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Abstract. To accurately solve the fracture parameters of enamel, we have established 

computational nonhomogeneous enamel models and constructed the fracture element of 

enamel dumb nodes, based on the enamel mineral concentration, nonhomogeneous 

mechanical properties, and virtual crack closure technique. Through the commercial 

finite element software ABAQUS and the fracture element of the enamel dumb nodes, we 

have established the user subroutines UMAT and UEL, which enabled solving of the 

energy release rates of the nonhomogeneous enamel structure with cracks. The stress 

intensity factors of central cracks, three-point bend and compact stretched enamels, and 

double-edge notched stretched enamels are determined. By comparing them with 

analytical solutions, we have proved that the fracture element of the enamel dumb nodes 

is highly accurate, simple, and convenient. In addition, the cracks can be other elements 

rather than singular or special elements; they show versatility and other advantages. 

The stress intensity factor of the dental enamel can be solved more realistically. Thus, a 

new numerical method for prevention and treatment of dental diseases is provided. 

Key Words: Nonhomogeneous Enamel Models, Crack, Virtual Crack Closure Technique, 

Finite Element Method, Fracture Element of Enamel Dumb Nodes 

1. INTRODUCTION 

Enamel is the most important component of the outermost tissue of human teeth [1-3], 

which serves as a barrier for protecting the vital pulp and the dentin. On a microstructural 

level, a sequence of crystal rods (or “prisms”) with diameters of 4–6 μm compose the 

enamel tissue. The crystal rods stretch from the dentin-enamel-junction (DEJ) to the 
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occlusal surface and are arranged in a parallel manner [4]. The interface between the rods is 

a protein-rich district considered as the rod sheath. Enamel is a composite material that has 

a unique and complex hierarchical structure. The unique properties of enamel distinguish it 

from other biological tissues like bone or dentin [5]. In the body, enamel is the most highly 

mineralized tissue, being composed of approximately 96% minerals (primarily apatite 

crystals containing Ca2+ and P3-, small amounts of other phosphate crystals, and small 

amounts of other minerals), and only 4% organic matrix and water (3% water and 1% 

proteins) by weight [6]. Teeth are well-designed to endure repeated chewing loads during a 

lifetime. To support oral function, the enamel should be equipped with adequate hardness, 

stiffness, and fracture resistance. Although the toughness of the protective enamel coat is 

comparable to that of glass, this material is highly brittle [7]. 

In dental clinic, incomplete tooth or tooth fracture is a general pathological feature [8, 9]. 

Considering the physiological characteristic of enamel and the circle force contact incurred 

during mastication, fatigue can lead to failure. Fractures that run as ribbon cracks around the 

enamel shell walls may occur as a result of macro-contacts in the cusp regions with hard 

millimeter-scale food objects (e.g., nuts, seeds, and hard particulates) [10-12]. These cracks 

are distributed along a normal direction to the tooth surface orientation and remain entirely 

contained within the enamel. Some cracks develop rapidly in clinic, and in severe cases, 

they can cause deterioration or even ultimate loss of tooth function. However, some 

fractured teeth can be used during life. Therefore, considering how to effectively protect the 

tooth activity and reduce or even block the propagation of cracks, further analysis of the 

mechanical characteristics of the dental enamel is required. 

Over the last decade, enamel has been modeled as a homogenous material [13, 14], but 

recently, it has been explored with variations in its mechanical characteristics. Enamel 

hardness and elastic modulus decrease from the occlusal surface of enamel to the DEJ [15, 

16]. The variations are probably due to chemistry, microstructure, and prism alignment. 

However, Cuy et al. [17] suggested that enamel is significantly correlated with changes in 

average chemistry: the concentrations of hydroxyapatites P2O5 and CaO are larger over the 

chewing surface and gradually decrease to the softer DEJ, but the concentrations of Na2O 

and MgO change in the opposite direction. Braly [18] and Park [19] also reported similar 

variations of mechanical properties on the axial section of the enamel [20]. More recently, 

nanoindentation tests showed that the enamel elastic modulus and hardness decreased from 

≥6 GPa and ≥120 GPa in the occlusal surface to less than 3 GPa and 70 GPa in the DEJ, 

respectively [21-23]. As reported, the crack growth resistance of enamel increases (rising 

R-curve) with crack extension from the outer to inner part; the law of variation of toughness 

is associated with the distance to DEJ [24]. 

Due to the small size of cracks, it is difficult to build an in-vitro experimental model for 

early cracked teeth. Thus, the finite element method (FEM) becomes relatively practical for 

studies on cracked teeth [25-27]. Recently, FEM has been widely used to analyze the causes 

of cracked teeth, but the existing studies have focused on the stress distribution, 

biomechanical factors, crack expanding behavior, and fatigue life of cracked teeth [28-30]. 

