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Abstract—Augmented reality (AR) is an emerging technology that has 
permeated different spheres of life, one of them is education, and specifically the 
teaching-learning process at different educational levels and objects of study. For 
this reason, this paper presents the development of a learning model of quadric 
surfaces mediated by a mobile AR application and based on didactic engineer-
ing. The model was applied to a group of environmental engineering students 
of the Catholic University of Manizales. To obtain information on the use of 
the application and the learning results obtained, some intervention instruments 
were developed. The students stated that the use of AR allowed them to better 
understand the concepts of quadric surfaces, even more so in a time of pandemic 
by COVID-19, where education was highly measured by ICTs.
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1 Introduction

The teaching of multivariate calculus, in some undergraduate programs, is reduced 
to the study of abstractions assuming a strong conceptual mastery of the students and 
predominantly the use of algebraic and analytical representations. Geometric repre-
sentations play a very important role in the didactic process, which presupposes the 
need to implement methodologies that favor this type of representations [1]. Thus, 
most calculus courses emphasize numerical, algebraic, symbolic and logical aspects, 
but, in general, students are little motivated to reason from the graphical aspects that 
arise from the concepts themselves. Consequently, it can happen that students who pass 
calculus courses that emphasize the manipulation of formulas do not recognize the 
concepts studied when they are presented with graphs and practical problems related to 
their environment [2].

With the appearance of emerging technologies that can be applied in different 
spheres of life, such as Augmented Reality (AR) [3], [4], the learning of multivariate 
calculus has been favored in aspects, such as those related to the representations of 
three-dimensional objects, where the entities move beyond the plane and have their 
own movement [5]. This type of dynamic representation of mathematical processes 
allows more effective mental manipulations than those that could be achieved from a 
static text and images in a book [6].
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Thus, this paper presents the development of a learning model of quadric surfaces, and 
the results of its application to environmental engineering students of the Catholic Univer-
sity of Manizales, Colombia, with the objective of analyzing how a three-dimensional 
learning environment mediated with AR favors the learning of quadric surfaces from an 
instrumental approach. For this development, didactic engineering [7] and the theory of 
instrumental genesis (IG) [8] were used, [9] where the use of technology as an instru-
ment for the teaching-learning of mathematics was favored, with a correct instrumental 
orchestration allowing students to obtain a process of instrumental genesis from the 
didactic engineering design of the teacher, considering that, according to [10] orches-
tration allows generating a solid and convergent mathematical discourse, and therefore 
technology has been gaining an important role in the learning process.

2 About augmented reality and didactic engineering

An AR system complements the real world with computer-generated virtual objects 
that seem to coexist in the same space as the real world [11], in that sense AR becomes 
a modern method that supports self-learning and privileges learning according to the 
capabilities of each student. Different studies on AR and its application as a tool for 
learning mathematics have been found in the scientific literature, among which stand 
out Barraza et al [12] who implemented a software for the development of AR appli-
cations, specifically to plot a quadratic equation, concluding that the use of AR can 
help improve the teaching-learning process, motivate students and can be an alternative 
technology to revolutionize the learning paradigm in the future.

Some authors, such as [13], [14], [15], highlight the integration of digital technology 
in the mathematics learning process to strengthen the development of spatial skills in stu-
dents, which could positively influence in reducing the phenomenon known as mathemat-
ics anxiety, thus impacting STEM (Science, Technology, Engineering and Mathematics) 
education. The authors conclude from their studies that AR-mediated learning allows 
students to exploit, obtain and understand the symbolic nature of mathematics. Thus, 
[16] affirms that students who have a learning process mediated by AR achieve greater 
learning gains than those students who do not have these technological tools.

Regarding the area of multivariable calculus in [5] apply two AR tools, which allow 
students to develop their mathematical visualization skills, associated with spatial intel-
ligence, (see Figure 1), since according to [11] the use of augmented reality increases 
student performance and visual thinking.

