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The Green’s functions are defined as a solution to the problem of an
elastic, transversely isotropic body with a penny-shaped or an external
crack subjected to asymmetric vertical and in-plane lateral concentrated
forces distributed along a circumference. Exact solutions are presented
in a closed form for the stress intensity factors under each type of ring
forces being assumed as fundamental solutions.

1. Introduction

The stress analysis of an axisymmetric cracked body under bending is in
general more difficult than in the case of tension and torsion. The fundamental
solutions related to the stress intensity factors of a cracked solid under tension
and torsion were published recently (Rogowski (1994)). In the present paper,
the fundamental solutions (Green’s functions) required in the analysis of an
axisymmetrical transversely isotropic body with the internal penny-shaped or
an external crack under bending are obtained for the stress intensity factors
of modes I, Il and III.

It is obvious, that the concentrated forces continuously distributed along
a circumference as shown in Fig.2 and Fig.3 are sufficient for the bending
problems of an axially symmetric body. The inplane lateral force F, may
be decomposed into the radial force F, = F;cos# and the tangential force
Fy = —F;sin 8. Then, we assume two ring forces in r and =z directions with
the intensity cosf and one ring force in the @ direction with the intensity
—sin @ in cylindrical coordinate system (r,6,z). The solution to a practical
bending problem can be obtain by superposing and integrating these three
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fundamental solutions. All calculations are straightforward, since the funda-
mental solutions are presented in terms of elementary functions and need no
further transformations. The results presented for general cases are new, but
some of those relating to special cases of isotropic or transversely isotropic
solids with the crack surface loading are in complete agreement with the alre-
ady known coresponding ones (cf Murakami (1987); Sneddon and Lowengrub
(1969); Kassir and Sih (1975); Rogowski (1986)).

2. Basic equations

In this paper we employ cylindrical coordinates and denote them by
(r,8,2). Let a penny-shaped crack or an external crack be located in the
plane 2z = 0 of a2 homogeneous and transversely isotropic elastic solid. The
penny-shaped crack occupies the region 0 < 7 < a (z = 0) and the external
crack occupies the region r > a (z = 0). Both surfaces of the cracks are
stress-free. The half-space 2z > 0 is subjected to asymmetric (about 6 = 7/2
axis) body forces (2.1)

13 8(r — b)b(z — h)cos@

F
37 onr2

(2.1)

lg
F.z‘ = 27r—T5(T - b)&(z — h)

distributed along a circle (r = b0,z = h), where 6(+) is a Dirac delta function.
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Fig. 1.

Due to the symmetry or antisymmetry of the problem, it can be redu-
ced to the mixed boundary-value problem for a half-space with the following



FUNDAMENTAL SOLUTIONS RELATED TO THE STRESS... 805

boundary conditions (Fig.1a,b)
— for a penny-shaped crack, 0 <r <ea,0<8< 27

u, =0 r>a z=0 g,=0 r<a z=0 (2.2a)
U, =0=u r>a 2z=0 0y =0=0g, r7<a =z=0 (2.2b)

— for an external crack, > a,0< 80 <2r

u, =0 r<a z=0 g, =0 r>a z=0 (2.3a)
U, =0=uy r<a 2=0 0,yp=0=0g,, 7>a 2=0 (2.3b)

for symmetric (a) and antisymmetric (b) loadings, respectively.

Y

(a) It (®) A

Fig. 2.

The solutions of the cracked elastic body subjected to concentrated loa-
dings acting along a circumference are obtained by using Ilankel transforms
(cf Sneddon (1972)). Omitting details of calculations it can be shown that the
displacement and stress fields associated with the action of the concentrated
asymmetric (with respect to § = 7 /2 axis) ring forces and meeting the mixed
boundary conditions (2.2a,b) or (2.3a,b) on the plane where the crack appears
are:
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) (b,,h)

i

Fig. 3.

(i) For concentrated vertical and in-plane lateral, symmetric ring forces as
shown in Fig.2, Fig.3 and Fig.la

1 oo
us(r,0,0) = coso[O/ A(€)y(€r) dE +
(2.4)

I 0/ ol€ih)J1(€0)1(€r) dE + 1w / Hy(Esih) Jo(€0)1(¢r) €]

7.(r,0,0) = —ECOSO/fA(f)Jl(fr) de (2.5)
0

The system reveals symmetry about 6 = 0 axis and 2z = 0 plane, and
antisymmetry about 6 = /2 axis.

