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The paper deals with the asymptotic wave solutions of displacement of an
inhomogeneous beam under a load distributed over a given length and moving
at a constant velocity. The beam rests on a viscoelastic foundation. For a
homogeneous beam the respective solutions are well known. Heterogeneity
of the beam structure leads to a non-stationary motion. In this case do
not exist precise #olutions, so the method of 2 scale asymptotic expansion is
applied. The analytical calculations are carried out for two particular cases
of periodic inhomogeneous beam structure:

1. "discrete” — the beam 1s made of 2 different materials

2. "continuous” - the inhomogeneities are described by some continuous
functions of position.

1. Formulation of the problem

Let us consider an infinite Euler-Bernoulli beam resting on a viscoelastic foun-
dation with the elastic coefficient q. E7 denotes flexural rigidity, p ~ mass density
and A - cross sectional area with the moment of inertia I. We assume that all
quantities given above are described by some periodic functions of one variable
changing along the beam. The external load F is defined by

F, z€(0,L)

0, :zg(0,L) " (1.1)

F(z,t) = F(z — ot) = F(z) = {
It means that the load is uniformly distributed on the length L and it moves in
positive direction of z variable (along the beam) with a constant velocity v, and
t - denotes the time variable.
L is assumed to be large compared with the length of period describing inho-
‘mogeneity of the beam structure i.e.

=e< 1, (1.2)

b~
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where [ is the length of the period of the following functions:
(EN*(=), A=),  A%(2) (1.3)

If we introduce a new variable {microvariable):

y=3, (1.4)
the functions
(EN*(z) = EI(y),
() = ply), (1.5)
A(z) = Ay),

are periodic functions of y with the period:

l
L=-. 1.6
S (16)
The assumption that ¢ is small means that the structure of the beam is dense
along the characteristic length of the external load.
The motion of the beam under the load (1.1) is described by the following
equation:

Fle-vt) = (BN ur(e.) + (pAF @) Dpur(e.) +
b nput(z,t) + gu(z.0), an

where # is the external damping coefficient.

The aim of the paper is to find the deflection of the beam w®(z,t). The extact
solution of the problem (1.7) with the appropriate boundary conditions (see [2])
does not exist; we will seek for an approximate solution using the method of two—
scale asymptotic expansion.

2. Two—scale asymptotic expansion

We assume that

wi(z,t) = wo(z,y,t) + e wa(z, 3, t) + Ews(z,9,1) + ..y )
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where w;, : = 0,2, 3, are y-periodic functions.
Following ([3], [4]) we put

0 Jd 10
6—5 — 5:; + za—y (2.2)
Putting (2.1) in (1.7) and using (2.2) we obtain the terms of order: ¢74, ¢=2,
respectively.

Combining the terms of the same order in £ we get the hierarchy of the formula
for wg, wy, wy etc.

From equation:

E—l

& §?
e4 , W(E”(ﬂ)wwo(z,y,t) =0, (2.3)

we conclude that wp (x,y,t) is constant as a function of y (here is only one periodic
solution of the equation {2.3) see [3]).
Itis
wo(z,y,t) = wo(z,1). (2.4)

Using (2.4) we obtain the formula for (w3(z,y,t) in the form:

yi 2 -
e | [ii(m)(y)] [:—gwo(z,t)l +
82 2
or
O D) Lwalzpt) = ~ | Lo (ED(y)} Lpwola. ) (2.6)
2 ya2 1Y 1) = layz yJaIZ olZ,1). .
Because of: L
1| Zaenwiy =0, @7
¢

and then using the theorem of the existance and uniqueness of periodic solutions
of equations with periodic coefficients [3] we get oniy one periodic solution (with
an accuracy up to a constant) in y variable. We are looking for wa(z.y,t) in the
way of separating the variables:

i \
w?(z~yvt) = —X(y)'é':r—gwo(zy”» {2.8)

where X'(y} is a periodic solution of the following equation:

o

=

2
E¥ ——{El(y), y€(0.L), (2.9)

a? i}
BNz X(y = 597
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Equaticn (2.9) describes so—calied "cell - problem” for the inhomogeneous beam
(517
Similarly we get the formula for wy(z,y. ¢}

 Pwo(z,t)

waiz, !JJ} = "W(!/l 913 l\“210)
where ¥(y) 1s a periodic solution of the equation:
32 ) ) 62 » 8,7
oy I)gy)g-y;wwf = —2[6 bfly,a Xy +
. .
+ 5—3,—2531&3/)%*(14)}‘ (2.11)
The equation for wy(z,y.t) has the form
57 62 Jat |
_5 (!/) w,,(:c y,t) = EI(y‘;aci wp{z, () +
o? 2 ) ar... . &
+Ef(y)5;76—7w2(2»y,3)+45—[1“31!3/)0 3yw2t$ /‘f +
& & o a8 0? , .
61E1(y)3 ng(zyt)+2a [E'I(y)a By 2w3|zyt,j (2,12
8" &8 &
+ l (‘y):\ ay \z‘y9t)}+pA‘y)aQ

n

. 0 : N ‘ 3
-A-r;gt—wo(:.ty + quwgiz.t) — F(z - ot).

