupled with the Verlet 

algorithm based on the domain decomposition technique. Meanwhile, an overlap region 

is designed so that the FEM and the MD simulations are consistent with each other. The 

molecular backbone orientation of the whole cavity is illustrated and the position of the 

weld line is determined by the characteristics of the molecular backbone orientation. 

Finally, the properties of the polymer chain in the weld line region are studied 

conformationally and dynamically. The conformational changes and movement process 

elucidate that the polymer chains undertake stretching, entangling and orientating. 

Moreover, the effect of the number of chains and melt temperature on the spatial 

properties of chain conformation are investigated. 
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1. INTRODUCTION 

The injection molding is a common polymer processing technology. However, the weld 

line is a common macro defect in polymer processing [1], and it is very difficult to avoid the 

occurrence of weld line when the products have an insert or the multi-gate technology is 

used. From the formation of the weld line, the macromolecular chain parallel to each other 

and the melt properties are different when two or more melt fronts meet. These may cause 

loose microstructure and stress concentration in the fusion zone, and further affect the 
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products’ mechanical, optical and thermal properties [2]. In order to control this defect and 

optimize the actual processing, the formation mechanism in processing should be revealed 

from the molecular orientation, molecular stretching, molecular chain entanglement and so 

on. Therefore, it is great significance to study the weldline’s mechanical properties based on 

the characteristics of microstructure to improve the quality of the products. For this purpose, 

much literature was appeared using experiments alone [3-11], for examples, Minh et al. 

studied the weld line strength by using various venting systems in injection molding process 

[3]. Li, et al. [4] and Wang, et al. [5] proved that the rapid heat cycle molding (RHCM) was 

an effective way to improvement of the mechanical properties of weld lines. Mosey, et al. [6] 

and Hashimoto, et al. [7] researched the weldline reduction of injection based on different 

processing parameters. Baradi, et al. [8] and Liao, et al. [9] found that the experimental X-ray 

tomography provides us with an effective tool to ensuring the mechanical and geometrical 

characters of the weldlines and predict the location of weld lines via molecular orientation 

distribution. Oh, et al. [10] and Kalus, et al. [11] showed that the digital image is another 

useful technique to find weldline defects and can illustrate strain profiles in the weld line 

region. All these researches are extremely useful to show detailed microstructural 

characterization of the weld line region experimentally, however only experimental methods 

are not enough to have a deep physical insight into the polymer filling process in a weld line 

region.  

Although much experimental achievement had been obtained by various advanced 

experiments, there are still many problems to be solved because of the limitation of 

experimental conditions, and many hidden mechanisms cannot be revealed by experiment 

alone, for examples, the chains’ entangling, orientating and stretching. 

Recent decades had seen the fast progress in computer simulation methods, and now 

the numerical simulation has become a powerful method to improve the quality and 

processing of polymer products [12-21]. Wang et al. [12] adopted FEM and the arbitrary 

Lagrangian-Eulerian (ALE) method to track the free surface of a polymer melt flow in the 

filling processing. Nguyen, et al. [13] and Yang, et al. [14] used numerical approaches to 

study the fiber orientation of the filling processing, and the finite volume method (FVM) 

was adopted to deal with the polymer melt process. Li, et al. [15] and Cao, et al. [16] used 

FEM/FVM and FEM to solve the flow-induced stress, respectively. Deng, et al. [17] 

pointed out that the Lattice Boltzmann method (LBM) can predict the injection molding 

process accurately. Farahani, et al. [18] applied the smoothed particle hydrodynamics 

(SPH) technology to study numerically the hybrid process of sheet metal forming and 

injection molding. Zhang, et al. [19] adopted the boundary element method (BEM) to 

complete the steady-state cooling simulation. Pashmforoush used Finite Element Analysis 

to study Carbon Fibers/Carbon Nanotubes Reinforced Polymer Composite [20]. Moreover, 

Li et al. [21] used a weak variational formulation based multi-scale finite element method 

(VMS-FEM) to predict successfully the polymer melt filling process. These numerical 

methods have their respective advantages in the application in the injection molding, and 

can make up for the defects of the experiment. 