Moreover, due to methodological limitations, previous studies mostly regarded enamel as 

an isotropic material for mechanical analyses. 

Using the analytical method, the fracture parameters of a simple geometric structure or a 

special load form of homogenous materials can be derived [31-33]. However, this method 

cannot be applied to complex systems or boundary conditions, as the calculation process 
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becomes very expensive and time-consuming. Nevertheless, these limitations can be 

overcome by using other numerical methods. 

Nowadays, FEM is extensively employed in fracture analysis of nonhomogeneous 

materials. The elastic modulus coefficient of nonhomogeneous materials is a smoothing 

function of specific coordinates, also associated with the establishment of element stiffness 

matrix. For two-dimensional (2D) problems, the stress intensity factors for modes (modes I 

and II) can be comparatively evaluated through three nonhomogeneous material-tailored 

approaches: path-independent J-integral, virtual crack closure technique (VCCT) [34-37], 

and displacement correlation. 

VCCT was used for 2D cracked specimens and thereafter expanded to 

three-dimensional crack problems [38-40]. Then, a method combining FEM and VCCT for 

the study of kinking cracks in a homogeneous material was introduced [41-43]. The energy 

release rates for cracks were computed by VCCT [44], and the interface cracks were studied 

with the virtual crack extension method and VCCT [45-47]. Krueger [48] presented an 

overview of the VCCT historical developments and discussed its different applications. 

Leski [49] provided the general conditions for implementation of VCCT in 

MSC.PATRAN. 

Azimi et al. [50] probed into the special cracked lap shear specimen deboning using 

VCCT. Zeng et al. [51] extended VCCT to investigate the fracture mechanics parameters 

and simulate crack propagation within the framework of cell-based smoothed FEM. 

Banks-Sills and Farkash [52] explored VCCT to calculate stress intensity factors of two 

modes (modes I and II) for an interface crack between two linear elastic, isotropic, and 

homogeneous materials. VCCT was also extended to the investigation of the element-free 

Galerkin method [53, 54]. Based on graded FEM, a 2D-VCCT interface element was 

proposed for the dynamic fracture analysis issues [55]. 

Despite the secondary development of the commercial finite element software (ANSYS 

or ABAQUS), the crack problem analysis is mainly focused on homogeneous materials, and 

rarely on nonhomogeneous materials [56-58]. 

In this study, we built nonhomogeneous enamel models based on the commercial finite 

element analysis (FEA) software ABAQUS and VCCT. A dummy node enamel fracture 

element was established, and the energy release rates of nonhomogeneous cracked enamel 

were solved. The method provided better results compared to the analytical method in 

addressing nonhomogeneous mechanical properties. 

2. MATERIALS AND METHODS 

2.1. Nonhomogeneous enamel model 

Previous studies mostly considered the enamel as an isotropic material for mechanical 

analysis. However, the tooth mineral concentrations gradually change from tooth surfaces 

to the DEJ [17] (Fig. 1). Based on Ref. [17], enamel is a nonhomogeneous material (from 

tooth surfaces to DEJ, the percentages of P2O5, CaO, Na2O, MgO and other components 

change in certain functions). For the model proposed, two materials were considered: 

Material C, with a composition of 94% P2O5 + CaO, 6% Na2O + MgO and other 

components, and material M, with a composition of 89% P2O5 + CaO, 11% Na2O + MgO 
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and other components. Fig. 2 shows the gradient model of nonhomogeneous enamel 

materials. The enamels analyzed were composed of materials M and C, whose volume 

fractions continuously changed along certain dimensions of the model (Fig. 2). The 

Mori-Tanaka models and the rule of mixture are common methods to evaluate the effective 

elastic properties of grade composites. The effective moduli of the two materials were 

homogenized through these two methods. The effective property associated with volume 

fraction exponent follows a power law: 

   m m c cP z P V PV  , 1m cV V   (1) 

  0.5
n

cV z h  ,  2 2,  0h z h n       (2) 

where subscripts m and c in Eq. (1) denote materials M and C, respectively; P denotes the 

Poisson’s ratio or Young’s modulus; z denotes the thickness coordinate; n is the power 

exponent factor. Eq. (1) presents the volume fraction variation along non-dimensional 

thickness (z/h). Volume fraction Vc variation with different power exponent factors n is shown 

in Fig. 3. 