We obtaiz wo from the condition of uniqueness of wy i.2. from the fac: that the
imvegra: over {0, L) of the right hand side of {2.12) is equal to zero 1.e..

. o & a*
Fiz vty = (EDY ——-wo(:c t)+lpA‘°‘g—uO(r, i+
6 » s R} S
+ nawo(r.t)ﬁ-qwmz,t), L2138
where
o N L _2 N
(ED® = 7 ED(y) - }(y,‘)augft'(y,*_%dyﬁ
: (2140
, k
(A = < [(pa)y)dr.

]
o
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The equation {2.13} describes the motiopn of the beam under moving load F, but

the beam is now a homogeneous one. The coefficient ( E7) ic the eflective rigidity

of the beam in the case of “infinitely demse™ periodic structure i.e. £ = 0.
Denoting

L

[

J' {\"ay =< - >y, ' (2.15)
[

b e

after same simple calculations we get

1 -t
(EN™ = (
\EN )/
This expression is identical to so—called Voight bound for the effeciive inhomoge-
necus elastic constant in material with microstructure [6].
The asymptotic expansion of real deflection w(x,t) with the accuracy up to
the terms of order £? has the form

(2.16)

2

e g o O z
"”e(zvz) = 2170(‘23._.1} - fl-k(y)gr—{wof_fﬁt}s ¥y= ;v (2‘17)

where X'(y) is such a solution of {2.9) that
[ Xiy)dy = 0. (2.18)

and wy 18 a soluton of {2.13) whick is known from literature {2].

3. Examples

A, Let us consider the "discrete” periodic structure of the beam having the
foliowing form: .
. , ¥€{0,0) be(v,L}
EI«:{“‘ yenhe 3.1
vl t Qy. ye(va) ( )
where a,, a; are the elastic constants for two different materials of which the beam
£ made.
Then the equation {2.9) takes the form:
a0 = gt
; {3.2)
: d*

d‘? zdynXZ(y) d 2
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ard the conditions of periodicity and continuity are:
x1(b) = xa(b}, x1(0) = x2(L),
x1{b} = x2(b), x1(0) = x2(L), (3.3}
a1X1(y} = a2Xxa(y;.

To complete the system of equations {3.2), (3.3) we add the condition of unigueness
of the periodic solution as follows:

b L
[xatwps+ [xatmay=c. (3.4)
Q

t
The general solutions of (3.2) are:

xi{y) = Aw?+Biy+Ci, y€(0,b),
{3.5)

x2(y) = A +Bay+Cy  ye (L)

Putting (3.5) into (3.3) and (3.4) we can find the coefficients A;, B,, C;, i = 1,2.
Finnaly, we get:

G) — a2 9_2[ (01 - az )b 1
20.1 a; 2((11 - ag)b— aILJ’

b(ay — az)(L - b)

2(0.1 - az‘)b— alL’

(a1 — az)b
2(ay — az)b—ay L’
(al - ag)b LR
Ai = 2(0,1 - 02)b — ay Ls (36}
_b{b+ L){a - ay)
2(0; - ag)b - alL'
bia; — a,)(L? + 3Lb + b?)
6[2(0] - ag)b - alL] )

O = é(L’—SLH—b’)

B. "continuous”. We assume that the elastic modulus of the beam is described
by the following continuvous function:

El{y) = — . (3.7}
(v smmy +a o
Then the equation {2.9} takes the form
@, 1 A ‘ & JREN
f b X (y) = — (3.8

E"T\siny-é-a/dg,r2 d_g_,ﬁ'\-s;ly+a)'
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Integrating (3.8) and making use of the condition (2.18) we obtain

si
X(y) = - :”. (3.9)
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Streszczenie

Praca dotyczy asymptotycznych rozwiazain falowych dla u igcia niejednorodnej belki

powstalego pod wplywem obcazenia przylozonego na pewne;j dlugosci i poruszajacego sig
-wzdluz osi belki ze sta g predkoscia. Belka spoczywa na lepkosprezystym podlozu. Dla
belki o jednorodnej strukturze rozwiazanie tego zagadnienia jest znane. Niejednorodno-
8¢ materialowa prowadzi do niestacjonarnego ruchu. Poniewaz w tym przypadku nie ma
scislych rozwiazan zaproponowano 2-skalowe rozwiniecia asymptotyczne w celu aproksy-
anacjl ‘t;linkqi ugiecia. Podano 2 przyklady, w ktoérych periodyczna struktura belki jest
ana jako:
1. ”dyskretna - belka sklada sie z 2 réznych materialow
2. "ciagla” - niejednorodnosci sa opisane. przez ciagle funkcje polozenia.

Prace wphynela do Redakcji dnia 5 paid:ziernika 1989 roku