Above all, we know that there are many research findings for mechanical properties of a 

weldline region based on some experimental methods and various numerical methods in the 

injection molding. However, there is few studies on the numerical simulation of weld line 

region based on multi-scale modeling and calculation. The numerical simulation using 

multiple scales can reveal some hidden mechanisms which cannot be found using a single 
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macro scale, for example, a chain’s stretching cannot be simulated by any a numerical method, 

and a molecule’s scale must be used, which makes the numerical simulation impossible. 

In our previous work [22], the double-equation eXtended Pom-Pom (DXPP) stress 

equation was adopted to describe the molecular orientation in the flow of polymer melt. It is 

known that some researches based on the molecule’s scale are widely used in various areas 

[23-27]. Cocker et al. [24] tracked a single molecule’s trajectory on a molecule’s scale by 

femtosecond orbital imaging. Zhang, et al. [25] reported the isotropical expansion ability 

of macromolecular ferritin crystals with integrated hydrogel polymers. Moreover, the 

molecular dynamics (MD) simulation can reveal microstructure of the materials [28-30]. For 

example, Valiullin et al. [28] considered a transient sorption in a mesoporous material by the 

molecular dynamical technology. Zhao et al. applied the all atom molecular dynamics to 

simulate the HIV-1 capsid structure [29]. Zepeda-Ruiz, et al. studied metal plasticity by the 

fully dynamic atomistic simulation, and gave the limits conditions of dislocation-mediated 

plasticity [30]. However, it is not suitable for the problem of long calculation time due to huge 

computational cost.  

Based on the above analysis, the numerical simulation of mechanical properties of weld 

line region based on multi-scale modeling and calculation will be studied in this paper. 

Meanwhile, the coupling model of the DXPP stress equation and governing equations of 

melt flow based on the stress is used to describe the molecular orientation in the whole 

mold cavity and help to distinguish the weld line region according to the characterization 

of molecules’ orientation. Moreover, the polymer filling process is a two-phase flow 

problem have discontinuity of unknowns on the interfaces generated by the different 

material properties of the fluids. Multi-scale method with a pressure-enriched finite 

element shape function enables to simulate the different behavior of two fluids. So, the 

VMS-FEM is used to solve this coupling model. The MD method is adopted in the weld 

line region to obtain numerically the real molecules’ information. Moreover, the coupling 

molding of continuum mechanics (CM) and MD is established based on the domain 

decomposition technology. 

2. MULTI-SCALE MODEL FOR POLYMER FILLING PROCESS 

For the multi-scale model, the multiple scale concept means two aspects: one is the 

coupling model based on stresses in the whole cavity region excluding weld line, the other 

is the multi-scale coupling model of continuum mechanics and the molecular dynamics in 

the weld line region. Details are as below in this section. 

2.1. The coupling model of the CM and DXPP model based on stresses 

The polymer melt filling process follows laws in the continuum mechanics, i.e., the 

mass conservation law and the moment conservation law [22].The moment equation and 

the mass equation are 
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0u =                                             (2) 

where u, p, τ, Re, ρ, η, β and φ are, respectively, speed, pressure, and stress, Reynolds 

number, the density, viscosity, viscosity ratio and level set function. Hɛ(φ) [31] is given as  
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The average material parameters in gas-melt mixed zone can be written as 
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The subscripts represent gas (g) and melt (m), respectively.  

In order to obtain the molecular information in the whole filling cavity, we use the 

DXPP stress model to describe the molecular orientation (S) and stretch (Ʌ). In our 

previous research [22], we had simulated the DXPP model based on a benchmark problem. 

The DXPP equations read  
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where We is the Weissenberg number; I denotes the unit tensor; D is the deformation rate 

tensor; r is the relaxation time ratio; α is a material parameter, defining the amount of 

anisotropy; ν= 2/q, where q is the amount of arms at the end of a backbone. 

 Eqs. (5) and (6) are the molecular orientation and stretch equation, respectively. The 

stresses tensor can be written as [22] 

 21
(3 )

We

−
= −τ Λ S I   (7) 

So, Eqs. (1), (2), (5)-(7) constitute the multi-scale coupled model based on stresses 

tensor. Our model can not only reveal the macro physics quantities, e.g., the velocity and 

the pressure, but also illustrate the micro molecular orientation and stretch. 

