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Abstract 
 

    New class                    is introduced of meromorphic univalent functions with 

positive coefficient       

 
 ∑    

  
                      {       }  defined 

by the integral operator in the punctured unit disc    {      | |   }, satisfying 

|
  (  (           ))

  
   (  (           ))

 

  (  (           ))
  
        (  (           ))

 |                       
 

 
    

          . Several properties were studied like coefficient estimates, convex set and 

weighted mean. 
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1. Introduction 

Let    denote the class of functions of the form:  

     
 

 
 ∑    

 

 

   

            {       }                                                                    

which are analytic and meromorphic univalent in the punctured unit disc  

   {      | |   }    { }  

    The Hadamard product [1]. (convolution) of function       in (1) and a function     : 

     
 

 
 ∑    

 

 

   

          {       }                                                                             

is defined in the class     as  
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 ∑     

  

 

   

             {       }                                                   

    Let     be a subclass of the class    of functions of the form: 

     
 

 
 ∑    

 

 

   

                 {       }                                                      

    A function    in the class    is said to be meromorphic starlike and meromorphic convex of 

order   [ ]                       respectively  if     {
      

    
}    and     {  

       

     
}     

     In 2013, Juma and Zirar [3]. defined the function  ̃         as follows: 

 ̃         
 

 
 ∑ |

      

      
|    

 

   

      

for                           { }                        is the 

Pochhammer symbol. 

    Gaussian hypergeometric function (              ∑
        

      
   

   ) was used, where  

 ̃          

 
              and the Hadamard product for       corresponding to the 

function  ̃          the linear operator         [ ] defined on     by  

             ̃              
 

 
 ∑|

      

      
|    

  

 

   

                                                           

and 

  (           )                and for           

  (           )   (    (           ))
 

 
 

 
 

 
 

 
 ∑  |

      

      
|    

 

   

                                                                                                                      

    In [4]. Darus and Frasin studied the operator   (           )  

Now, the condition for the function   which is defined in (4) belongs to a class 

                    where                        according to Equation (6). 

Definition 1:  A function      of the form (1) is said to be in the class                    if 

satisfies the following condition: 
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|
  (  (           ))

  

   (  (           ))
 

  (  (           ))
  

        (  (           ))
 |                                                      

where                    
 

 
               

In this paper, A new class                    of meromorphic univalent functions is 

studied and discussed the positive coefficient defined by integral operator in the punctured 

unit disc   . Several properties are resulted such as, coefficient estimates, convex set, extreme 

point and obtain some interested results. See also References [5-9].  

2. Results 

In this section we introduce the results of the study in the two subsections:   

2.1. Coefficient Estimates 

    In the first theorem, the necessary and sufficient condition is given to be the function   in 

the class                  . 

Theorem 1:  A function      defined by (4) is in the class                   if and only if:  

∑|
      

      
|     [    (             )   ]    [         ] 

 

   

                      

where                    
 

 
               

Proof 

 Assume that (8) holds true. It is enough to show that:  

  |  (  (           ))
  

   (  (           ))
 

|

  |  (  (           ))
  

        (  (           ))
 

|     

for | |       from (8), that resulted:  

  |  (     ∑|
      

      
|             

   

 

   

)

   (     ∑|
      

      
|        

   

 

   

)|

  |   (     ∑ |
      

      
|             

   

 

   

)

        (     ∑|
      

      
|        
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 |∑ |
      

      
|              

 

 

   

|

  |(         )    ∑ |
      

      
|     [             ]   

 

 

   

| 

 ∑|
      

      
|              

 

 

   

   (         )   

   ∑ |
      

      
|     [             ]   

 

 

   

 

  ∑ |
      

      
|     [    (             )   ]   

 

 

   

  [         ]       

    Hence,                      

    Conversely, let                          then (7) holds true, so: we have: 

|
  (  (           ))

  

   (  (           ))
 

  (  (           ))
  

        (  (           ))
 | 

 |

∑ |
      

      
|              

  
   

(         )    ∑ |
      

      
|     [             ]     

   

|       

    Since       | | for all  , it follows that: 

  {

∑ |
      

      
|              

  
   

(         )    ∑ |
      

      
|     [             ]     

   

}      

    Now, we choose the value of   on the real axis so that    (           ) is real. 

    Letting       through real values, we obtain: 

∑|
      

      
|     [    (             )   ]    [         ]  

 

   

  

    Hence, the result follows   

    Finally, sharpness follows if we take  
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 [         ]

|
      

      
|     [    (             )   ]

                                                       

             

Corollary 1: If       defined by (4) is in the class                  , then: 

  

 
 [         ]

|
      

      
|     [    (             )   ]

                                                                 

where                    
 

 
                   

    Now, the function was defined                    as follows: 

      
 

 
 ∑     

   

 

   

                                                                                                    

2.2. Convex Set 

    Here, the class                     will prove as a convex set and give some result about 

it. 