Fig. 1. Elements of mathematical spatial visualization
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The application of AR in the teaching-learning process allows the application 
of a pedagogy associated with the use of mobile technologies, such as the inverted 
classroom, in the learning of mathematics, which is relatively new. According to [17] 
the application of inverted learning (inverted classroom) has proven to be an effective 
techno-pedagogical approach. On the other hand, with the use of inverted learning, 
motivation and skills increase in the analysis and representation of graphs. Also in 
[18], it indicates that the application of inverted classroom promotes independent learn-
ing and encourages students to work together with other peers. In [19] the use of the 
inverted classroom in the learning of multivariate calculus is exposed, a comparison 
between the traditional model and the inverted classroom is made, concluding that stu-
dents who were under the inverted classroom model indicated greater communication 
during class, obtaining gains in academic performance.

Finally, the AR applied to the learning of an object of study, must be directed by a 
method that allows the generation of teaching situations, this method was proposed in 
[20] and called didactic engineering, which is composed of 4 phases, which are:

Phase 1—Preliminary analysis: It is based on the objectives initially set and on 
the needs observed in the students [21]. Within this systemic engineering process, the 
following aspects should be considered, which provide an answer to a paradigmatic 
question [22]:

1. Epistemological analysis of the contents contemplated in the teaching.
2. Analysis of traditional teaching and its effects.
3. Analysis of the conceptions, difficulties and obstacles.
4. Analysis of the constraints where the didactic action is to be implemented.

Phase 2—Conception, a priori analysis: It consists in making the decision to act 
on a certain number of system variables not fixed by the constraints, which are usually 
called command variables [20]. Didactic engineering establishes two types of variables 
or two levels: macro and micro didactic. The first has as its object the study of a given 
subject, seeking to understand the complexity of the phenomena that can occur in the 
classroom. Macro-engineering comprises the complexity of micro-engineering together 
with aspects related to the teaching and learning process [23].

Phase 3—Experimentation: It allows to approximate the practical results with the 
theoretical foundations.

Phase 4—A posterior analysis: The A posterior analysis is the center of research 
in didactic engineering where the results are shown and the acquired learning and skills 
are evidenced, as stated by [24], it is a matter of considering such analysis in a systemic, 
particular, synchronic and constitutive perspective. That is, under the consideration that a 
fundamental didactic criterion is the establishment and articulation of the different fac-
tors that are necessarily involved in the didactic design and in the execution of the tasks.

Didactic engineering has been applied in several investigations on different objects 
of study such as: financial mathematics in higher education [23], for the develop-
ment of a didactic sequence that would allow students to deepen their knowledge of 
financial mathematics using a financial calculator emulator. In geometry [25], with a 
historical-epistemo-logical inquiry of Euclid’s geometry to identify difficulties in stu-
dents to solve geometric problems. Differential calculus [26], development of several 
didactic sequences with the objective of promoting the correct conceptual understanding 
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of the course topics. Inferential reasoning [27], focused on the understanding of the 
Fibonacci model from a didactic transposition of the concepts of pure mathematics, 
for an easy understanding, thanks to didactic engineering. The didactic sequences 
proposed from didactic engineering should allow the generation of an instrumental 
genesis (IG) between the artifact (application, software, among others) and the subject 
(student), as stated by [8], in such a way that the subject, making use of the artifact, can 
provide it with conditions for it to be constituted as an instrument. This instrumental 
genesis, according to [28], deals with the mutual evolution of an artifact and its uses 
for a specific purpose within a given environment, as is the case, according to [29], of 
transforming digital tools into mathematical instruments, which then become part of 
the cognitive schemas of students.

3 Methodological design

This research work is framed within the mixed approach of an instrumental case 
study, whose purpose is to provide knowledge inputs to a research problem [30], in 
this case we sought to answer the following question: How does a three-dimensional 
learning environment mediated with RA favor the learning of quadric surfaces? The 
study population consisted of 22 fourth semester students of environmental engineering 
at the Catholic University of Manizales—Colombia. The methodological design of the 
research (see Figure 2) was based on the four phases of didactic engineering [20], [22] 
from the conceptualizations of Trouche [9] and Rabardel [31].

Fig. 2. Methodological scheme applied
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Phase 1: In this work, questions associated with each of the four aspects mentioned 
above were posed, which can be seen in Table 1.

Table 1. Fundamental aspects of the preliminary analysis

Epistemological 
Analysis Teaching Analysis Analysis of Students’ 

Conceptions
Analysis of
Constraints

Paradigmatic 
questions

What is the role of 
conic sections in 
the development of 
quadric surfaces?