2.2. The coupling model of the CM model and the MD model 

The couple of CM and MD simulations is constructed for numerical study of the 

microstructural characterization of the weld line region in the polymer filling process, the 

latter is to solve atoms’ motion [32] 
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where mi, ri, Fi and E are an atom’s mass, displacement, force and the total potential 

energy, respectively. E consists of following components [32] 
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where the subscripts i, j represent the atoms i and j , the subscript “eq” is the equilibrium 

point; qi represents an atom’s fixed charge, and rij is the distance between two atoms; The 

parameters dij and ɛij are, respectively, the zero-energy distance and the minimal  

interaction energy; r and Kr are, respectively, its length and stiffness; θ and Kθ represent, 

respectively, the bond angel and the angle stiffness; Vn
i ( n=1, 2, 3 ) are fitting parameters, 

and φi the improper dihedral angle. 

For the domain decomposition technology, the whole calculation region is decomposed 

into 2 domains, one for the CM simulation, and the other for the MD simulation in Fig. 1. 

From this figure we can know that the shading domain represented by the skew lines is the 

domain of CM simulation region and the domain represented by the dots is the domain of MD. 

C→P is the left boundary of MD region, while P→C is the right boundary of CM region. The 

domain between of these two boundaries is the overlap region, and we assume that in this 

overlap region the description of two scales is consistent with the description of MD. 

C P→ C P

 

Fig. 1 The domain decomposition between the CM and MD simulations 
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The continuum assumption requires [33] 
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where NJ is the number of molecules. 

In order to satisfy this non-holonomic constraint, we modify Eq. (8) as follows 
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and its discrete scheme is 
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where ΔtMD is the time step. 

3. NUMERICAL METHOD FOR MULTI-SCALE MODEL 

3.1. VMS - FEM in the ASGS stabilized formulation 

For a general numerical method, the discontinuities of interfaces cannot be captured by 

standard interpolation functions. Moreover, the convective term of the momentum and the 

constitutive equations always lead to instabilities. Fortunately, a pressure-enriched finite 

element shape function enables to simulate the discontinuities of interfaces. The variational 

multi-scale method can stabilize the numerical approximation of the convective term. 

Therefore, a VMS-FEM method is used in this paper. The detailed derivation process is as 

follows. 

We introduce U=[u, p, S, Ʌ] and write Eqs. (1), (2), (5) and (6) in the form 
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and 
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The system given in Eq. (16) is strongly nonlinear and it is difficult to establish a 

variational principle. In this paper, a weak variational theory is considered for Eq. (16), that 

is to find U=[u, p, S, Ʌ]∈X for all V=[ν, q , B, χ ]∈X. The weak variational formulation of 

the problem can be written as 
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We decompose U=Uh+U’, where Uh and U’ are, respectively, numerically solved by FEM 

method and the sub-grid scale method [34].  
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Where αi, i=1, 2, 3, 4 are adjusting parameters, and the algorithmic parameters cj, j=1, 2, 3, 

4 must be adjusted in the stabilized formulation. The parameters h1 and h2 are the 

characteristic element lengths, the latter is in the streamline direction. 

The finite element simulation based on the weak variational formulation given in Eq. 

(17) can reveal the macro properties of the polymer filling process. In the simulation 

process, we adopt the Crank-Nicolson-based Split (CNBS) algorithm to study numerically 

the problem, see Ref. [15] for detailed description.  

3.2. Verlet algorithm 

Eq. (8) is discretized as [35]: 
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where Vi and ai are, respectively, the speed and acceleration of the particle i.  
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Fig. 2 The sketch of periodic boundary conditions 

For the MD simulation, the finite and infinite systems are extremely not similar. 

However, the simulated system is usually much smaller than the real physical system. 

Generally, the simulation takes place in a cube cell with periodic boundary to eliminate the 
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interfacial effects. A periodic system is illustrated in Fig. 2, and the simulation chart is 

given in Fig. 3. 