(ii) For concentrated in-plane lateral, antisymmetric ring forces as shown
in Fig.2 and Fig.1b

. 1
6:(5e7 = o)

z2=0 - 41

(= [B() + L Ha(Esih) Jo(eb)] +

K1+ Ko

»\-—IO\.g

e [C(€) = 1ae7¢h1o(¢b)] Jo(ér) de
e (2.6)
6ot ) e = 0/ {minz [B(&) + 1. Ha(€sih)Jo(eb)] +

1
K1 — R

[C(&) = 1ae7e2h g (60)] }a(er) de
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T L

(2.7)

It

(CZZTB + 8?590) 2=0

= [€[B©)+c©)]nier ae

The system reveals symmetry about € = 0 axis and antisymmetry about
0 = 7 /2 axis and z = 0 plane.

(iii) For concentrated vertical, antisymmetric ring forces as shown in Fig.3
and Fig.1b

Gz(gusrz B S;:100) z=0

- é/{m im [D(f) t h_bUI—HZ(fsih)Jl(fb)] *
0

1
t o KZE({)}Jo(fr) dé s
Uy Ug 13,01
Gz(cosﬁ + sin 0) 2=0 = /{"”1 + kg [D + _1{2(£S h‘)Jl (61))]
K1 — K2 E(O}Jz §r) d¢
Oor (P _ _i 7 o
(55~ Fo)o = = [P0 - O] sten

(2.9)

= [€[p©+B@©] R d

(C(:)% + ST:O) z=0

Again, the system reveals symmetry about 6 = 0 axis and antisymmetry
about # = 7/2 axis and z = 0 plane, respectively.

In Egs (2.4) + (2.9) Jo, J1 and J, are the Bessel functions of the first
kind, the arbitrary functions A(&), B(&), C(€), D(£) and E(€) are unknown,
the material parameters s;, C, v, v1, K1, K2 are defined in Appendix, G, is
the shear modulus along 2z-axis, and the known functions Hy, Hy, H; and
Hj are defined in Appendix.

Within the context of linear elastic fracture mechanics, the stress intensity
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factors are defined as

Ky o,(r,6,0)
Ky = lim+ 2(r—a)< o,(r,6,0) (2.10)
Ky e 0.0(7,6,0)

for a penny-shaped crack and

K a,(r,8,0)
Krr p = lim y/2(a~7)< 0..(r,6,0) (2.11)
K e 09(r,8,0)

for an external crack.

Ky, Kry and Kjppr are the modes I, IT and III stress intensity factors
(Kanninen and Popelar (1985)), respectively. K corresponds to the case (i)
of loadings, Eqs (2.4), (2.5) and Ky, Kyrs correspond to the cases (ii) and
(iii) of loadings, Eqs (2.6) + (2.9).

3. Mode I loadings

3.1. A penny-shaped crack

The boundary conditions (2.2a) yield

[ A@n(eryde = -2 [ o(esiynenner) de +
0 0

(3.1)
1,0 / Hy(€s:h)Jo(€b)Jy(€7) dE r>a
0
[ea©nier) de =0 r<a (32)
0

The integral representation of A(£)

A(E) = VE [ VE1(2)Jaya(a€) da = LHo(Esih)I(ED) — 150 Ha(Esih) o(€D)
’ (3.3)
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satisfies identically Eq (3.1), and Iq (3.2) is converted to the Abel integral
equation

7 T d[l‘f(l‘)} dz o 7
\/;/ dz  JrZ-a22 T/ Mo(€sih)J1(£0)J1(€r) dE +
’ ’ (3.4)
+ lrvor/{Hl(fsih)Jo(fb)Jl(fr) d¢
0

The auxiliary unknown function f(z) is assumed to be continuous in the
interval [0, a] and is required to satis{ly the condition /zf(z) — 0as z — 0*.
The solution to Eq (3.4) is exact and has the form

- W:/ o(esi) (T — cos(€) n(e0) de 4
0

(3.5)

T lzvo\/g / Hl(fsih)(smf(fm) — cos(£x)) Jo(€b) de
0

Since the improper integrals in Iq (3.5) are calculated analytically (see
Appendix, Eq (A3) + (AG6)) the final form of an auxiliary function f(z) is
given by elementary functions as follows

1o T -1 G T -1
— - - ) g {==t
[{ k82 = Sl) 82(2 tan Cl Clz n 7712> 31(2 an Cg +

(3.6)
G 13 ke m
gt e lor ey T araa Tl

where the oblate spheroidal coordinates (;, 7; are defined in Appendix (Eq
(AT)).