What teaching 
resources can be 
used to improve 
the teaching of 
quadratic surfaces?

What preconceptions 
do students have 
about three-
dimensional space 
and its representations 
in the plane?

How difficult is 
it to use RA for 
teaching quadric 
surfaces?

Phase 2: Conception, a posteriori analysis: In this work we resorted to the use of 
macro-didactic or global and micro-didactic or local variables.

Macro-didactic variables: At this time an augmented reality APK application called 
“Quadric Surfaces” was developed, using the Vuforia engine [32] and Unity [33] 
software. Unity was used for the construction of the AR targets, on the other hand, for 
each of the quadric surfaces that would be studied in the course, a target was generated 
with Vuforia engine, in Figure 3 it is possible to observe a target.

Fig. 3. Apk modeling process with vuforia and unity

Micro-didactic variables: These are those concerning the local planning of engi-
neering, i.e., the organization of the didactic sequences with which students interact to 
mediate learning. To this end, two intervention instruments (guides) were constructed, 
which were designed with the MI approach [31] based on a situation or cognitive con-
flict [34] that motivated the search for answers inherent to the situation presented. 
The design of the guides took into account the two dimensions proposed in the MI, 
instrumentation and instruction-mentalization, the former emphasizing the schemes of 
appropriation and the latter the schemes of instrumented action.

Phase 3: This was developed in two moments. In the first moment, each student 
individually approached the tool and thus appropriated the schemes of use of the 
instrument, that is to say, reached instrumentalization, which consists of the procedural 
approach to the artifact through discovery, personalization and transformation. In the 
second moment, a collaborative work was developed where the use of the schemes 
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of instrumented action prevailed, i.e., instrumentation. During the passage from one 
moment to the other, the instrument became the only mediator between the student 
and the task, giving rise to instrumental orchestration, which is when the instrument is 
endowed with potentialities and transformed [8], [31] producing the didactic configu-
ration and the actions on the objects. Figure 4 shows the underlying processes applied 
during this phase.

Fig. 4. IT-supported process design

Phase 4: During the previous phases, the work concentrated on the procedural 
aspects, on the development of the student’s capacities and limitations and of the 
instrument. For the a posteriori analysis, the results obtained from the development 
of the tasks proposed in the intervention instruments were analyzed. In the design of 
the work, 4 problems were proposed in which the students had to respond according 
to the two moments of the MI. Tables 2 and 3 show in detail the routine that the stu-
dents described when they developed the task. Table 3 shows three types of represen-
tations of the instrumented action schemes (algebraic, graphic and image or other), 
these were chosen because they are the most used by students when solving problem 
situations [35].
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Table 2. Schemes of appropriation of the use of the instrument

Appropiation Schemes Discovery Customization Transformation

Explain how you did it

Table 3. Instrumented action schemes in problem solving

Instrumented Action Plans Algebraic Chart Image

Procedure

4 Results and discussion

The results obtained from the application of the intervention instruments, in Phase 
3 and 4, made it possible to know the appropriation and instrumented action schemes 
applied by the students in the solution of some problematic events, as well as the per-
ception of the use of the application, and the evaluation of the learning of quadric sur-
faces acquired through the use of the application.

For the analysis of the appropriation schemes of use and instrumented action used 
by the students, the results obtained after the development of the tasks proposed in 
the intervention instruments were analyzed. According to the above, the students con-
signed in the matrix (Tables 4 and 5) the pro-cedures of each of the steps used in 
the development of the tasks. After observing and analyzing the responses obtained, it 
became evident that the Personalization appropriation scheme was the one with which 
the students felt most comfortable when using the application. As for the instrumented 
action scheme, most of the students used the three schemes to perform the procedures.

