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Abstract: One of the most important and challenging problems in coding theory is to construct codes with
optimal parameters. As a generalization of cyclic codes, quasi-cyclic (QC) codes as well as quasi-
twisted (QT) codes have been shown to contain record-breaking codes. In this paper, various computer
algorithms have been used to search for good QC codes. A lot of good new QC codes have been found
and they have been used to construct new linear codes. A total 11 new codes that improve the bound
on the minimum distance are presented.
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1. Introductien

A linear [n,k,d], code over finite field GF(q) is a k-dimensional subspace of GF(q)", where n is
the block length, k\is the dimension of the code, and d is the minimum distance between any two
different codewords. The minimum distance determines the error-correcting or error-detecting capability.
A central’and fundamental problem in coding theory is to find the optimal values of the parameters of
a linear code and“construct codes with these parameters. Grassl [16] maintains online code tables of
linear codes for small block length and code dimension over small finite fields. The code tables contain
both ‘the lower bounds and upper bounds on the minimum distance. A code with a minimum distance
meeting/thesupper bound is said to be optimal, while a code with a minimum distance meeting the lower
bound(is called best-known (since no other code with the same block length n, code dimension k, and
with larger minimum distance is known). To construct codes with the best possible minimum distances
is shown to be very difficult and challenging. For small code dimension and block length, it is possible
to do exhaustive computer search. The problem becomes intractable when both the code dimension and
block length become large. It has been shown that subclasses of linear codes with rich mathematical
structures can be used to reduce the search time complexity. During the last decades, the classes of
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quasi-cyclic (QC) codes and quasi-twisted (QT) codes have been shown to contain many good codes, and
many record-breaking QC/QT codes have been constructed [1-3, 5-9, 11-15, 17-23] A lot of codes that
reach the lower bound on the minimum distance are QC/QT codes [16]. An online database of good
QC/QT codes is available [10]. In this paper, various algorithms to search for good QC/QT codes have
been applied, and lot of good new QC/QT codes have been obtained. By applying Construction X with
new constructed QC codes, 5 new linear codes have been constructed. A total of 11 new linear codes
that improve the lower bounds on the minimum distance have been presented in this paper.

2. Computer search for quasi-cyclic codes

A linear [n, k, d], code C' is called cyclic if a codeword (ag, a1, ..., an—1) is in/C, then so_is
(an-1,0G0,a1,-..,a,—2). A code is said to be quasi-cyclic (QC) if a cyclic shift of any.codeword by p
positions is also a codeword. Therefore, a cyclic code is a QC code with p_=<1. Thelength n of a QC
code is a multiple of p, i.e., n = pm. A cyclic matrix is also called a circulant matrix. An m x m cyclic
matrix is defined as

ap [25] az ... Qm—J
Am—1 ap a ... Qm-—2
— |am—2 Am—-1 Ay ... Qmp—
A= m—2 Um-—1 AQ m—3 , (1)
aq a9 A3 .. Qg

and the algebra of m x m cyclic matrices over 'GF(q)“is isomorphic to the algebra in the ring
GF(q)[z]/(z™ — 1), if A is mapped onto the polynemial formed by the elements of its first row,
a(z) = ap + a1x + ... + ay_12™ 1, with the least significant coefficient on the left. The polynomial
a(z) is also called the defining polynomial’of the matrix A.

The polynomials bz?a(x), where b is asnén-zero,element in GF(q), and j = 0,1,2,...,m — 1, form
an equivalent class, and they generate the equivalént cyclic codes. Therefore, it is enough to take one
representative from each equivalent, class. \ The number of nonzero representatives (used as defining
polynomials) for m x m circulantumatrices over GF'(q) is given below [23]:

b, q) Zqﬁ (¢4 —1)ged(d,q — 1), (2)

q—l

where ¢(d) is Euler’s totient function.