Theorem 2: The class                   is convex set. 

Proof 

    Let the functions                defined by (11), be in the class                    then 

for every            that showed must:  

[                 ]                      

    Thus, we obtain:  

                      ∑[               ] 
   

 

   

 

and  

∑
|
      

      
|     [    (             )   ]

 [         ]

 

   

[               ] 
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      ∑
|
      

      
|     [    (             )   ]

 [         ]

 

   

    

  ∑
|
      

      
|     [    (             )   ]

 [         ]

 

   

         

    Therefore, by Theorem (1), the result followed   

Theorem 3:  Let the functions                defined by (11) be in the class 

                   then 

     
 

 
 ∑(    

      
 )    

 

   

                                                                                                           

    In the class                     where:   

  
  [         ][             ]

|
      

      
|   [    (             )   ]

 
   [         ]

     

Proof 

  Since                              then by Theorem (1), we have: 

∑(
|
      

      
|     [    (             )   ]

 [         ]
)

 

    
                  

 

   

 

 ∑(
|
      

      
|     [    (             )   ]

 [         ]
     )

 

                                    

 

   

 

and 

∑(
|
      

      
|     [    (             )   ]

 [         ]
)

 

    
                  

 

   

 

 ∑(
|
      

      
|     [    (             )   ]

 [         ]
     )

 

                                    

 

   

 

    It follows from (13) and (14), that:  
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|     [    (             )   ]

 [         ]
)

 

(    
      

 )     

 

 

   

 

But                          if and only if:  

∑
|
      

      
|     [    (             )   ]

 [         ]
 (    

      
 )                                  

 

 

   

 

The inequality (15) is satisfied if: 

|
      

      
|     [    (             )   ]

 [         ]

 
|
      

      
|        [    (             )   ]

 

  [         ] 
   

  Hence:  

  
  [         ][             ]

|
      

      
|   [    (             )   ]

 
   [         ]

                       

            

    Since      is an increasing function of          letting     in (16), we get: 

  
  [         ][        ]

|
    
    

|  [             ]    [         ]
    

    This completes the proof   

Theorem 4: Let the functions                    defined by (12) be in the class 

                   then: 

      
 

 
 ∑   

   

 

   

                      

    In the class                     where: 

   
 

 
 ∑    

 

   

              

Proof 

  Since                          , for all (           , it follows from theorem (1) that: 
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|     [    (             )   ]      [         ]  

 

   

 

    Hence:  

∑|
      

      
|     [    (             )   ]    
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|     [    (             )   ] (

 

 
 ∑    

 

   

)  
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|     [    (             )   ]    

 

   

)  

 

   

 [         ]  

 Therefore by theorem (1), we get                            

Theorem 5:  Let the functions    defined by (11), be in the class                    

                     Then the function:  

      ∑         

 

   

                  

Belongs to the class                     where:  

∑     

 

   

           

Proof 

  For every           , it follows from theorem (1) that: 

∑|
      

      
|     [    (             )   ]      [         ]  

 

   

 

But  

      ∑        ∑  ( 
   ∑      

 

 

   

)  

 

   

 

   

    ∑ (∑      

 

   

)   

 

   

 

Therefore  
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|     [    (             )   ]

 

   

(∑      

 

   

) 



  

010 

 

Ibn Al-Haitham Jour. for Pure & Appl. Sci.  32 (2) 2019 

 

 ∑  (∑ |
      

      
|     [    (             )   ]    

 

   

)

 

   

 

 ∑  

 

   

 [         ]   [         ]                                       

This end of the proof  

Definition 2 [2]: The weighted mean       of functions          defined by  

   
 

 
[                   ]               

Theorem 6. Let the functions                defined by (11), be in the class 

                   then the function, then the weighted men of                is also in the 

class                    

Proof 

    By Definition (2), we have  

   
 

 
[                     ] 

      
 

 
[     (    ∑      

  
   )       (    ∑      

  
   )]  

          ∑
 

 
[                   ] 

 

 

   

   

Since                in the class                   , then by Theorem (1), we have: 

  

∑|
      

      
|     [    (             )   ]       [         ] 

 

   

 

and 

∑|
      

      
|     [    (             )   ]      [         ]  

 

   

 

Hence  
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[                   ]

 

   

 

 
 

 
     ∑ |

      

      
|     [    (             )   ]     

 

   

 



  

011 

 

Ibn Al-Haitham Jour. for Pure & Appl. Sci.  32 (2) 2019 

 

 
 

 
     ∑ |

      

      
|     [    (             )   ]    

 

   

 

 
 

 
 [         ]  

 

 
 [         ] 

  [         ]  

So                         

3. Conclusions 

    From above and [10] we can use this class to generate another using the definition of 

meromorphic multivalent function. Also by suitable operator with meromorphic multivalent 

function can getting on a good class studies.  
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