From Eqgs (2.5) and (3.3) it may be shown that the singular part of axial
stress is given by the formula

2 fla
o,(r,0,0) = \/;ﬁ cos as r—a’ (3.7)

From Eqs (2.10); and (3.7) it follows that, the stress intensity factor at the
crack tip is obtained explicitly in terms of the oblate spheroidal coordinates
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i, i (the values of (;, m; for = = a, see Appendix) as follows

_ 1 1.v0 o (F 17 _ 4:1 _ 3 -1z
1(1_27r2\/${k82_81 [k32(2 tan™" (4 5124'7_712) 31(2 tan™" (y +
(3.8)
(2 13 k2 M
—_—= |+ —— — —————— cos §
C§+n§)] a(k—l)[(1+C§)(C§+n§) (1+C12)(C12+7712)]}
In the special cases Kj becomes
—for b<a,h=0
K= ! Cos 9(11 vo + ——13—) (3.9a)
2r2v/a3 2°° a? — b? '
—for b>a,h=0
1 . 1/ a
K;= W cos 0{1$v0 [sm (5) — m]} (3.9b)
—for b=0
, 1 1 -1 @ siah
Kr= oni cos g{ksz — [k32 (tan sih @t sfh2)+
h 1543 k 1 (3.99)
_ a Saa 3d v
—si(t 1= _ -
51 ( an soh  a?+ s%/ﬂ)] = 1 [(cﬂ + s2h?)?2 (a2 + s%h2)2]}

when loading is applied to the faces of a crack, outside of the crack in its plane
and as the concentrated force acting on the z-axis at the distance h from the
middle of the crack, respectively.

By evaluation of the limits as s; — 1,k — 1 and sy — 1 in Eqgs (3.8) and
(3.9) we obtain the value of K for an isotropic solid. For isotropic material
vo = (1 — 2v)/[2(1 — v)], where v denotes the Poisson ratio.

3.2. An external crack

For an external crack of inner radius a the dual integral equations (3.1) and
(3.2) are defined the ranges r < @ and 7 > a, respectively. The representation

of A(¢)
A = \/g/h(x) sin(éz) dz (3.10)
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yields the Abel integral equation of the problem in unknown function h(z)

f/m - 13T/110 (€sih)J1 (€)Ju(Er) dE +

(3.11)
- 131)07*/Hl(f.s;h).]o(fb).]l(fr) d¢
0
The solution to this equation is exact and has the form
Z(l5 T .
h(z) = - ;(?/Ho(fs,-h).]l(fb) sin(éz) d€ +
0
(3.12)

b 1vo / Hy(€5:h)Jo(€b) sin(€z) dé)
0

Using the integrals (A1) and (A2) defined in Appendix the final formula for
an auxiliary function h(z) is given explicitly

2 1,vg ksam 5172
o) = e (e - ) +
Lsy — 2 L 2 2 L 2
mla(ksy —s1) \T +nf (G + 03 (3.13)
+ 13 ( k¢ _ G )]
g2k - DNA+ NG +n)  (T+E)NE + )
The stress intensity factor of mode I is given by
- 1 l;vo ¢ ks 8172
Ky = — — = | +
! 27r2\/¢5[k82 - 51 ((12 +77 G+ 773)
(3.14)
13 k(s G
+ k. L — - cos ¥
(k—l)a((1+422)(€§+77%) (1+412)(C12+77?))]

where (;, 7i; are the oblate spheroidal coordinates for = = a (see Appendix).
In the special cases Ky takes the values
—for b<a,h=0

1zv0

Ky =
2n2y/a(a? — b?)

cosd (3.15a)
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—for b>a,h=0

13(1
K= e 05§ 3.15b
\r 271_21)2 a(b2 = a2) COSs ( )
—for b=0
1 1.v9 ks2a2 $1a2
Ky = 6| —= _
H 272v/a3 €08 ksy — 51 (az + s2h? a2 4 s%h2)+

(3.15¢)

n 13(12 ( kS'zh _ Slh )]

E—T\(@ + 5307~ (o + sT07)2

4. Modes Il and III loadings

4.1. A penny-shaped crack

4.1.1. Conceniraied forces disiribuled along a circumference in the z-direction
(Fig.2 and Fig.1b)

Introduce new constants B;(£) and Cy(€)