The generator matrix of a QC code can be transformed into rows of m X m circulant matrices by
suitable pérmutation of ¢élumns. An h-generator QC code has a generator matrix of the following form:

Gl,l Gl,g Gl’g ... GLP
G271 GQ,Q G273 L. G27p

G= |Gs1 Gs2 Gss ... Gy (3)
Gh,l Gh72 Ghyg ... Gh)p

where G; ; are m x m circulant matrices, for i =1,2,...,h,and j = 1,2,...,p. Let g;;(z) be the defining
polynomial of the matrix G; ;. Then the defining polynomials for the h-generator QC code with generator
matrix given in (3) can be written as

(911(3?)7912(%)7913(96), s 791P(x)7 oo 7gh1(x)’gh2(x)’gh3(x)v v 7ghp(x))'

In Magma [4], the parameter h is called the height.
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In the computer search algorithms presented in [8, 17-19], a weight matrix W is used in the com-
putation of the minimum distance of a 1-generator QC code. The general r x s weight matrix has the
following form:

Wo,0  Wo1 ... hos—1
w1,0 w1 .- h1,571
W= . D . , (4)
Wr—1,0 Wr—-1,1 --- Wr—1,s—1

where the entry w; ; is the Hamming weight of I;(x)g;(z) mod 2™ — 1, I;(z) is the i-th-distinct infor;
mation polynomial after the equivalent reduction, and g;(z) is the j-th defining polynomial [17-20, 23].
With this weight matrix, to construct a best QC [pm, k| code, it is sufficient to findp columns that give
the maximum of minimum row sums.

In practical implementation of search algorithms, the computer storage is limited. When the code
dimension becomes large, the number of defining polynomials would betootlarge, ‘which makes the
weight matrix too large for a general computer to complete the search in feasonable time. In [6], defining
polynomials of specific weights were selected, while in [8, 9], a specified number ‘of randomly chosen
defining polynomials were selected. For example, the number of defining polynomials for m = 88, k = 18
and g = 3 is 2204293. It is too large to store a weight matrix of 2204293 x 2204293 inside the computer
memory. If 100 randomly chosen defining polynomials are used, then the weight matrix is reduced to the
size of 2204293 x 100, which is possible in most laptop or desktop computers. Of course, the selection of
the number of defining polynomials during the search wouldlimit how good a code can be found. But
the experience shows that even 100 randomly chosen defining.polynomials are used, many good QC codes
can be found. For example, by applying the limited search algorithms, a new QC [176,18, 88|53 code is
found, which improves the bound on minimum distanee.

3. The new good and improved codes

For a given size m of the circulant matrix and code dimension k, first the non-equivalent defining
polynomials and distinct information pelynomials were calculated [17, 19]. Then 100 defining polynomials
are selected randomly to compute the weight matrix. For small p (p = 2 or 3), an exhaustive search
among these polynomials is taken, otherwise the iterative search algorithm is applied [8]. Via the computer
search, more than 300/good QC codes have been obtained. These codes are included in online database
of quasi-twisted codes.[10]s For example, for m = 11, all best-known QC [pm, 10]7 codes with p = 2,...,9
have been found,/as shown im Table 1. The details of the codes can be found in the online database [10].
In the rest of this paper, the codes that improve the minimum distances in [16] are presented.

Table 1. \Best-known [pm, 10, d]7 codes with m = 11.

P n k d reference
2 22 10 10 [10]
3 33 10 18 [16]
4 44 10 26 [10]
5 55 10 34 [16]
6 66 10 42 [16]
7 7 10 50 [10]
8 88 10 59 [10]
9 99 10 68 [10]
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Theorem 3.1. There exist QC [93,9,62]5, [75,11,45]5, and [176,18,88]3 codes.

Proof. The QC [93,9,62]5 code is constructed with m = 31, and its defining polynomials are g;(x) =
227 4 26 4 925 4 224 4 9023 | 4022 4 9021 L 4020 | 3,19 4 4018 4 3016 4 18 4 011 4 10 448 |
3z7 + 428 + 42° + 32* + 37 + 4, go(x) = 227 + 224 + 3223 + 222 + 2220 4 2219 4+ 2218 4 217 4 3215 +
3214 + 213 + 2212 + 2 + 2210 + 229 + 328 + 427 + 325 + 22° + 22* + 23 + 222 + 32 + 2, and g3(z) =
229 4 3328 1 4026 4 425 4 024 | 9022 L 4021 4 3020 L 019 4 g0 18 4 9017 | 016 | 3,15 4 3014 | 3,13 {9012 |
ot + 210 4 329 4+ 32% + 27 4 220 + 2% + 22% 4+ 2% + 327+ + 2.