 

Fig. 1 Map of Young’s modulus throughout the enamel by nanoindentation 

Material C

Material M

75% Material C + 25% Material M

50% Material C + 50% Material M

25% Material C + 75% Material M

 

Fig. 2 Gradient model of nonhomogeneous enamel materials 
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Fig. 3 Variation of volume fraction Vc function along the non-dimensional thickness with 

varying n 

2.2 Finite element method 

The elements were established by directly adopting the true parameter at the Gauss 

integration points of each element [59]. The equilibrium equations are given as: 

 e e eK U F  (3) 

where Ue represents the nodal displacement vector and Fe represents the load vector. The 

stiffness matrix of FEM can be expresses as: 

 
e

e e T e e e( ) ( ) d


 K B D x B  (4) 

where e represents the problem domain of finite element e, Be and De(x) represent the 

strain-displacement matrix and constitutive matrix variable, respectively. The 

strain-displacement is related to the gradients of the interpolating functions. In this study, the 

elasticity matrix De(x) = De(x, y) was assumed to be related with spatial coordinates and 

specified at each Gaussian integration point. 

Elastic modulus E and Poisson’s ratio ν in elastic matrix De(x) can be established by 

interpolation for the nonhomogeneous materials [60]: 

 

1

ε

i i
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E N E


  (5) 

 

1

ε
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i

v N v


  (6) 

where Ni denotes the FEM shape function corresponding to node i. Ei and vi denote the 

material properties at node i of the element. ε is the node number of the element. By using Eqs. 

(5) and (6), the actual variations of the material properties in an element can be approximated 

by polynomial forms.  
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2.3 Fracture element of enamel dumb nodes 

The enamel cracks commonly seen in the clinic are closely related to the acute bite force, 

temperature change, and congenital developmental defects of the enamel. The properties of 

the mechanical field near the crack tip in nonhomogeneous enamel are the same as in 

homogeneous materials [61]. However, the stress intensity factors and fracture toughness 

parameters follow gradient functions. For VCCT, the strain energy was assumed as the 

same when releasing from a certain degree of crack extension or closing the crack of the 

same severity [54]. This reveals the similarity between crack extension from node B to C 

along one element and crack closure at node C (Fig. 4), which is the case of only Mode I 

loading. 
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Fig. 4 Mesh configuration used for VCCT element, which describes the growth process of 

the crack. Crack closure at points (a) C and (b) B 

Fig. 5 shows a crack inclination and crack tip with respect to the axes in the local 

coordinate system. 
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Fig. 5 Inclined crack in a plane with specific coordinates system. The crack inclination and 

crack tip in the local coordinate system are displayed 

The details of VCCT elements can be found in Refs. [45, 62]. In particular, each element 

has five nodes. Nodes C and C' are located at the crack tip, node B is located ahead of the 

crack tip, and nodes A and A' are located behind the crack tip. The present element has two 

groups of nodes: a top group (nodes C, A, and B) and a bottom group (nodes C' and A'). A 

very stiff spring is placed between nodes C and C', and the crack-tip nodal forces related 

with node displacement are given as follows: 
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  Cx Cx C CF K u u   ,  Cy Cy C CF K v v    (7) 

where (uC, vC) and (uC’, vC’) represent the displacement of nodes C and C' at the specific 

coordinate system (X, Y), respectively; KCx and KCy
 
represent the X- and Y-direction 

stiffness, respectively. Formerly, they are established with large values [45, 62], but when 

the crack growth is predicted, they reduce to zero. 

Dummy nodes A, A', B are only employed to record the information on the displacement of 

the opening node behind the crack tip and the crack jump length before the tip, and do not 

contribute to the stiffness matrix. For nodes A and A', the displacement openings are 

calculated as: 

 
A Au u u    , 

A Av v v     (8) 

where (uA, vA) and (uA’, vA’) represent the displacement of nodes A and A' under the specific 

coordinate system (X, Y), respectively. Hence, the crack jump length is the distance between 

nodes C and B, whose relation is given as follows: 

    
2 2

B C B Ca x x y y      (9) 

where (xC, yC) and (xB, yB) are the coordinate values of nodes C and B in the global 

coordinate system, respectively. 

The strain energy release rates (GI and GII) under the specific coordinate system (x, y) 

attached to the crack tip was computed. Thus, the fracture modes I and II can be separated 

(Fig. 5). The angle between X and x is given as: 

 arccos arcsinB C B Cx x y y

a a


    
    

    
 (10) 

By projecting the corresponding nodal forces and crack opening displacement into 

specific coordinates, we can obtain: 
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Considering 2D-VCCT, we can express the approximate SERRs as follows: 

 I
2

CyF v
G

B a





, II

2

CxF u
G

B a





, (13) 

where B represents the structure thickness. 