B(E) + LII5(€sik)o(€0) = 3 (s + )| Br(€) = Ca(€)]

(4.1)
CLE) — 1pemE53h Jo(€b) = %(,ﬁ — k)[B1(€) + C1(8)]
Thus
Uy Ug 1 7 ‘
z(cosa B m) =0 4_WO/B1(E)J0(§7) d¢
(4.2)
Ur Ug 1 7
G- (cosa + m) =0 4-—/ £)J2(ér) d,

0
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E[mCr(€) = By (€)] Joler) de +

e
=1|‘”“

(Gzr _ 020)
cos@ sinf/lz=0

1o

o | €[Ha(sih) + et Jo(€b) Jo(Er) dé

(4.3)

3

0\'8 0\8

£[-r2Cr(6) + m B(6)] Ja(Er) d +

5=

(CZZG + s(ijrje()) 2=0

€[ Ha(Esih) — €740 Jo(€b) Jo(ér) d

3

0\8 0\8

The unknows Bi(£) and Dq(£) are determined by imposing the mixed bo-
undary conditions in the plane 2z = 0, where the crack appears, Eqs (2.2b),
resulting in the following two simultancous pairs of coupled dual integral equ-
ations
—for r<a
[mei(&) - xaB(©)enter) de =

0

[e o]

= —1 [ [Hagsih) + e EH] e o(8) oler) de
0

(4.4)
[=mCr(©) + riBu(€)]ea(er) de =
0
= 1. [ [Ha(€sih) - e=6H] (€0 aler) de
0
—for 7> a
/ Bu(£)Jo(€r) € = 0
0 (4.5)

o0

[cu©nien ac=o

0
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These coupled dual integral equations (4.4) and (4.5) are converted to a pair of
partialy uncoupled Abel integral equations by employing the following integral
representations for By (£) and Cy(€)

\/_/\/_451 z)Jyj2(éz) de + — \/_/\/_452 z)Js)2(£z) dz
(4.6)

Ci(€) = VE / VEBs(2)J5 o(Ex) da

in which &@;(z) and $;(z) are unknown functions excited to be continuous in
the interval [0,a] and to satisfy the conditions

Vzdi(z) — 0 as z— 0t (j=1,2)
Using the Weber-Schafheitlin integral
0 0<g<p

v(,2 23X
p*(¢* — p?)
DTt <P
which holds when A = p—v—1, R(p—v) > 0, R(v) > —1, and take advantage
that the integral (4.7) is also equal to zero for p > ¢, when A = —1/2,
i =5/2,v =0,it may be shown that the representation for By(£) and C;(¢&)
automatically satisfies Eqs (4.5). Modifying B;(£) by integrating the first

integral in Eq (4.6); by parts and substituting the resulting expression along
with Eq (4.6)2 into Eq (4.4); we obtain the following Abel integral equation

a M, (qa)d,(pe) da = (4.7)

0\8

e / "[@d‘i‘”)] w1, / [s(€sih) + s eo(€0)o(cr) de

2 _ 32
(4.8)
Again, modifying both equations (4.6), by integrating by parts and substi-
tuting the resulting expressions into Eq (4.4)2 yield the second Abel integral

equation
_ xfﬁ() 3 d
T

o0

= —1r? [ [Ho(€sih) - e8] €go(eb)Ta(er) de

0

(4.9)
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Applying the Abel solution method to Eqs (4.8) and (4.9) with the use of the

formula
_ (261 Jn—(1/2)( (Eryrmt(1/2)
W(€z) = /= — x" S dr (4.10)

results in the formulae for &;(z) and $2(z)

& (z) = \/%f / [Ha(Esih) + e=5h] Jo(£b) sin(€x) de
° (4.11)

Tro1 1
Pa(a) = 1r [ [~ HalEsih) + e Jo(60) /Ea s a(6e) d
0 .