The QC [75,11,45]5 code is constructed with m = 15, and its defining polynomials,are.gy() =
o+ 213 4 3012 + 4t + 210 + 2% + 428 + 27 + 320 + 22° + 2t + 323 + 2% + 32 + 2, go ()= 212 + 32 S
4210 + 32° + 428 + 427 + 22° + 32t + 423 4 322 + 1 4+ 4, g3(x) = 13 + 2212 + 3210 1 29 4 4ady 25+
325 + 2% +42% + 22+ 3, ga(z) = 23 + 212 + 3210 + 42° + 328 + 327 + 26 + 25 + 32%+ 222 + 4w +2, and
g5(z) = 21 + 4210 + 2% + 228 + 227 + 2% + 20* + 22 + 20 + 4.

The QC [176,18,88]3 code is constructed with m = 88 and its defining.polynomials/are g;(z) =
2% + 2052 4+ 2281 + 250 + 207 4 2077 + 270 + 275 4+ 274 + 207 + 272 4 2704 2099 + 20012253 + 222 +
2260 42259 4 258 42056 4 55 4 54 4 53 4 52 4 5L 4 50 AT 446 42945 1 20043 1 2742 2 2040 42237+
9736 4 35 4 434 | 033 L 9032 1 9080 4 9,29 L 028 4 2T | 026 4 9,24 | 220 21 9020 117 L 9015 | 9o 14 4
22124221 42010 4228 4 28 425 4204 22+ 241, and go(x) = 283 A28 427042878 + 2277 42276 42275 +
a7 47 420 42270 42009 4 208 4 07 4 0% 4 203 4 222 4 2201 4 D54 58 4 2057 4 175 4 2251 4251
249 42047 1 2046 42095 4 344 4 2002 4 2241 4239 42098 1 237 4 20 4 p¥ 4 232 4 200 42220 + 228 4B 4
202442023 42022 4+ 220 4 218 12216 1 2014 2B M 4 210 4 209 4+ 208 4+ 22T H 208 4 20t + 2B+ 22+ +1. O

All the codes have been checked in Magma algebraic syStem, [4] [4] and their weight distributions
of these codes can be found in online database of quasi-twisted codes [10]. It should be noted, that a
new [176,18,89]3 code was found after our codes werewreported [16], and it was based on our reported
[176,17,90]3 code as given in Theorem 3.2 below.

Construction X is a method to comstruct new codes by combining 3 existing codes. Let C7 =
[n, k1,d1]q and Cy = [n, ko, d2]q be a pair of nésted ¢odes, where C; C Cy. Let C3 = [ng, ko — k1, ds]q be
an auxiliary code. Then there exists a C' = [ ng{ks, d|, code with d > min(dy,ds + d3).

Theorem 3.2. There exists [39,10,21]5, [73,9,47]5, [68,11,40]5, [178,18,90]3, and [119, 30, 34]s codes.

Proof. Let C; be the QC [38,10,20]5 code with m = 19. Its defining polynomials are g;(z) = z® +
o+ 4p3 4212 4 oM 4 3010 4820 + 27+ 200 + 2% + 42t 4+ 203 + 422 +4, and go(z) = 210+ 2215 + 42 4213 +
4212 421 4 2% + 3284 2% 2299304+ 32 + 402 +-4. Let Cy be the QC [38,9,21]5 code with m = 19. Its
defining polynomidls are g (%) = 216+ 32 +2213 4+ 2011 4+ 22° + 28 + 27 +425 4+ 32° + 304 +22° +- 2% + 4w +1,
and go(z) = 227+ 216 + 2215 12214 4+ 3213 + 2212 4 42 + 2104229 + 228 + 27 + 2C + 25+ 23 + 2% + 4w + 1.
Let C3 be an [1}1, 1]5%code. By applying Construction X, the new [39, 10, 21]5 code can be constructed.