Table 4. Schematic of tool customization appropriation for the development 
of the traces of a hyperboloid of a sheet

One-leaf 
hyperboloid

Ellipse:
Z=0

x
a

y
b

2

2

2

2 1� �

Hyperbola:
Y=0

x
a

y
b

2

2

2

2 1� �

Hyperbola:
X=0

Y
b

Z
c

2

2

2

2 1� �

In the XY trace 
the slider shows 
an ellipse, while 
in the YZ and 
XZ traces the 
sliders show 
hyperbolic 
traces.
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Table 5. Example of an instrumented action scheme carried out by a group of students

Action Plan 
Implemented Algebraic Graph Other

Procedure After the algebraic 
form of the 
equation, a process 
of equating the 
equations of 
the hyperbolic 
paraboloid was 
carried out, 
obtaining as a final 
result the following 
equation:

2 02y =

b2

The hyperbolic 
paraboloid 
positively opens 
a parabola on the 
“X” axis which is 
likely to intersect 
one of the 
infinite parabolas 
of the elliptic 
paraboloid. That 
is the precise 
point where they 
can join.

By means of the interpretation, knowing how 
the elliptic paraboloid and the hyperbolic 
paraboloid are graphically, we try to construct 
the place where the 2 figures can intercept.

On the other hand, the intervention instruments made it possible to measure the 
perception of the application and its usefulness for learning the concepts of quadric 
surfaces. In relation to perception, Table 6 shows that, with respect to the size of the 
controls and letters, 50% consider that they are correct, while the other 50% are only in 
agreement. 25% of the students are unable to define whether the equations of the appli-
cation are legible, but 75% of the students found the equations quite legible. For the 
point about the ease of use of the application to give answers to the questions posed in 
the didactic guide, 75% of the students agree that it was easy to use, while 25% do not 
decide to give an opinion on the matter. Regarding the manipulation of controls, 50% 
strongly agree that it is easy to use, while the remaining 50% only agree, this result is 
similar to the first assessment of the graphic environment (font size, controls, buttons). 
In relation to the speed in answering the questions with the use of the application, 50% 
agreed, 25% strongly agreed and the remaining 25% disagreed.

Table 6. Evaluation of the use of the application

Strongly 
Disagree Disagree Undecided Agreed Strongly 

Agree

Are the buttons, controls, and 
fonts sized appropriately?

0 0 0 50 50

Are the equations readable? 0 0 25 0 75

Do you consider that the 
application was easy to 
use (intuitive) to solve the 
questions?

0 0 25 75 0

Did you find it easy to 
manipulate the application 
controls?

0 0 0 50 50

Was it fast enough to answer the 
questions using the application?

0 25 0 50 25
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In relation to the learning of quadric surfaces through the application, Table 7 shows 
that 75% of the students agree that the application allowed them to better understand 
the quadric surfaces, while 25% were very in agreement. 50% strongly agreed with 
the ease acquired through the application, to associate the equations with the respec-
tive quadric surface, 25% were undecided and the remaining 25% did not find this 
association to be easy. 75% of the students, thanks to the use of the application, man-
aged to understand the concepts: traces, quadric surface equations, octants, indicating 
that they strongly agreed, while 25% agreed. Regarding the difference between the 
equations of each quadric surface, 50% strongly agreed that the application allowed 
them to understand the difference, while 50% only agreed.

Table 7. Evaluation of the utility of the application in learning quadric surfaces

Strongly 
Disagree Disagree Undecided Agreed Strongly 

Agree

¿Did the process that you had to 
follow to arrive at the solution of 
the questions allowed you to better 
understand the quadric surfaces?

0 0 0 75 25

¿Was it easy to associate the 
equation with the surface?

0 25 25 0 50

¿Did this app allow you to 
understand the concepts such as: 
traces, quadric surface equations, 
octants?

0 0 0 25 75

¿Was it clear to you with the use 
of the application, the difference 
between the equations of each 
quadric surface?

0 0 0 50 50

5 Conclusions

This paper presents the application of AR in the teaching-learning process of quad-
ric surfaces, for which a mobile application was developed and applied to a group of 
students of the vector calculus course of the Catholic University of Manizales. The 
results obtained with the application of the intervention tool, on quadric surfaces, show 
that the use of AR, and specifically the application developed in this study, improves 
the understanding of these concepts, as indicated by 75% of the students. On the other 
hand, it is clear that the personalization appropriation scheme is the most used by the 
students, and as for the action scheme, most of the students used the three schemes to 
perform the procedures. It is expected that the developed application will be incor-
porated in the vector calculus component of the Catholic University of Manizales, 
with the respective improvements indicated by the students in this study, such as the 
graphic environment. Finally, the didactic sequence developed allowed the students to 
demonstrate an instrumental genesis with the artifact (application).
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