Integrating the integral from Eq (4.11), by parts and using in both solutions
(4.11) the integrals (A1), (A5) and (A6), respectively, which are given in
Appendix, results in the final formulae for &;(2) and $,(z)

21 1 km M2 n3
& (z) = \/’—'—I - +
1(z) 7r:1:f~:2[k—1(§'12+7712 C22+77%) C§+77§]

3 21_1: 1 k'I]l _ 72
Po(z) = \/;x {(,ﬁ + ko) (k— 1) (C{" +nf G+ 713) ’

3 3 - _
(k2 — n17)7(C3 T Tt r) (k= D) [’”71 (41(5 —tan™ (;) — 1) +

_772((2(% —tan~! ¢2) — 1)] - 17@((3(% — tan~! (3) — 1)}

(4.12)

K2 — K

where the oblate spheroidal coordinates (;, 7; (i = 1,2,3) are defined in the
Appendix,.
The singular parts of the shear stresses are given by

( Ozr 026 )
cos@ sinf/ lz= (4.13)

Ozr 026 _ L\/—g R% — K’% - 1
(cose * sin 0) 2=0 4T 7r[ Ko Pa(a)+ Mél(a)] Vr? — a?

as r — at, so the stress intensity factors of modes II and II] are

R ON
0_47l' Tr2 - a2
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K= \/~“82 “i/’l‘ s0[#1(a) + (1- %)452(‘1)]

K= 25 e - 1+ 2) o)

Substituting for @(a) and P,(a) the final solutions are

(4.14)

T k_ J]
fr = 2n21\/ﬁcosa{kil(ff vR gt
+ ﬁ(l - %) [1”71 (El(z —tan™' (;) - 1) +
- (GG - tan &) - 1)] - §(1 +&a )n3(g3(— —tan~1G5) — 1)}
(4.15)

, 1, . - 3
R it e | U
[k"_h ((:1(1 —tan~! &) — 1) — 7 (52(12[ — tan™! 52) _ 1)] n
b (14 )i (6§ - 1an ) - 1))

where the oblate spheroidal coordinates (;, 7; are obtained from (;, n; by
substitution = = a.

In the special cases Ky and Kjprs take the values

—for b<a,h=0

VaZ Z 2
K= Lo cos 0[ ¢ + 3ﬂa—] (4.16a)
212/ a3 Vva? - b2 Ko a
1, ) a K1 vVa? — b2

K - 3—= 4.17

Hr 212~/ a3 sm [ a? — )2 3;{2 a ] ( a)
—for b>a, h=0

Kip=0 (4.16b)

Kir=0 (4.17b)
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—for b=10
11. a k 1 3}\.1
= 6 —
Ky o2/ cos {k—l(a2+s§’h2 a2+s§h2) +

+L(1 Z:) [ksl (g — tan™! %) — sz(g — tan™! S—Z’—l)] + (4.16¢)

- MERNEE D)

2

Knr=- on2 \/—S”‘ { 2_:3125;12 - 373"’
e (-l G ) -Gt 5l o

+§Z(1+ “)og (5 - tan igz)}

For the case when the stress of half intensity acts on the crack surfaces in
the opposite directions parallel to the =z-axis we obtain after integration of
Eqgs (4.16) and (4.17) for b<aand h=0

1

K= \/_(1+h2)0080

(4.18)

Krrr= - 1 (1 - K—l) sin 8

W\/(_L Ko
This agrees with the author’s result (Rogowski (1986)), which was based on
separate calculations.

4.1.2. Concentrated forces distributed along a circumference (Fig.3 and Fig.1b)

Eqs (2.8) and (2.9) differ from Eqs (2.6) and (2.7) as follows: Jo(£b) and
1,H3(Es;h) are replaced by J1(£b)b~! and 1zvy Ha(Es;h), respectively, and
the terms with exp(—£€s3h) are omitted in Eqs (2.6). Thus the Abel integral
equations are obtained immediately from Eqs (4.8) and (4.9). The solutions
are also obtained from Egs (4.11) in the form

¥ (z) = [ lsu1 / Hy(Es;h)J1(€b) sin(Ex) dE
(4.19)

o) = S 0/ Ha(€sih) 1 (€0)VEeTsa(€0) de
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where &;(z) are replaced by ¥;(z) (j = 1,2) since in this problem we have
the constants D(£) and E(£) (in Eqs (2.8), (2.9)) instead the constants B(¢)
and C(€) (in Eqgs (2.6), (2.7)). Using the analytic expressions for the improper
integrals (see Appendix) we have

_ g 13 I"SZCZ _ SlCl
Vi(z) = \/7n2x2(k32 —$1) [(1 +@)NG+n3)  A+@NGE+ 77%)]

13vy ksa(2
Uy(z) = \/‘("91 + &2)x2(ksy — 31){(1 AGEE) + (4.20)
SlCl 3h$ [ks%(l_"h)—s%(l—nl)] +