LetC; be the QC [72,9,46]5 code with m = 24. Its defining polynomials are g;(x) = 222 + 422° +
3219+ 22184 17 4 l004 2015 4 3014 - 4213 4+ 2012 4+ 2210 4 308 4 307 +- 428 4+ 201+ 203 + 422 + 3w +-4, go () =
220432194184 2017 4 16 4 3215 414 42013 12 1 4 4% 4208 442" 4+-320 4225+ 324+ 323 + 322 4+ 32 +2,
and\g3(@) = r20F 4220 + 4218 + 4217 4 3216 + 4215 + 42 + 213 4 4212 4 21t 4 3210 + 42° 4+ 428 + 227 +
28 + 3224 244 322 + 22 + 2. Let Oy be the QC [72,8,47]5 code with m = 24. Its defining polynomials are
g1(z) = 2234322 +422 +20 4 2018+ 42 T 420 + 301+ 4 B 412422 1 42104329 + 208 4+-32 7+ 220+ 225+
32443242, go(7) = 2?1 +220 42217 + 210+ 2213 4+ 4212 4 32 4210+ 420 + 26+ 42® + 224 + 223 + 222+ 2+ 1,
and g3(z) = 222 + 222 + 2220 + 4219 + 218 + 3210 4+ 215 4+ 32 4+ 2213 + 3212 + 2 4 3210 4+ 2% 4 428 +
227 + 25 + 32* + 323 + 2% + 32 + 1. Let C3 be an [1,1,1]5 code. By applying Construction X, the new
[73,9,47]5 code can be constructed.

Let C; be the QC [66,11,38]5 code with m = 22. Its defining polynomials are g;(z) = !9 +
2 4+ 4zl 4 4216 4 215 4 321 4 323 4 22 4 220 + 4a® + 4T + 28 + 225 + 22 + 22 + da + 2,
g2(z) = 29+ 218 + 427 + 215 + 4214 + 3213 + 2012 + 42 + 210 4 329 + 427 + 220 + 425 + 32t + 23+ 4 + 1,
and g3(z) = 218 4+ 4217 + 2216 + 321 4 3214 4 213 4 2211 4+ 4210 + 32° + 22° + 422 + 1. Let Oy be the
QC [66,10,40]5 code with m = 22. Its defining polynomials are g;(x) = 220 + 3218 + 2216 4 2215 +
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2218 + 2212 + 321 4+ 2210 4+ 229 + 227 + 20 + 32 + 2% + 322 + 32 + 3, go(v) = 220 + 3218 + 217 + 216 +
3z + 4z 4+ 4213 + 2212 4 221 + 2210 4 22° + 428 + 327 + 220 + 42° + 32t + 423 + 42?2 + 22 + 4, and
g3(x) = 219 + 3218 4+ 3217 + 216 4 3214 + 4213 + 2212 + 221 4 4210 + 229 + 226 + 325 + 423 + 22 + 2 + 4.
Let C3 be an [2,1,2]5 code. By applying Construction X, a new [68,11,40]5 code can be constructed.

Let C; be the QC [176,17,90]3 code with m = 88. Its defining polynomials are g;(z) = 284 + 232 +
227 4+ 2278 4+ 2276 4+ 2270 4+ 272 + 271 4 269 4 2268 4 2264 4 203 4 2262 4 2461 4 560 4 58 4 92257 4
255 + 22°% 4+ 2253 4 2252 4 2251 4 250 4 148 4 2247 4 2245 4 2 4 23 4 222 4 2t 4 2240 2438 +
237 4 2235 4 9434 4 9232 | 9431 L 80 4 9028 | 9,27 4 126 4 9025 | 9,24 4 023 | 021 4 9,20 4 518 |
o' 4 2210 4 215 4 221 4 2213 4 212 4 21 4 2210 4+ 220 + 228 + 27 + 220 + 2% + 22 + 20+ 17"and
ga() = 2% + 283 + 282 4 81 4 280 4 78 1 27T 4 276 1 2475 4 274 4 2273 4 gL 4 27O 4 2488 167 4 265 |
203 | 262 | 9261 1 9260 4 95T 4 156 4 9,54 | 52 | 51 | 9050 1 9049 L 90 d8 4 AT 4 A6 4 o ddey 9537
242 4 9441 4 40 L 087 9086 | 34 4 083 L 082 4 9081 | 480 4 028 4 026 4 24 | 023409, 907 121 020 |
2 + 218 42217 4+ 2210 4 2215 4 218 4 212 4 221 4 2% 4+ 28 4 27 + 228 + 22° +.223 222 $ 2z 1. Let
C5 be the QC [176, 18, 88]5 code given above. Let C5 be the [2,1,2]3 code. By applying Construction X,
a new [178,18,90]3 can be constructed.

