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Equations, algorithm and computer programme illustrating a controlled air-
craft flight dynamics in navigational coordinate systems have been presented.
The being formmlated equations make the use of classical equations of aircraft
motion to develop the aforementioned model possible.” Results of exemplary
calculations have been inserted, as well.

1. Imtroduction

Models of flight dynamics of a controlled aircraft have been discussed by
Dzygadlo [1] and the others (cf {[4] <+ [6]). The aircraft motion is considered there
in ‘a stationary cartesian coordinate system related to the Earth. The foregoing
models during have been formulated using results obtained in a wind—-tunnel (cf
[1,2]) and during flight tests (cf [4]). Modelling of a modern, controlled aircraft
leads to a substantial simplification of a physical object and its environment and to
inadequancy of control principles model for real, automatic flight control systems.

The present contribution discusses the aircraft motion considered to be a sphe-
roid (cf [2,3]) in relation to the Earth. The aircraft flying model is controlled either
manually or by an automatic control system (cf [3,4,6]). A preprogrammed en—
route flight, homing flight to any selected point on Earth, return flight to the
preprogrammed route, etc. are some examples of many possible flight modes to be
examined. They particularly correspond with the modern military aircraft flights.

The aforementioned models of aircraft flight in the stationary coordinate sy-
stem have been used for the purposes of this paper. Additional coordinate systems
enabling accomplishment of aircraft flight in- relation to the Earth have been in-
troduced. Suitable equations and algorithms of numerical solution to the problem
have been included, foliowed by exemplary calculaiion results.
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2. Coordinate systems. Geometric and kinematic relations

The Earth has been assumed to be a spheroid with the semimajor and semi-
minor axes a and b, respectively (according to Krassowski {3], a = 6378245 m
b = 6356863 m, see Fig.1).

‘Following coordinate systems have been mtroduced (Fig.1, 2).

GXgYcZg — cartesian geocentric coordinate system. Point G co-
incides with the spheroid centre,
PXYZ - related to the spheroid centre. The axis PX lies on

the meridian plane and is tangent to a geographical
meridian at point P,

Ozyz ' — related to the aircraft itself,

Por XorYorZor: — related to a sphere of radius R, = a (Fig.1). The axis
Py Xor lies on the meridian plane and is tangent to a
meridian at point Fp,. Fo. lies on the straight line
that runs through the points G and P.

Coo:rdmate systems PXYZ and Oryz correspond with the systems used in
the classical flight mechanics, (cf [1,4,5]). The position of Ozyz system relative to
the PXY Z oue has been determined with the aid of Eulerian angles ¥, @, and
& (Fig.2).

Relationships between umit vectors of the aforementioned systems have been
determined to define geometric and kinematic variables. Assuming that the vectors
are of the following form, (Fig.2)

i — unit vector for the system GXgYgZg, is defined as follows

ic = figriarka]’

and, by analogy, for vectors of other coordinate systems wé have 1-0XY Z,
tp - PXY Z, ior ~ Por XorYor Zor, relationships between the foregoing vectors are
determined by the following relations

"ﬁr = EOriG iOr = EPOriP
(2.1)
i = Eip ip = Epig
~ Matrices E in the relations (2.1) can be written as
—sing,cosA —singysin) cos¢y,
Eor = | —sinA cos A 0
—COSPyCOSA —cospysinX —sin,
Ep = Ey| ._ (2.2)

lpgm
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Fig. 2.
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cose ‘0 sineg
Epor=| 0 1 0 E=p—
sine 0 cose

where
A, ¢ . — longitude and latitude, respectively,
®y ~ — geocentric latitude. .
The foregoing matrices are the orthonormal ones, having the following features
Epor = Eo,-E;
Eor = Epor Ep (2.3)

EP = E;’Or Eo,-

Taking Fig.1 and spherical trigonometry relations into consideration, interre-
lations between linear and angular coordinates are determined by the following
formulas

a? .
tan ¢ = b—-zta_.ntpy (2.4)
a COS €08 A
Xgp = —— cos psin A (2.5)
V1i-e?sin?p | (1 e?)sin?¢ -
. where
Xep = [Xep,Yopr,Zep]"
s
: (2.6)
Aa for Ygp 20
S : Aq = arccos &
A= XeptYsp
2r—- A, for Ygp < 0
(pg = arcsin Zep

: \/Xcz;P +Yép + Z%p

3. Flight route characteristics. Aircraft control principles

Position lines (cf [2]) are used to solve aircraft navigational problems. An
orthodrome (also called: great circle, i.e. the shortest line on a sphere of radiius
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R, (Fig.1, 2) between two points Po. and Ko, ) is one of them, used mainly in
the air force.

N

Fig. 3.

Again, with primary relations of spherical trigonometry applied, the following
relations (Fig.3) determine the orthodrome lenght (arc measure) - dpg, and both
the track angles - initial angle (¥) and final one (¥2)

dpg = arccos(cos Qg1 €08 (g2 €0S ANy, + Sin g1 sin @g2)

. /Si .
Y = a'rcsm(sin e cos %2) (3.1)

. rsin A,
o = srcsin(S202m o)

where: Al = |A2 — A4

The course-line deviation along the orthodrome from Py, to Ko, (with actual
aircraft position: A, and ¢, and assumption that lines Po,C and CK are
orthodromes) equals to e

. zp, = arcsin(sin Po,C sin apc) - (3.2)

where '

R cos CKg, — cosdpg cos Py, C
sin dpy sin Py, C

Qp. = arccos
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l Po,-C' and C Ko,.. can be _determined from the relation that defines the orthodrome
lenght '(_3.1). The orthodrome lenght DKo, equals to

