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The purpose of the paper is to present some potential function method
for solving three-dimensional static problems of multilayered periodic
elastic composites. The!périodically lamninated bodies under conside-
ration consist of two diflerent elastic homogeneous materials. Perfect
bondmg between the layers i1s assumed. The analysis is carried out on
“the Basis of the/ homogenized 'model with miicrolocal parameters. *As an
101 exampl,e of application of the presented method, the problem of multila- .
yered pel‘lodlc elastic half- space subjected to the pressure produced by '
& ﬂat1 n'déd: rigld el]lptxcal punch is solved '
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1. Introductxon

RN 5 A tob inuron

In view of the growing importance-in gelnphysrcs geotechnical and structu-
ral engineering, different. }mmogenlzed nque]s of periodic multllayered elastic
bodies have engaged -attention- ofmvvestlga,t’prs*ﬁfhe list-of papers on this sub-
ject is very extensive and as main monographs we mention these by Achenbach
(1975), Bakhvalov and Panasenko (1984) Bensoussan et al. (1978), Broutman
and Krock edit. (1973-1976), Calcote (1969), Christensen (1980), Guz et al.
(1982), Jones (1975), Pobedrja (1984), Vanin (1985). One of the methods
of modelling of composite materials has been presented by Wozniak (1986)
and (1987a,b), Matysiak land Wo#niak | (1087) and:it. wa$ based ron.certain
concepts of the monstandard: analysis anhd some postulatéd .a priori physical
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assumptions. Equations of the homogenized model are formulated in terms
of an unknown macrodisplacement vector and certain extra unknowns being
referred to as microlocal parameters. The homogenized model with microlo-
cal parameters enables mean and local values of strains and stresses in every
material components of the stratified body to be evaluated.

The model has been applied to solutions of certain boundary value pro-
blems of periodic layered composites (mostly two-dimensional). The three-
dimensional interface crack problems were solved by Kaczynski (1993) and
(1995). The review of the papers on applications of homogenized models with
microlocal parameters is given by Matysiak (1995).

In this paper the three-dimensional problems of periodic two-layered elastic
composites are considered. The homogenized model with microlocal parame-
ters is taken to the investigations. By using some potential functions the equ-
ations of homogenized model are reduced to a simpler form useful especially
in the boundary value problems for a half-space or a layer. As an example the
problem of flat-ended rigid elliptical punch pressed in the periodic multilayered
elastic half-space is solved.

2. Basic equations

Consider a microperiodic stratified elastic body in which each repeated
fundamental layer (unit) is composed of two different homogeneous isotropic
layers. The scheme of the middle basic unit cross-section is given in Fig.1. Let
A1, f1, A2, po be the Lamé constants, h, hy be thicknesses of the subsequent
layers and 6 = hy + hg be the thickness of each basic unit of the body. Let
(zy,9,23) comprise the Cartesian coordinate system such that the zy-axis is
normal to the layers.

— Ths (2) Ao
Lﬁ hy (1 Ay a4y (
X3 Tx
Yx,
Fig. 1.

According to the results proposed by Wozniak (1986) and (1987a,b), Ma-
tysiak and Wozniak (1987) the displacement vector u = [uy,ug.uz] for the
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static case is assumed in the form
ui(zl,zQazS) = ’lUi(l'l,Il'Q,l':}) + l($])ﬂi($1,$2,$3) i = 17273 (21)

where [(-): R — R is the known a priori continuous function, called the
shape function given by

Lh for 0<z;<h
I(z1) = { — g r STi1

- - %hﬁ-]—]— for hy <21 <6

l(z1 4 6) =(z))

(2.2)

where 7 = h1/é and w;(-, z2,23), ¢i(-,22,23) are unknown functions repre-
senting as the macrodisplacements and microlocal parameters, respectively,
(wi(+, z2,23), Gi(-, T2, z3) together with their first and second order derivatives
are macrofunctions related to the variable z;).

