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The case of thermoelastic vibrations of the thin plate simply supported on the
entire edge, induced by the moving heat source is considered. The problem
is solved by using of the integral transform method. As the illustration of
the problem, a numerical example is given.

1. Introduction

In this paper the case of transversal vibrations of thin plate produced by non-
stationary temperature field, induced by moving heat source is considered. The
problem is formulated on the basis of the linear theory of’thermoelasticity (No-
wacki, 1970) and the classical theory of thin plates {Cuki¢, 1279). Analytical
solutions are calculated by using the finite integral transform technique (Cuki¢,
1979), and moving heat source is described by the Heaviside and similar functions
(Roznowski, 1989).

The following assumptions are taken

o temperature changes linearly across the thickness of the plate,

o the longitudinal vibrations of the plate are independent of the transverse
vibrations (the disc stresses in the pla.ne are small as compared with the
bending stresses),

o the temperature field and the strain field are uncoupled.
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2. Basic equations

On the basis of the assumption that the temperature # changes lmearly along

the thickness of the plate we have
0(21, x2,Z3, t) = TO(zli Z2, t) + Z3N (zly z2, t)

where

7
8, +6
10(Z1, 22, ) = % / 0dz3 = l‘; 2

-b
2

3
12 6, — 0y
71(z1, 23,t) = s / Oz3dzs = — A
-3
and 8y, 6, are the upper and lower face telnpera.tures
The system of equations defining the problem takes the form

1 q + 8
2 =211°
(Vi-s8)n=-L22_ = / Qdzs
A
3
(V} - —31)1'1 = ""'( - ‘1) - ; / Qz3dzs
-%
(Vi+ K28)w+ (1 + V)atVlrl
~ together with the boundary conditions ‘

06

sz—slg=q(zl,zg,t) ’\°az | 5« —s(z1,22,t)

where the following notations are applied
V2 - Laplace operator

- time derivative

- deflection of the plate in z3-direction
- thickness of the plate

modulus of elasticity

- coefficient of thermal intensity

-~ heat conduction coefficient

rFamTew
|
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(2.6)

(2.7)
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C. - specific heat at a constant strain
a¢ - coefficient of thermal expansion
p - — plate density per unit area of the middle surface
v - Poisson ratio
W - quantity of heat generated in a unit volume and unit time
To - temperature of the plate in its natural state
# - temperature, 6 =T-T;
N - flexural rigidity of the plate, N = 12E1'fy
and
Q = Q(z1,72,73,1) Qo=g—: K2=% B = 711%

The bending stresses in the plate are given by

Ez
0ij = =70 22 {(1 ~vywi; + [vw + (14 V)a,r1]6,-j} (2.8)
2.1. Nonstationary temperature field in a thin rectangular plate produced by

a moving heat source

Let the plate be under the influence of the temperature field caused by the
heat source moving at a constant velocity v along the symetric axis of the upper
surface of a plate (Fig.1).

Fig. 1.
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Let the thermal initial and boundary conditions be assumed in the form '

=0
1t=0. .
6 =0 0I¢xﬂ =90 '
z3=0 -
o =0 Olz,=p =0 ' (2.9)
z3=a '
ﬁ =0
Oz3 lzs=%4

The moving heat source (concentrated or linear) can be taken as

8(z3 — vi)
Q = Qob(z1 — %)6(z3 - g) [H@) - H(¢- %)] { ;‘,1‘[(’—’25&‘) | (2.10) |

where d is the width of linear source, §(-) denotes the Dirac delta-function, H(-)
denotes the Heaviside and [](-) is a pulsation function

H(Ig;‘vt) =H—(22_vt+g.).—H(zg—”t_‘2_i)

The heat conduction equations (2.4) and (2.5) may be written in the form

(V2= 2070 = ~ L4, - ) [H() - B¢ - D)) R (2.11)
L an(e)
§(zq — vt)
(V2= - 20)r = ~2205(2, - () - H(1- &) (2.12)
e 2 o) 2 T1(=5+)

To solve Egs (2.11) and(2.12) subjected to the initial and boundary condi-
tions (2.9), we shall use the double finite sine Fourier transform and the Laplace
transform. Using the notations

%Q k=0 -}:g— k=1
Ci = Br = (2.13)

9}%9 k=1 0 k=0

we arrive at the solution for the temperature field in the form
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amd
)
m=1n=l 3 ? (2.14)

. [fk(m, n,)H(t) — (=1)™ fe(m, n,t - %)H(t - %)] sin a, z1 sin ay, 22
(k=0,1)

where functions fi(m,n,t) are described by

OV B
[[p2 + (amv)2][p + K(a2 +a2 + ﬂk)]]
K’(an + a2, + i) sin am vt — v cos am vl + ap, pe—tr(ad+a2 +54)
(amv)? + k?(02 + a2, + Bi)? H(t)
(2.15)

v mw

a

fr(m,n,t)H(t) = L!