For the analysis of the dynamic loading fixed crack problem, we can describe the 

relationship between dynamic stress intensity factors KI (KII) and strain energy release rates 

GI (GII) as follows: 
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  I ICyK sign F EG  (14) 

  II IICxK sign F EG  (15) 

where E  represents material matrix and has different expressions in plane stress and plane 

strain conditions (plane stress tip

E E , plane strain condition: 

 
2

1

tip

tip

E
E 

 

); Etip and 

μtip denote the crack tip elasticity modulus and crack tip Poisson’s ratio, respectively [63]. 

3. RESULTS AND DISCUSSION 

3.1 Example 1 

Given the problem of central enamel cracks, we have selected finite-width central crack 

tension trials. The geometric model and the loading are shown in Fig. 6, where L, W, and B 

represent length, width, and thickness of the model, respectively (L=2 mm, W=2 mm, B=0.1 

mm). The crack length was 2a and the tension load is σ=30 MPa. The enamel is composed 

of materials M and C. The two materials were subjected to Eqs. (1) and (2), where the 

power exponent factors were n=0, 0.5, 1.0, 5.0 and the elastic moduli were Mm=90 GPa and 

Mc=120 GPa. These two materials had the same Poisson's ratio ν =0.3 (the properties of the 

enamel are the same in other examples). 

L

σ 

σ 

W

2a

 
Fig. 6 Geometric model of an enamel specimen containing a central crack 

To illustrate the convergence of this method, we have simulated a discrete model of 4 

element meshes to the normalized DSIFs KI (40×40 elements, 80×80 elements, 120×120 

elements). The model was geometrically established with 2D CPE4 (2D standard plane 

strain elements) in ABAQUS®. We have employed no special means, such as the collapsed 

element technique at the crack tip or special singular elements. Table 1 shows energy 

release rate GI from the computation model with power exponent factors n=0.0, 0.5, 1.0, 

and 5.0, four grids, and crack lengths a=0.2, 0.3, 0.4, 0.5, and 0.6 mm. By comparing with 

the analytical solutions, we validated the accuracy and effectiveness of the new method. 
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Fig. 7 shows energy release rate GI computed from the model with power exponent 

factors n=0.0, 0.5, 1.0, and 5.0, crack lengths a=0.3, 0.4, 0.5, and 0.6 mm, and cell division 

= 100×100. Compared with the analytical solutions, the maximum error was only 3.2%, 

which indicates that the nonhomogeneous enamel calculation model and the calculation 

method proposed in this study is accurate and effective. 

Table 1 Energy release rate GI (N/mm) computed from the new model at power exponent 

factors of n=0.0, 0.5, 1.0, and 5.0 

n Method 
a (mm) 

0.2 0.3 0.4 0.5 0.6 

0.0 

VCCT 120120 0.00485 0.00792 0.01212 0.01856 0.02664 

VCCT 8080 0.00484 0.00791 0.01202 0.01863 0.02687 

VCCT 4040 0.00480 0.00790 0.01208 0.01838 0.02681 

Anal. solu. 0.00496 0.00807 0.01235 0.01896 0.02731 

0.5 

VCCT 120120 0.00535 0.00854 0.01301 0.02006 0.02887 

VCCT 8080 0.00526 0.00852 0.01303 0.01999 0.02901 

VCCT 4040 0.00524 0.00851 0.01297 0.02016 0.02898 

Anal. solu. 0.00535 0.00871 0.01333 0.02046 0.02947 

1.0 

VCCT 120120 0.00552 0.00901 0.01376 0.02116 0.03056 

VCCT 8080 0.00555 0.00903 0.01372 0.02113 0.03053 

VCCT 4040 0.00553 0.00904 0.01381 0.02130 0.03062 

Anal. solu. 0.00566 0.00922 0.01411 0.02167 0.03121 

5.0 

VCCT 120120 0.00637 0.01062 0.01598 0.02435 0.03511 

VCCT 8080 0.00633 0.01043 0.01596 0.02433 0.03503 

VCCT 4040 0.00637 0.01039 0.01599 0.02448 0.03532 

Anal. solu. 0.00651 0.01065 0.01632 0.02504 0.03608 
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0.010

0.015

0.020

0.025

0.030

0.035

G
I (

 N
/m

m
)

a (mm)

 Anal. solu. n=0.0

 Anal. solu. n=0.5

 Anal. solu. n=1.0

 Anal. solu. n=5.0

 VCCT n=0.0

 VCCT n=0.5

 VCCT n=1.0

 VCCT n=5.0

 

Fig. 7 Energy release rate GI at crack lengths a= 0.3, 0.4, 0.5, and 0.6 mm with different 

power exponent factors n=0.0, 0.5, 1.0, and 5.0 
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3.2 Example 2 

Given the three-point bending problems of enamel, we have conducted three-point 

bending trials. The geometric model with length W=4.4 mm, width H=1 mm, span S=4 mm, 

thickness B=0.25 mm is shown in Fig. 8, where a denotes the length of the crack. The model 

is subject to a concentrated load P of 1.0 N. 