The equations of homogenized model with microlocal parameters can be
written in the form (the body forces are omitted), cf Matysiak and WozZniak
(1987)

O+ wiiy + fwy i+ [+ 2ula + [1)gae =0
(X + ﬁ)wi,ia + ﬁwa,ii + [’\]ql,a + [N](Ia.l =0

(A +20)q1 + Nwii + 2[plwy 1 = 0 (2.3)
Aqa + [/L](wl,a + waJ) =0
a=2,3

where the comma indicates partial differentiation and summation convention
holds over the repeated indices as well as where

(A E) = (A + (1= 0z, npn + (1 = n)pea)
(

AL [e]) = (77(/\1 - A ) Nt — p2)) (2.4)

17_7_77#2)

By using Eqs (2.4)3,4 the microlocal parameters ¢;, 1 = 1,2,3, can be elimi-
nated from Eqs (2.4); 2. Thus, one obtains

/\2,77H1 +

(A0 = (nh + 7

Arwy 1 + C(wi 22 + wi33) + B(we21 + w3 31) =0
Bwy 12 + Cwa i1 + Agwa o + Hweas + (A2 — I)ws s =0 (2.5)
Bwy 13 + (A2 — B)w223 + Cwa 1 + fws 22 + Asws sz = 0
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where
(42012

Al = X+ 25— ¥4
: ST

i 1 ~ ..A2~"'
A2:/\+2'u,—,.[]A>
A+ 240

| T (2.6)
'B=X+ﬁ_w—.ﬂ>o
A24 ¢ f
C:ﬁ—%]—>0

To férmulate the boundary value-problemsf Tor stresses we have to take into
account the'following r‘élatic')n"(éf'Kagz’yﬁski‘(1’995))"

ol = Aywyy + (B - C)(w2 2t ws 3)

‘ (T) _,lc(wl o+ Wa)

oég) = DOwyy 4 FOw g+ BEOws g

. Qég) = 1N (wa 3+ w3 2) (2.7)
O:gg) = D(T)le + ]_«'j(’)wg,2 + F(T)w3'3
a=2,3 r=1,2
where for 7= 1,2
A(T)
A

(- _ M
P =02

2, (MIA) +/\ (B C)
)\( )+2;L()
ST ,\()—}-2;5() HE A

EM) = (2.8)

3.1 Representation. of the solution to equations of: homogemzed
.. model {

This section alms “at derlvatlon of sonie representatlon of the solution to
Eq (2.5) tseful in Boundaty-value problemis of & halfispace, or a layer. Diffe-
rentiating Eq (2:5); with respect:to z3 and Eq (2.5)3 with respect to z one
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obtains : ‘ o
Cxsmn +i(x22 X033 ) =0 (3.1)

where
X = w3 — w32 (3.2)

By differentiation of Eq (2.5) with respect to z, and Eq (2.5); with respect
to 23, respectively, it follows that

B(wi122 + w1,133) + CO,11+ A2(0,2048,33) = 0 T (3:3)

where
0= wa,2 + W33 : (34)

By virtue of Eq (3.4); Eq (2.5), can be written in the form
Ajwy g + C(wy 22 + w1,33). + B0,,=0 (3.5)

Thus, Eqs (2.5) of the homogenized model with microlocal parameters are
given in the terms of x, 6 and w; by (3.1), (3.3) and (3. 5) . The function
6 can be easily eliminated from Eq (3.3) by using Eq (3.5). The boundary
conditions described on a plane parallel tg the lamination by

w;(z1 = const, z9,23) = gi(22,r3) 1=1,2,3 (3.6)
or' ¢

bobgoqab doil 011)(11 = lconst 12,$3)’n'—])(12,$3)

| ‘752)(151 = const 12,13) = Ta(l‘z,x;;) s (37)
Q’ 2,3 b i RS ;L 2 : ‘ )