DKo, = arctan(cos k¢ tan C Koy) (3.3)
where

Brco = arcsin S21Zex

: . sin C K| or
The longitude and geocentric latitude, respectively of point D can be expressed
as
pgp = arcsinfcos(s,, — ForD)sin p,v]
(3.4)
Po, D —si in-
XD = /\1:‘or -+ arccos b OrD - 510 $g1 BB $D
COS (g3 COS PgD
where
. (pgv — geocentric latitude of orthodrome vertex
pgv = arccos(cos @, sin P ) (3.5)
8., — arc length Fo,V
€08 Py
§,, = arctan ———— 3.6

‘The foregoing ielai_:ions that determine flight characteristics once can directly
applyd to determine the aircraft roll (cf [3]) which enables the aircraft to return
' to the preprogrammed route. The aircraft roll results from the aileron deflection.
. Established below one can find a general form of the equation of aileron control
during the flight under consideration

— the required aireraft roll
By = B + bazpy + Cnipy (3.7)
- aileron deflection -

K=+ bb+ aAD + diAD + AP + fIP+ P + e P

: (3.8)
bla =k
where
: AP o — difference between the required (#) and actual (&) air-
' . _craft rolls, respectively, . )
P '~ aircraft in—roll angular velocity,
Gn %+, ar<+€ — equation factors, in general case dependent on flight

characteristics (Mach number, speed, altitude, etc.).
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The aircraft control principles are complementary to the equations of elevator
deflection &, and render the following possible: the aircraft angle of pitch stabi-
lization, the geometric or pressure flight altitudes determination, etc. The afore-
mentioned equations are discussed in detail by J.Manerowski {4] and R.C.Nelson

[6). -

4. Numerical algorithm. Calculation results

The foregoing relations have been used to develep equations of motion as well as
the algorithm and computer programme of the flying model flight in navigational
coordinate systems.

The after-inserted equations make accomplishment of the flight consideration
possible. At the same time they constitute a numerical algorithm adjusted to
classical methods of numerical integration of equations. A flowchart of calculation
stages is presented.

(1) Initial conditions: A, ¢, A1, ¢1, Az, <2, flight characteristics.

o Loop of successive stages of equation integration

(2) Geometric and kinematic relations in the navigational coordinate systems

¢ = £(%) Er = f(\9) Eror = £(c)
Xe = EEX

%’ <Pg = ngG"YG" ZG) Eo" = f(A’ <Pg)

Xor = EorXg '

X = E;OrXOT

V= f(X,f’,Z) Yo, = f(XOr,yOr,Zor)

E= f(9,0,¥) :

z = EX

(3) Aircraft control principles

¥p = f(AD, ¥eDs A2, Py2)
%pyc = Xop sin ¥p — Y, cos ¥
bie = f(ZpxyZpy, flight characteristics)
b =610+ bir
< bpe = f(flight characteristics)
bn = bpe + bpe
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‘where indices denote the controls deflections: r — manual control, a — auto-
matic control, respectively.

(4) Equations of the aircraft motion — classical form of the flight mechanics
(cf [1,4,5]), see Fig.2

U
¥
W | _ f(parameters of : engine work,
P |~ aircraft movements etc.)
Q

| & |

X = f(¥,6,8,U,V,W)

6
6 | = £(6,4,P,Q,R)
v

(5) Mlustration of the flight trajectory characteristics on maps . (applying
various map projection techniques, e.g. conical projection (cf [2]))

~ linear coordinates of aircraft position on a map of the aforementioned
conical projection (Zm,¥m)

Ty = rsind) Ym = To — T COsd),

where
dy = (A = Xo)sin g
10 = R, cot o

r = rg — R, tan(¢ — ¢0)
and
Ao, po - longitude and latitude characteristic of a map,
R, ~ — mean radius of curvature of the terrestrical spheroid
at the point of latitude o,

a1l —e?

Ry = —————
* T 1-e?sin’
o end of loop of equation integration

Stated below one can find exemplary calculation results obtained from the
computer programme being developed. The present equations of motion refer to
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a supersonic strike aircraft. Together w1th elevator control principles they are to
- be found elsewhere (cf [4]).

Fig.4 illustrates flight path ABC on a map of Merkator projection ¢ = f(A).
At the bottom of Fig.4 one can easily observe a change of the true course (¥)
plotted against the route covered.

Fig.5 shows the aircraft flight trajectory ABC D on a map of conical projection.
The time functions of some selected flight characteristics: speed V, aircraft roll
®, true course ¥, and flight heading as required ¥, = ¥p (Fig.3) have been
inserted, as well. The results refer to the final route stage AB and to the mmal
one —BC, respectively.

6. Final remarks

The equations, algorithms, and computer programms presented above render
analysis of the controlled aircraft flight characteristics in the navigational coor-
dinate systems possible. The applied assumptions correspond with real aircraft
navigation and aircraft control (in terms of the automatic flight control systems)
principles. The results being obtained can be applied, to solve real problems of
aircraft navigation, to develop control principles of the automatic control systems,
étc. Characteristics of the foregoing algorithms show their numerical identity and
stability.
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Model dynamiki lotu samolotu w nawigacyjnych ukladach wspé rzednych

Streszczenie

Przedstawiono réwnania, algorytm i program komputerowy dynamiki lotu sterowanego
samolotu w nawigacyjnych ukladach wspdirzednych. Wyznaczone réwnania umozliwiaja
wykorzystanie klasycznych réwnasn ruchu samolotu do opracowania ww. modelu. Zamie-
szczono wyniki przykladowych obliczen.
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