Let C; be the 3-generator QC [116, 30, 32]5 code with m = 29. Its defining/polynomials are g (x) =
1, ga@) = 22+ 2 2% + a8 + 2P + 2P + a2 + 1, g3(x) = s R 218 LT 4 216 4 g1 4
P p T h bt r e bt 1, gu(r) = 20 K Bl NS 4+ttt 1,
g5(7) = g7(x) = ¢10(z) = 12(x) = 22 + 227 + 226 4+ 2% + 224 + 3B A 222 4+ 22 + 220 4 210 4 218 4
21T 416 4o p1s Ll T 03 12 0l 10 09 L a8 0T a6 g5 4 g4 g3 4 02 L p 11 and
g6(x) = gs(x) = go(z) = g11(z) = 0. Let Cy be the QC {116, 28,34], code with m = 29. Its defining
polynomials are gi1(z), g2(x), g3(x) and g4(z) as given_in the\[116,30,32]y code above. Let C3 be an
[3,2,2]2 code. By applying Construction X, a new [119,30, 34Js.code can be constructed. O

All the codes given above improve the minimum distances/in [16]. By applying puncturing method,

new improved [92,9,61]5, [67,11,39]5, [118, 30,33]2, and [177,18,89]3 codes are obtained. All the codes
given in the paper have been checked with’the Magma algebraic system [4] and included in [16] now.

References

[1] N. Aydin, I. Siap, DNK. R&y=Caudhuri, The structure of 1-generator quasi-twisted codes and new
linear CodegdDes. Codes, Crypt. 24 (2001) 313-326.

[2] N. Aydin,d. Siap, New quasi-cyclic codes over F5, Appl. Math. Lett. 15(7) (2002) 833-836.

[3] N. AydingD. Forety New linear codes over GF(3), GF(11), and GF(13), J. Algebra Comb. Discrete
Appl/6(1))(2019) 13-20.

[4] W. Bosma, InCannon, C. Playoust, The Magma algebra system I, the user language, J. Symbolic
ComputN24(3-4) (1997) 235-265.

[5\@wL. ChenpW. W. Peterson, Some results on quasi-cyclic codes, Inf. Contr. 15(5) (1969) 407-423.

[6] E. Z. Ghen, Six new binary quasi-cyclic codes, IEEE Trans. Inform. Theory 40(5) (1994) 1666-1667.

[7] E{ Z. Chen, New quasi-cyclic codes from simplex codes, IEEE Trans. Inform. Theory 53(3) (2007)
1193-1196.

[8] E. Z. Chen, A new iterative computer search algorithm for good quasi-twisted codes, Des. Codes
Cryptogr. 76(2) (2015) 307-323.

[9] E. Z. Chen, N. Aydin, A database of linear codes over F;3 with minimum distance bounds and new
quasi-twisted codes from a heuristic search algorithm, J. Algebra Comb. Discrete Appl. 2(1) (2014)
1-16.

[10] E. Z. Chen, Database of quasi-twisted codes, available at http://databases.cs.hkr.se/qtcodes/
index.htm.


https://doi.org/10.1023/A:1011283523000
https://doi.org/10.1023/A:1011283523000
https://doi.org/10.1016/S0893-9659(02)00050-2
https://doi.org/10.13069/jacodesmath.508968
https://doi.org/10.13069/jacodesmath.508968
https://doi.org/10.1006/jsco.1996.0125
https://doi.org/10.1006/jsco.1996.0125
https://doi.org/10.1016/S0019-9958(69)90497-5
https://doi.org/10.1109/18.333888
https://doi.org/10.1109/TIT.2006.890727
https://doi.org/10.1109/TIT.2006.890727
https://doi.org/10.1007/s10623-014-9950-8
https://doi.org/10.1007/s10623-014-9950-8
https://doi.org/10.13069/jacodesmath.36947
https://doi.org/10.13069/jacodesmath.36947
https://doi.org/10.13069/jacodesmath.36947
http://databases.cs.hkr.se/qtcodes/index.htm
http://databases.cs.hkr.se/qtcodes/index.htm
http://databases.cs.hkr.se/qtcodes/index.htm
http://databases.cs.hkr.se/qtcodes/index.htm