YO

Sl - 125) (gt - 1)

The stress intensity factors of modes II and III are defined from equa-
tions similar to Eqs (4.14) (®;(¢) — ¥;(a)) by substituting Eqs (4.20). The

results are

13v; ksa(y s1G1

K = g __°> — L
T omt e (ksy — 1) {(1+C%)(C§+77§) EAGCET M

+(1-2) (39 (k31 - ) — 531~ 7)) +
1 T 1= E T -1 = C:

_5(k32(§ — tan~! (2 — ﬁ) — 8] (5 —tan"1 () — 1 +1512))]} (4.21)

Kir= 47r2\/ai§?;:2 o) Sl_ﬂ 9(1 - —){IZ? [/vsz( 7_72)_— s3(1 - 7_71)] +

_% [k‘”(g —tan G- g f‘g) 9 (% ~tan ™G - 146.1512)]}

In the special cases we have

—for b<a,h=0
Kij=- 1(1—;;3:/):?(1 - :—:) cos (4.22a)
K = —léjr:i’/’;_s@ - :—;) sin 8 (4.23a)
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—for b>a,h=0
1314 as
K= 0
I e [bzm+
4.22b
- s E- 2 - ()] 2)
4 K2 b b b
, 13314 K1\ . . _1a a a.o
Kir=-— 5 a_2 & ,
9374 87r2\/($(1 Kz)smB(sm 573 1 (b)) (4.23b)
;for b=0 " cosg{ ks2had
I =
LT @ ksy —s1)  \(a® ¥ s3h7)?
27 .3
___stha® 30 Ky (T am1 2R s2ha
(@ 1 s2h2)? 7 (1= ) [pea(G —ran' az+33hz)+ (4.22¢)
T _1 81h siha
oy (§ - anr 2h_whe Yy
133, K1y .
Kir=- I1-—]sing
" 812V a5 (ksy — 1) ( 52)
(4.23¢)

[ksa (5 - tan™? iz_h _ %) (%~ tan! S_;f_t _ a22}:§h2)}

4.2. An external crack

4.2.1. Concentrated forces distribuled along a circumference in the x direction (Fig.2
and Fig.1})

Introduce the new constants
D(€) — E(€) = D1(€) D(&)+ E(£) = E1(¢)
Thus Eqs (2.8) and (2.9) become
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::Eq_t:;/-mﬂ)@)+mEﬂQ+

(55~ a9)
*\cos® sinf/lz=0

0
+1z(('<1 — k2)H3(€sih) — (K1 + K2)e gssh) JO(fb)] Jo(&r) d€
(4.24)

(555 * 5ma)
*\cosf = sin@/lz=o

+12 (51 = K2) Ha(€sih) + (k1 + r)e™6% ) Jo(€0)] Ja(€r) de

_ _m/[le(f) — k2 E1(€) +
0

[ee]

Ozr 020 _ 1
(m ~ sin 9) 2=0 471 o/fDl(f)Jo(fr) d¢
(4.25)
Ozr 020 _ 1 i
(c050 =0 4_/ §)J2(ér) d§

0

If we take the representations

Di(€) = f/fwmummm+—f/fw 2)Jaya€x) do
(4.26)

Ev(€) = VE [ Vaea(e)JsyolE) do
0

we find that the stresses (4.25) are zero if 7 > ¢ and thatif r<a

(Uzr _ Uze) _L\/?{ pi(a)  [dpi(z)  de n
cos@  sinf/lz=0 ar Vo L\ /g2 — 2 dz 22 _ 12

+z_;(\/(:z?(_7a)r2"’2 %((Pi(zw)) m;ll;.ﬂ)} (4.27)

(CZ:TO + s?%e&) 2=

Substituting the representations for D(€) and FE,(¢) into Eqs (4.24) and for
the resulting expressions into displacement boundary conditions (2.3b) results

d o(z dz
0~ i\/g(\/% - Q;((Pm(z ))m)
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in the integral equations in auxiliary functions ¢;(2) and ¢a(z)

o7 | i -

=1, [ (s = r2) Ho(€sih) = (1 + ra)e™EH] Jo(€b) a(ér) de
0

(4.28)

7 [ e

\/;/ 2h1(,91 (2) + %2” ﬁ(x)]\/TTxi?dx: (4.29)

00

= —1 [[(r1 = r2) Hy(€sih) = (i1 + sa)e60% | Ja(b) aer) de

4]