 

Fig. 3 The flow chart of the coupled numerical method 

4. NUMERICAL RESULTS 

4.1. Determination of weld lines 

For a mold filling process with multiple gates or inserts, the weld lines will be 

introduced where two or more streams of melts meet with a certain angle to each other in 

injection molding. In this paper, a 101 cavity is used and the two injection gates are 

symmetrically located on the left and right sides. We use the improved level set method 

[21] to capture the front interface of polymer melt. Fig. 4 shows the positions of the double 

gates, the flow direction and the front interface. Moreover, it can be seen that  the position 

of the interface fusion region is about x=5. 

 

Fig. 4 The positions of the double gates and front interface at different time 
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For the determination of weld lines, we can obtain the molecular backbone orientation 

by the DXPP model. Moreover, the molecular backbone orientation of the weld region is 

vertical orientation to the flow direction. Therefore, we can determinate the position of 

weld line from the characteristics of the molecular backbone orientation. The ellipse 

method is used to find the backbone orientation [22]. The molecular backbone orientation 

in the inlet (a), the boundary (b) and the interface fusion region (c) is shown in the Fig. 5. It 

can be seen clearly that the molecular backbone orientation in different regions is 

significantly different. Moreover, there are clearly horizontal orientation and vertical 

orientation near x=5. Generally, these results indicate that molecular backbones’ direction 

follows the streamline in the center part, whereas molecular backbones’ direction is almost 

perpendicular to the streamline at the weldline. So, we can determinate the position of weld 

line from the characteristics of the molecular backbone orientation. 

 

Fig. 5 The molecular backbone orientation of different regions 

The weld lines positions are obtained based on the molecular backbone orientation and 

the level set method [36], respectively. They are shown in Fig. 6 and the weld line positions 

(blue lines in Fig. 6) are consistent. Therefore, the molecular backbone orientation method 

is effective for capturing the weld line in the filling process. 

 
(a)                                                                  (b)  

Fig. 6 The position of the weld lines. (a) the molecular backbone orientation;(b) level set method 

4.2. The results analysis in weld region 

In this sub-section, all variables are the dimensionless forms. The initial chain spatial 

configurations are zigzag configurations and the number of chains in a cube cell has three 

cases: one chain, two chains and four chains, as shown in Fig. 7. We assume all chains to 

have the same length including 8 carbon atoms.  
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(a)                                           (b)                                         (c)  

Fig. 7 The initial spatial configurations. (a) one chain; (b) two chains; (c) four chains  

   
(a)                                          (b)                                          (c)   

   
(d)                                           (e)                                         (f)  

Fig. 8 The spatial configurations of one chain at different times. (a) t=50; (b) t=550; 

(c) t=1050; (d) t=1550; (e) t=2050; (f) t=2500  

The properties of the polymer chain in the weld line region are studied for 

conformational purposes. The conformational changes and movement process of one 

chain, two chains and four chains are shown in Fig. 8, Fig. 9 and Fig. 10, respectively, 

which elucidate that the polymer chain undertakes stretching, orientating, and entangling. 

Moreover, we can see clearly that the entangling polymer chains will separate again, as 

shown in Fig. 10. 
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(a)                                         (b)                                         (c)  

   
(d)                                           (e)                                          (f)     

Fig. 9 The spatial configurations of two chains at different times. (a) t=50; (b) t=550; 

(c) t=1050; (d) t=1550;(e) t=2050; (f) t=2500  

To study the molecular chain, the spatial properties of chain conformation are usually 

investigated by<R2>  <S2> , and Gxy, defined by  
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where, r
_

 is the center of mass; g1, g2, g3 are the three eigenvalues of Gxy; the ratios of 

eigenvalues g21=g2/g1 and g31=g3/g1 are important factors, when they are different from 

unity, the distribution is non-spherical. 

Fig. 11 shows that the effect of the number of chains and the melt temperature on the 

bond length (l). It can be seen clearly that a larger number of molecular chains sees a longer 

bond length, and a higher melt temperature results in a longer bond length as well. 