Qg = b Qm

and L1 denotes the inverse Laplace transform.

2.2. Transversal vibrations

Let the plate be simply supported on the entire edge. So, the boundary con-
ditions are given by

wl =0 wl =0 .
r1=0 1 =b .
. 0w  w
Mul, =[Gz +vggg + (4 vam]n| =0
Mlll:;:b = 0
, . (2.16)
wl =0 w =0
z2=0 . 2=a
0w O*w
M|, = [v7 * 527 a7 T Ve |N| =0
Mp| =0
Trz=a
The initial conditions can be assumed in the form
w|_ =0 dwi _y (2.17)

=0 ot li=0
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Consider now the differential equation (2.6) governing the transverse vibrations
of the plate. Using the double sine Fourier transform and Laplace transform we
obtain the solution

24Qoas(1+ v) sin ™ sin 2pd )
ML =)

(2.18)
[I(m, n,)H(t) - (-1)"I(m,n,t— %)H(t - %)] sin a, 2y 8ih oy 23

where
_ 1  &(A+B6)
I(m,n,t) = w[(amv)? + R2(A + ﬂl)z]{(amvy A (%)2 .
-(amv sin %t - }A(—sin amvt) + (am:)':i%(f‘()z(bos %t — cosamvt) +
Y _ (2.19)
TR O )

(#) +=@a+my

= ao? 2
A=a, +a;,

2.3. Thermal stresses

Let us use the following notations

Bmn(t) = Cul(m,n,t) sin a, 2 sin amz2H(1)
Timn(t) = C; fi(m, n,t) sin @21 sin a,,z2 H(t)

Cv= %wm 2 (smT.;_i)
and
gg[wm(t) (1) Bun(t - 2]
e 3 [Fumal®) - (-1 malt = )]



THERMOELASTIC VIBRATIONS OF THE THIN PLATE... - 409

Substituting for w from Eq (2.18) into Eq (2.8), we obtain the final form of the
stress functions '

- . nr ssin 2md
G11 max(mn)(t) = Co sin - (T_?i—) :

(e + va3)I(m,n,t) — fi(m,n,t)]sin a,z; sin amz H(t)

n . nx /sin 2md
azzmax(mn)(t) = C, 8in _2" (T?g_) .

(a3, + va2)I(m,n,t) — fi(m,n,t)]sina,z, sin a2 H(t)

(2.20)
in omd
_ ., nx /sin 2mo
alZmAx(mn)(t) = (1 - V)C" sm T( amd ) )
2

anamI(m,n,t) cosayz; cos amz2 H (1)

Gijmac =% 3 Y, [Frimaxtmn) () = (=1)"Fjmastmm)(t — =)
m=1n=1
(i,j = 1’2)

C. = 12Qoat E
77 (1-v)abh

3. Numerical example

)

In order to analyse the obtained results we shall consider a numerical example,
assuming that the plate is made of carbon steel with the following properties

| Symbol Unit | Value
E kN/cm? | 2.1-107
P kg/cm® | 7.85-10-3.
X | W/(cmK)| 0502
Ce | kJ/(kgK) | 0.460

x | cm?fs 0.140

a " K-T | 1.2-10°%
v - © 0.3
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Fig. 2. Temperature field at the instant ¢ =500 s and ¢t = 1500 s
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and deflection w plotted as a funct

Fig. 3. Temperature 7
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Fig. 5. Deflection of the middle surface in ¢ =200s, ¢ =500s, t =800s
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The plate dimensions are taken as: o = 30 cm, b = 20 cm, A= 1 ¢cm. The
characteristics of the moving heat source are:

velocity - v=0.03cn/s

heat suorce intensity - @=100W

initial temperature of plate - Tp = 20° C.
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Termosprezyste drgania cienkich ptyt wywolane ruchomym frédlem ciepla

Streszczenie

W pracy rozpatrzono zagadnienie termoeprezystych drgan cienkich plyt, podpartych
na brzegach, wywolanych ruchomym Zrédlem ciepla. Problem rozwi 0 stosujac metode
transformacji calkowych. Rozwiazanie zilustrowano przykladem liczggwym.
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