may be expressed in terms of x; 0,: W as _/foI'I't')i'i/s,l ‘: '
L St o BT AP
wy(zy = COIl‘St,IL"z,IL‘Va) = g1(¢2,x3)
X(IL‘] = COllS%,ﬂf'g;*.‘L‘g)‘? lg'2,3('222,11553)"—"‘0:’3'"2(232,IL‘3) (38)
0(:1)1 = COI’IS%\'L‘Q,:123.):,“:‘_(/.‘2,’2(:1:2,::1:?) — g3’3($2, (L‘3)
o |
S IR P D TS A
O'Yl-)(ilfl = const, 5132,.’1,‘3) = /17,01'1 + (B — )0 ($2,£L‘3)
01(;)3 - 0{5)2 = Cx,1 = Tas(2i23) = Taa(zay23) F (B

‘752)2 + a§3)3 Clwrgz twigs + 0,1 ) = m29(22,23) 4 13,3(22,23)
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Thus, within the framework of the homogenized model with microlocal
parameters the boundary-value problems of a microperiodic stratified layer or
a half-space are determined by the functions wy, X, 8 (see, &gs (3.1), (3.3),
(3.5) and the boundary conditions (3.8) or (3.9)). Taking the solution of Eqs
(3.3) and (3.5) as

0=, w) = ap (3.10)

where ¢ is an unknown function, « is an unknown parameter, then Eqgs (3.3)
and (3.5) can be written in the form

2o+t =0 (3.11)
on the assumption that unknown parameters ¢ and o« satisfy

(A1 —062)G+B:0

(3.12)
Bela+ (A2 =C) =0
From Eqs (3.12) it follows that
ACet + (B2 — A1A3 = CHe? + CA, =0 (3.13)
and C o g
a= T (3.14)

The solution of the characteristic equation (3.13), which depended on ma-
terial constants of the layers was discussed by Kaczyiski and Matysiak (1988).
Following Kaczyriski and Matysiak (1988) we can mark out the cases: [u] # 0
and [u] = 0. For the case of different shear modulae pg and pg of the
subsequent layers, Eq (3.13) has two roots (the case of 1 = po has to be
considered separately but here it will be omitted)

! 2/120
€2 = Ao+ CP - BP 4 VA (3.15)
2 24,C

A=(A41A2+C* =B —4C*A14, > 0
By using Eqs (3.10), (3.14) and (3.15) we obtain

0= o114+ @21 wy = ayp; + a2 (3.16)
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where
—Ae2 +C
a, = — B r=1,2 (3.17)
and ¢, 2 satisly the equations
52997',11 + Pr,22 + ¥r33 = 0 T = 1a2 (318)

Thus, the three-dimensional static problems of periodic two-layered elastic
composites are reduced to three equations of Laplace’s type (Igs (3.1) and
(3.18)) with the boundary conditions (3.8) or (3.9).

4. Example

Vs

Fig. 2.

Consider now the problem of contact between a periodic two-layered half-
space and a rigid flat-ended elliptical punch, see Fig.2. Let the boundary
conditions be given in the form

wy(zy = 0,29,23) = b for (22,23) €
0511)(2:1 =0,z9,23) =0 for (zg,23) Q 2
ag)(zl =0,22,23) =0 for (zg,23)€ R?
(

0%)(1'1 =0,z9,23) =0 for (a9,23) € R?

(4.1)

3 Meoechanika  Teoretsona
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where 2 = {(22,23) : —z—; + f;— < 1} and & is an identification parameter,
unspecified yet.

Moreover, it is assumed that the punch is subject to a total load P directed
along the axis normal to the lamination of the half-space

// 0’1(1)(102,173) df2=-P with P >0
! (4.2)
0'511)(1'271‘3) <0 for (.’L‘g,.’L‘g) € 1

and the vanishing of stresses at the infinity is assumed.