The effects of the number of chains and the melt temperature on <R2> and <S2>are 

shown as in Fig. 12 and Fig. 13, respectively. We can see clearly that they decrease with the 

increasing of the number of molecular chains and no significant changes about the melt 

temperature is observed. 
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(a)                                         (b)                                        (c)  

   
                 (d)                                          (e)                                          (f) 

Fig. 10 The spatial configurations of four chains at different times. (a) t=50; (b) t=550; 

(c) t=1050; (d) t=1550;(e) t=2050;(f) t=2500  

     
(a)                                                                 (b) 

Fig. 11 Influences of the chains’ number (a) and the melt temperature (b) on the bond length 
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(a)                                                             (b) 

Fig. 12 Influences of the chains’ number (a) and the melt temperature (b) on <R2> 

     
(a)                                                                  (b) 

Fig. 13 Influences of the chains’ number (a) and the melt temperature (b) on<S2> 

     
(a)                                                               (b)   

Fig. 14 Influences of the chains’ number (a) and the melt temperature (b) on g21 
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(a)                                                                 (b) 

Fig. 15 Influences of the chains’ number (a) and the melt temperature (b) on g31 

For the ratios of eigenvalues, Fig. 14 and Fig. 15 show that the values of g21 and g31are 

far less than 1, which indicates the mass distribution of polymer chain is non-spherical. 

Moreover, the ratios decrease with the increasing of the number of molecular chains while 

no obvious changes with the melt temperature’s change. 

5. DISCUSSION AND CONCLUSION 

A multi-scale coupling model is suggested for simulating the weld line region on a 

micro scale of the polymer filling process and the other part in a macro scale. The macro 

scale simulation follows the laws in continuum mechanics, while the micro scale simulation 

uses the molecular dynamics to reveal the physical understanding of the chains’ motion 

including stretching and entangling. Recently the two-scale concept was further developed 

into a new mathematical branch called the two-scale fractal calculus [37-39], which studies 

a same problem, e.g., the polymer filling process, using two differential scales, one is macro 

scale for continuum mechanics and the other is generally the micro scale of the molecule’s 

size. Seeing with a single scale is always unbelieving [40]. Now the two-scale fractal theory 

and two-scale thermodynamics have been widely used to study various discontinuous 

problems [41-45]. Li, et al. established successfully a fractal two-phase flow model for the 

polymer filling process [46]. Zhou, et al. studied the motion of a drop of ren ink in a saline 

water [47], though the motion can be easily simulated by the molecular dynamics, the 

two-scale fractal calculus provides us with an effective tool to the analysis of red ink’s 

motion. The macro scale reveals the main flow property of the studied problem – the red ink 

will move along the streamlines of the moving fluid, which can be predicted by the laws in 

continuum mechanics. However, the continuum assumption in fluid mechanics cannot reveal 

the diffusion of the red ink in water, so another smaller scale of the molecule’s size is needed, 

and the fluid has to be considered as a porous medium, where conversation laws can be 

established in a fractal space. 

In this paper we adopt a weak variational principle, there might not be a genuine variational 

principle for Navier-Stokes equations, however, we can establish an approximate variational 

principle for the polymer filling process by the semi-inverse method [48-51], we will discuss it 
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in a forthcoming paper. Other numerical methods, for examples, the variational iteration 

method (VIM) [52] and the reducing rank method [53], can also be used for the numerical 

simulation. 

In this paper, we propose two coupling models: the coupling model of the CM and 

DXPP model and the coupling model of the CM and MD. Moreover, VMS-FEM and Verlet 

algorithm are used on macro-scale and micro-scale based on the domain decomposition 

technique, respectively. The molecular backbone orientation can be obtained in the whole 

filling process by the DXPP model. Therefore, we can determinate the position of the weld 

line by the molecular backbone orientation’s characteristics. Finally, the properties of the 

polymer chain in the weld line region are studied conformationally and dynamically. The 

conformational changes and movement process illustrate that the polymer chain undertakes 

stretching, orientating, and entangling. Moreover, the effect of the number of chains and melt 

temperature on the spatial properties of chain conformation are investigated. All results show 

that melt temperature have little impact on molecular chain conformation while the number 

of molecular chains can affect the spatial properties. Addition, the mass distribution of 

polymer chain is non-spherical in the weld line region. The multi-scale method can be extended 

to a two-scale fractal model [36-38]. 
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