The solution to Eq (4.28) is

1, m 1 k¢y (2 K1y (3
[ —;2_ k—1(<1+771 C%+77%)+(1+K2)<§+(Z§3]0)

where (;, n; are the oblate spheroidal coordinates (see Appendix).
Substituting Eq (4.28) into Eq (4.29) and applying the Abel solution me-
thod the function ¢y(z) is obtained as follows

21 1
po(z) = ;f [k—_—l(k tan~1 (; — tan"! (o) — tan™! (5 +

(4.31)

1 k¢ (2 (3

+ — —
k—1(§12+n% C%+n%> C§+n§]
From Eqs (4.27) we conclude that
0. (r,6,0) = 1 \/j[M—O—ﬂ)M] cost
8 a? — 2 K2/ a? — r?

(4.32)

o= TR+ (11 2) 2 g
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as T —a”.
Substituting for ¢;(a) and 2(a) from Eqs (4.30) and (4.31) the final
solutions are

1 kG 2 k1 (3
i1z )

K cos 6 - _ i . LA
= WJ_ {(- k=1\G+# G+ " k(G + i
1 -1 -1 -1z
+§(1 - K—z) [kT(k tan~!{; — tan~! () — tan C;,]}
(4.33)

1, . kzl 52 K1 Cs
K = —_—— 6 = - = -1 ~
= arw g - W gew

1 Ky 1 17 -1 7 -17
+3 (1+ E;) [m(ktan G - tan™1§y) — tan™' (o] }
where (;, 7; are obtained from (;, n; for z = a (see Appendix).

In the special cases Ky and Kjyy take the values
—for b<a,h=0

K =0 (4.34a)
Kir=0 (4.35a)
—for b>a,h=0
1z
K= N ) cos 8 (4.34b)
K= - = sin @ (4.35b)
272\/a(b? — a?)
— for b=
K= 27r21\$/¢§ c050(1 - :_;){ki 1 (a2ki1:;hz - az?i§h2)+
K183ha 17 1 stk b . 324534@
(k2 — k1)(a? + s3h?) * E[m (kta'n 1 T ten 1 _a_) — tan™ T]}
K= 27r21—:5/(1_3sin O{KZ(k = (azkilf’;hz B azillgm)
szha 1 sih soh 1 5 '715C)
(1+2—K—2) [ag_is%hg e 1)(ktan_1 IT—tan‘l _z_) +3 tan g1 33 ]}
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4.2.2.  Concentrated forces distributed along a circumference (Fig.3 and Fig.1b)

For an external crack the dual integral equations are obtained from Eqs
(4.28) and (4.29) by replacying Jo(€b) by J1(€b)/b and Hs(€s;h) b
viHo(€sih), and 1, by 13 and omitting the function exp(—E&ssh). Thus

‘. \/;' / !Z/l(x)2 de 13v1( = k) / Ha(Es;h)JL(E0)To(Er) dE (4.36)

=g
T z2 dz
Hl\/g()/\/% \/’/ 2/»111’1(15)‘*' 2!1’2( )]—f‘t&;?)
131)1

18V / Hy(Esih) T (6b)Ta(€r) dé

The solution to Eq (4.36) is

9 2
)= 7 (-2 sy o (- 2ia) o (-]
(4.38)

Substituting Eq (4.36) into Eq (4.37) and applying the Abel solution method
the function ¥,(z) is obtained as follows

2 13’01
v - \ﬁ—— ksa(1 = 1) — s1(1 =
2(z) e sy el ) = (L= ) +
(4.39)

72(1 4 ¢3) n(l+¢F)

kso(l— S—) —s1(1 — —5—=~¢

+ ke G+ )~ G+t )
The stresses are given by Eqs (4.32) (y;(z) — ¥;(z)), thus the stress intensity
factors of modes II and 1[I are

K1 13’01 7—72(1 + Eg)
_ (1_H& 0lksy(1 - 2221520
I(II (1 l{g) 2W2b2\/a(k82 - 81) cos [ 32( C22 + ﬁ% ) +

- 31(1 - 7715(1217_{_7;’;212)) + %[ksz(l —72) —s1(1 - 771)]]

(4.40)
; B 131y _ M
I\III - 271'21)2\/_ kSQ _ 31) sin 0{ Ko [k 2(1 622 + ﬁ% ) ¥

(1= ’74(—1:5_))] # 5 (14 ) lsa(1 = 1) = (1 = 7))}
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where (;, 7; are obtained from (;, n; for z = a (see Appendix).
In the special cases Ky and Kjj; assume the forms
—for b<a,h=0