S

P

a

W

H

 

Fig. 8 Enamel specimens for three-point bending trials 

Fig. 9 shows energy release rate GI with power exponent factors n=0.0, 0.5, 1.0, and 5.0 

and crack lengths a=0.45, 0.50, 0.55, and 0.6 mm. Compared with the analytical solutions, 

the maximum error was only 3.9%, indicating that the nonhomogeneous enamel 

computation model and the method proposed are accurate and effective. 
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 VCCT n=1.0
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Fig. 9 Energy release rate GI of three-point bending enamel specimens at crack lengths 

a=0.45, 0.50, 0.55, and 0.6 mm with different power exponent factors n=0.0, 0.5, 1.0, and 

5.0 
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3.3 Example 3 

In the enamel compact tensile trials, the geometric model and loading are shown in Fig. 

10, where L, W, and B represent length, width, and thickness of the model, respectively (L=1 

mm, W=1.25 mm, B=0.1 mm). The crack length is a and P=1.0 N is a concentrated load. 

L

P

a

P
W

 

Fig. 10 Enamel specimen for compact tensile trials 

Fig. 11 demonstrates energy release rate GI computed from power exponent factors 

n=0.0, 0.5, 1.0, and 5.0, and crack lengths a=0.3, 0.4, 0.5, and 0.6 mm. Compared with the 

analytical solutions, the maximum error was only 3.3%, indicating that the 

nonhomogeneous enamel computation model and the method proposed are accurate and 

effective. 

0.3 0.4 0.5 0.6

0.010

0.015

0.020

0.025

0.030

0.035

0.040

0.045

G
I (

 N
/m

m
)

a (mm)

 Anal. solu. n=0.0

 Anal. solu. n=0.5

 Anal. solu. n=1.0

 Anal. solu. n=5.0

 VCCT n=0.0

 VCCT n=0.5

 VCCT n=1.0

 VCCT n=5.0

 

Fig. 11 Energy release rate GI from compact tension enamel specimens at crack lengths 

a=0.3, 0.4, 0.5, and 0.6 mm with different power exponent factors n=0.0, 0.5, 1.0, and 5.0 
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3.4 Example 4 

The geometric model and loading for double-edge-notched tension tests are shown in 

Fig. 12, where L, W, and B represent length, width, and thickness of the model, respectively 

(L=2 mm, W=2 mm, B=0.1 mm). The crack length is a, and the load σ=40 MPa is uniformly 

distributed. 

L

σ 

a a

σ 

W

 

Fig. 12 Enamel specimens for double-edge-notched tension tests 

Fig. 13 shows energy release rate GI computed at power exponent factors n=0.0, 0.5, 

1.0, and 5.0 and crack lengths a= 0.2, 0.3, 0.4, and 0.5 mm. Compared with the analytical 

solutions, the maximum error was only 4.1%, indicating that the nonhomogeneous enamel 

computation model and the method proposed are accurate and effective. 
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Fig. 13 Energy release rate GI from compact tension enamel specimens at crack lengths a= 

0.2, 0.3, 0.4, and 0.5 mm 
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4. CONCLUSIONS 

Based on FEM, the 2D-VCCT enamel dumb element was constructed, which can be 

employed in the fracture analysis of enamel. We implemented the element into ABAQUS 

by the user element subroutine (UMAT and UEL). In view of the numerical examples, the 

results were in agreement with the analytical solutions, which verified that this proposed 

interface element can directly apply fracture mechanics to solve fracture problems on 

ABAQUS. The proposed element has some advantages, such as the ability to extract 

fracture parameters without extra post-processing while the definition of body mesh is 

unconstrained. The proposed element can also be integrated with FEM. Thus, as the 

reliability of the proposed element was proved in various cases, it can be potentially 

employed in nonhomogeneous material fractures. In summary, the proposed method is 

simple, efficient, universal, and steady, and can be applied to the structure-level analysis of 

nonhomogeneous fracturing problems by resorting to the commercial FEA codes. 
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