E. Z. Chen, F. JAdnsson / J. Algebra Comb. Discrete Appl. -(-) (2023) 1-6

[11] E. Z. Chen, New binary h-generator quasi-cyclic codes by augmentation and new minimum distance
bounds, Des. Codes Cryptogr. 80 (2016) 1-10.

[12] R. N. Daskalov, T. A. Gulliver, New good quasi-cyclic ternary and quaternary linear codes, IEEE
Trans. Inform. Theory 43(5) (1997) 1647-1650.

[13] R. Daskalov, P. Hristov, Some new quasi-twisted ternary linear codes, J. Algebra Comb. Discrete
Appl. 2(3) (2015) 211-216.

[14] R. Daskalov, T. A. Gulliver, Bounds on minimum distance for linear codes over GF(5), Appl. Algebra
Engrg. Comm. Comput. 9(6) (1999) 547-558.

[15] R. Daskalov, E. Metodieva, Generating generalized necklaces and new quasi-cyclic codes,
Comb. Discrete Appl. 7(3) (2020) 237-245.

[16] M. Grassl, Bounds on the minimum distances of linear codes, available at http://w
Accessed November 2, 2016.

[17] T. A. Gulliver, V. K. Bhargava, Some best rate 1/p and rate (p —1)/p syste
IEEE Trans. Inform. Theory 37(3) (1991) 552-555.

[18] T. A. Gulliver, V. K. Bhargava, Nine good rate (m — 1)/pm quasi-cyclic
Theory 38(4) (1992) 1366-1369.

[19] T. A. Gulliver, V. K. Bhargava, Some best rate 1/p and rate (p —
over GF(3) and GF(4), IEEE Trans. Inform. Theory 38(4) (

[20] T. A. Gulliver, V. Ch. Venkaiah, Construction of quasi-twist
polynomlals J Algebra Comb. Discrete Appl. 7(1) (2019)

IEEE Trans Inform Theory 46(4) (2000) 1554-1558.
[22] H. Van Tilborg, On quasi-cyclic codes with rate
628-630.
[23] V. Ch. Venkaiah, T. A. Gulliver, Quasi-cyclic c6des overF;3 and enumeration of defining polynomials,
J. Discrete Algorithms 16 (2012) 249-257.

&


https://doi.org/10.1007/s10623-015-0059-5
https://doi.org/10.1007/s10623-015-0059-5
https://doi.org/10.1109/18.623167
https://doi.org/10.1109/18.623167
https://doi.org/10.13069/jacodesmath.66269
https://doi.org/10.13069/jacodesmath.66269
https://doi.org/10.1007/s002000050117
https://doi.org/10.1007/s002000050117
https://doi.org/10.13069/jacodesmath.784999
https://doi.org/10.13069/jacodesmath.784999
http://www.codetables.de
http://www.codetables.de
https://doi.org/10.1109/18.79911
https://doi.org/10.1109/18.79911
https://doi.org/10.1109/18.144718
https://doi.org/10.1109/18.144718
https://doi.org/10.1109/18.144719
https://doi.org/10.1109/18.144719
https://doi.org/10.13069/jacodesmath.645015
https://doi.org/10.13069/jacodesmath.645015
https://doi.org/10.1109/18.850694
https://doi.org/10.1109/18.850694
https://doi.org/10.1109/TIT.1978.1055929
https://doi.org/10.1109/TIT.1978.1055929
https://doi.org/10.1016/j.jda.2012.04.006
https://doi.org/10.1016/j.jda.2012.04.006

	Introduction
	Computer search for quasi-cyclic codes
	The new good and improved codes
	References