K1 13’()1 3 a a? — b2
Kir=(1-5) 3% _cosp(2 - _ .
=1 Kz) Brrrs OO 0(2 —— - ) (4.41a)
_ _lsu .
K= PYSIEN sin
1 — (4.42a)
K1 a K1 a® —
(o= =) +30+ ) (-]
—for 6>a,h=0
s K1 133’01
I\II = (1 — E)mcose (44117)
- _ 133’01 .
K= TN sin @ (4.42b)
—for b=0
Io’r = (1-F) _lsu 9
4.41c
-[_ 1 ( ksqa? B s1a? ) N 1] ( )
2(ksy — s1) \a? + s2h?2 a2 4 $2h2 4
13v, .
1(111 = sin -
212/ a?
4.42¢
[ K1 ( kspa®? 514 )+1(1+ﬁ)] ( )
2k2(ksy — s1) Na? 4+ s2h?  a? + $Zh? 4 K2

Appendix

The following integrals are used to evaluate the auxiliary functions appe-
aring in this paper

(e o]

0/ Jo(€b) sin(£z)e—t5" d = 1(71—7)2) (A1)
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07 Tu(E) sin(gw)e™e® de = 2?(1+ C%EC? +17) (A-2)
Zh@&wﬂﬂfwﬂx—(@in) (A.3)
ZOJl(fb) cos(£x)eEh dg = %(1 - "—C(jj—g)) (A.4)
75-1J0(§b) sin(éz)esit d¢ = g — tan~' ¢; (A.5)
0

J e eysntesyeent de = 21 ) (4.6)
o

The oblate spheroidal coordinates (;, n; are related to b, s;h, = by the
equations

b2 = (1 + CH)(1 - n?) sih = a¢im; (A.T)
where —1 < 7 < 1 and ¢ > 0. The surfaces ¢ = 0 and 7; = 0 are,
respectively, the interior and exterior of the circle b = z, h = 0 we have here,
therefore

h=0 b<z (=0 n; = /1 — (02/2?)
h=0 b>z (=+/02)=1 7,=0 (A.8)

b=0 G = sih/z m=1

For z = a, (; and 7; are denoted by (; and 7;.

Three sets of oblate spheroidal coordinates (;,n; (¢ = 1,2, 3) are associated
with three material parameters s; (¢ = 1,2,3), which are defined by elastic
constants ¢;; of a transversely isotropic body as follows

$1,82: €33¢4q8” — [c11¢33 — c13(c13 + 2¢44)]5% + c11¢44 = 0 (A.9)

where G, and G, are the shear moduli.
Other material parameters are defined as follows
0338¥ — Cq4q _ ksy — 81

- ——— /‘_) = ——
€13 + Ca4q ¢ (k—1)s159
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_ ks, — 8 _ (k + 1)(31 — 82)
RO ¢= (k= 1)s152 (A10)
1 1
K= §(C3132 — $3) Ky = 5(03152 + 53)

Known functions Hg, Hy, Hq, H3 are given by the equations

1
k-1

f]o(fs,'h) = (ke—f-nh _ e—{slh)

Hl(fs,-h) = —1 (kSge—Eslh - 316_63211)
k82 — 81 (A 11)

1 —&s —£€s
Hy(€s;h) = r— (ksge™ts2h — g emCo1h)y

Hj(€s;h) = (ke=ts1th _ g=¢ozh)

1
k-1

Each of these functions tends to unity as h tends to zero.
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Rozwiazania podstawowe dla wspdlezynnikéw intensywnosci naprezenia
typéw I, II i IIl. Zagadnienie asymectryczne

Streszczenie

Otrzymano funkcje Greena dla wspdlezynnikdéw intensywnosci naprezenia ty-
pow I, II i III. Funkcje Greena zdefiniowano jako rozwiazanie zagadnienia
sprezystego poprzecznie izotropowego ciala z kolowg lub zewnetrzna szczelina, gdy
na plaszczyznie rownoleglej do plaszczyzny szczeliny dzialaja dowolne asymetryczne
obciazenia rozlozone na okregu. Przedstawiono rozwiazania scisle, analityczne, w
postaci zamknietej, dla kaidego typu obciazen, jako rozwiazania podstawowe.
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