By using the notations given by Eqs (3.6) and (3.7) the problem is re-
duced to finding an unknown contact stresses p(zq,23), (z2,73) € {2 under
conditions (see Eqs (3.6)+(3.9) and (4.1))

wl(arl = 0,132,173) = g for (12,173) €

p(z1 =0,22,23) = 0 for (z2,23) € R?* - 02

X>1 (21 = 0,22,23) =0 for (z2,z3) € R? (4.3)
(w122 4+ w133+ 0,1 )(z1 = 0,29,23) =0 for (zq,23) € R*

From Eq (3.1) and the boundary condition (4.3)3 and conditions at the infinity
it follows that

x(z1,22,23) =0 1 >0 (z4,23) € R? (4.4)
Taking into account the conditions aﬂ)(wl = 0,z2,23) = —p(z,r3) and
01(1)(.7;1 = 0,22,23) = 0, r = 1,2, (z9,2z3) € R?, and using Eqs (2.7), (3.2),
(3.4), (3.16) we obtain for z; =0

(Aja1 + B = C)pr + (Ao + B = C)pa 1 = —p(z2, 23) (4.5)

(1- alff)@l,ll + (1 - 0‘253)992,11 =0

By using the Fourier transforms with respect to z,, z3 from Eqs (3.18) and
(4.5) one obtains

1 —-y171 o—1€z2—InT
991(351735271‘3):5; /ﬁbl(f,ﬂ)e NEeTIREITINES Ly

" (4.6)

1 o
a1, 29, 23) = 5 /5152(5»77)6_72“6_'“”_"7rs d&dn
R2
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where
B1(€,7) = [01A1+B C a4 +B-Ce¢ %—ag]-—l (€, 7m)
€1 €9 £? — o NGEYE
2
E —
$o(m) = 5 ~%1(6,m) (4.7)
]
_VETE L,
T (._‘1_ e y
and )
p(&,n) = o /P(xz,l'ax)e_'&“—mIJ dzydzs (4.8)
7]

Substituting Eqs (4.6) into Iq (3.16), and satisfying the boundary condition
(4.1) the following integral equation is obtained in unknown function p(z,,z3)

ar 2// (&1,m) d&dm // el IQ\/ZI;l; ") dedn = & (4.9)

where

(E?*al)al (€3 — a2)y (4.10)
(A1a1+B Cey (51—01) (Ajag + B — C’)E2 (e2 — ay)

The solution of Eq (4.9) can be written in the form (cf Galin (1980))

p(z2,23) = ___—Poz = (4.11)
1 - %2 3
a? T b
6
0 for a>b (4.12)

and where K(-)is the full elliptic integral of the first kind.
From Eqs (4.11), (4.12), (3.9); and (4.2); it follows that the identification
parameter &g is given in the form

WPk (L)

2ra

b = (4.13)

The knowledge of contact stresses p(21,22) (see Eq (4.11)) together with
Eqs (4.8), (4.7), (4.6) gives us functions ¢; and 2. Thus, from Eqs (3.16),
(4.4), (3.2), (3.4) and (2.7) the displacements and stresses can be obtained
at every point of the two-layered periodic half-space (in terms of the Fourier
integrals).
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O tréjwymiarowych zagadnieniach wiclowarstwowych periodycznych
sprezystych kompozytdw

Streszczenie

Celem pracy jest przedstawienie pewnej metody potencjaléw, sluzace] do rozwia-
zywanila tréjwymiarowych statycznych zagadnien wielowarstwowych periodycznych
kompozytéw sprezystych. Przyjeto, ze rozwazany kompozyt zawiera dwie rozne, jed-
norodne, sprezyste, powtarzajace si¢ periodycznie warstwy (idealnie ze soba, skleJone)
Podstawe rozwazaii stanowi model homogenizowany z parametrami mikrolokalnymi.
Jako przyklad zastosowania wyprowadzonych w pracy potencjaléw, rozwiazano zaga-
dnienie periodycznie uwarstwionej sprezystej pdlprzestrzeni poddanej dziataniu plasko
zakoriczonego, eliptycznego, sztywnego stempla.
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