JOURNAL OF THEORETICAL
AND APPLIED MECHANICS
50, 2, pp. 473-485, Warsaw 2012
50th Anniversary of JTAM

MODEL OF THE FINAL SECTION OF NAVIGATION OF
A SELF-GUIDED MISSILE STEERED BY A GYROSCOPE

EDYTA LADYZYNSKA-KOZDRAS

Faculty of Mechatronics, Warsaw University of Technology, Warsaw, Poland
e-mail: lady@mchir.pw. edu.pl

ZBIGNIEW KORUBA
Faculty of Mechatronics and Machine Building, Kielce University of Technology, Kielce, Poland

e-mail ksmzkoQtu.kielce.pl

This paper presents the modelling of dynamics of a self-guided missile ste-
ered using a gyroscope. In such kinds of missiles, the main element is a
self-guiding head, which is operated by a steered gyroscope. The paper
presents the dynamics and the method of steering such a missile. Cor-
rectness of the developed mathematical model was confirmed by digital
simulation conducted for a Maverick missile equipped with a gyroscope
being an executive element of the system scanning the earth’s surface and
following the detected target. Both the dynamics of the gyroscope and the
missile during the process of scanning and following the detected target
were subject to digital analysis. The results were presented in a graphic
form.
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1. Introduction

In the case of automatic steering of self-guided missiles, kinematic equations
of spins were related to missile equations of dynamics, using the Boltzmann-
Hamel equations (Ladyzyhska-Kozdras et al., 2008), which were developed in
a relative frame of reference Ozyz, rigidly connected with the missile (Zyluk,
2009).

At the moment of detecting the target, it was assumed that the missile
automatically passes from the flight on the programmed trajectory to trac-
king flight of the target according to the assumed algorithm, in this case —
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the method of proportional navigation. Controlling the motion of the missile
is carried out by the deflection of control surfaces, i.e. direction steer and he-
ight steer at the angles dy and 0y respectively. The control laws constitute
kinematic relations of deviations of set and realised flight parameters, stabi-
lising the movement of the missile in channels of inclination and deflection.
The realisation of the desired flight path of the missile is carried out by the
autopilot, which generates control signals based on the compounds derived for
the executive system of steering.

In the final section of navigation, various types of disturbances may af-
fect the missile, such as wind or shock waves from shells exploding nearby.
Therefore, additional stabilisation is necessary, in this case performed by the
gyroscope. When searching for a ground target, the gyroscope axis, facing
down, strictly outlines defined lines on the earth’s surface with its extension.
The optic system positioned in the axis of the gyroscope, with a specific angle
of view, can thus find the light or infrared signal emitted by a moving object.
Therefore, kinematic parameters of reciprocal movement of the missile head
and gyroscope axis should be selected to detect the target at the highest pro-
bability possible. After locating the target (receiving the signal by the infrared
detector), the gyroscope goes into the tracking mode, i.e. from this point its
axis takes a specific position in space, being directed onto the target.

2. The general equations of missile dynamics

Dynamic equations of missile motion in flight were derived in quasi-coordinates
¢, 0, 1 and quasi-velocities U, V, W, P, Q, R (Fig. 1) using the Boltzmann-
Hamel equations true for mechanical systems in the system associated with
the object.

The following correlation expresses them in a general form

dors 9T &

- _ =QF 2.1

dt Ow,, 877“ Tz:l az:l%ta @ (2.1)
where: a,p,r = 1,2,...,k, k — number of degrees of freedom, w, — quasi-

-velocities, 1™ — kinetic energy expressed in quasi-velocities, m, — quasi-
-coordinates, @), — generalised forces, g, — three-index Boltzmann factors,
expressed by the following correlation

8(17“6 8(17“)\
r bsubxra 2.2
Vo = ;;(a% B )bouba (2:2)
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Fig. 1. Assumed reference system and parameters of the missile in the course of
guidance

Relations between quasi-velocities and generalised velocities are

k k
ws = Z aéadadé - Z bé,u,wu (23)
a=1 pn—1

where: ¢s — generalised velocities, ¢ — generalised coordinates, as, =

= asa(q1,q2,---,qr) and bsq, = bsa(q1,q2,--.,qr) — coordinates being func-
tions of generalised coordinates, while the following matrix correlation exists:
[as5.] = [bsu) "

The Boltzmann-Hamel equations, after calculating the values of Boltzmann
factors and indicating kinetic energy in quasi-velocities, a system of ordinary
differential equations of the second order was received which describes the
behaviour of the missile on the track during guidance.

In the frame of reference associated with the moving object Ozyz, they
have the following form

MV + KMV = Q (2.4)

where: M is the inertia matrix, K — kinematic relations matrix, V — velocity
vector and
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V = col[U,V,W, P,Q, R]

The vector of forces and moments of external forces Q affecting the moving
missile is the sum of interactions of the centre, in which it is moving. This
vector consists of forces: aerodynamic Q,, gravitational Q,, steering Q; and
thrust Q. The flying missile is steered automatically. The steering is done in
two channels: inclination by tilting the height steer by 0z and deflection by
tilting the direction steer by dy

Q=Q,+Q,+Qs+Qp = col[X,Y, Z, L, M, N] (2.5)
where

X =—mgsinf+T — %pSVOQ(Cm cos 3 cos o + Cyq sin B cos a — C, sin )
+XoQ + Xsgdn + Xsv oy

Y = mgcosOsin ¢ — %pSVOQ(C'm sin 3 — Cyqsin B) + YpP + YrR + Y5y 0v

Z = mgcosfcosp — %pSVf(C’m cos Fsina + Cyq sin Fsina + C, cos o)
+Z20Q + Zsudn

L= —%pSVgl(Cmm cos fcos @ + Cpya sin Bsina — Cpyzgsina) + LpP
+LrR + Lsydy

M = —mgzx.cosfcos ¢ — %pSVozl(Cmm sin 8 + Cipzq cos B) + MoQ
+MwW + Msgdn

N = mgx.cosfsingp — %pSVfl(C’mm cos 3 sin o + Cpyq sin Bsin a
+Chzacosa) + NpP + NgR + Nsydy
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while: m — missile mass, 7" — missile engine thrust vector (Fig.2), p(H) — air
density at a given flight altitude, [ — characteristic dimension (total length of
the missile body), S — area of reference surface (cross-section of rocket body),
Vo = VU? 4+ V2 +W? — velocity of the missile flight, Cya, Cya, Czay Cimzas
Cinyas Cmze — dimensionless coefficients of aerodynamic component forces,
respectively: resistance P, lateral Py, and bearing P., as well as the moment
of tilting Mg, inclination My, and deflection M., (Fig.2), Xq, Yp, Y&, Zg,
Lp, Lr, Mg, Np, Ng — derivatives of aerodynamic forces and moments with
respect to components of linear and angular velocities.

Fig. 2. Forces and moments of forces acting on the missile in flight

3. Layout of gyroscopic self-guidance of missiles

Figures 3 presents a simplified diagram of the layout of gyroscopic self-guidance
of missiles onto a ground target emitting infrared radiation (e.g. a tank or a
combat vehicle).

Figure 4 shows the general view of the missile used in the scanning and
tracking gyroscope, i.e. one which can perform programmed movements while
searching for the target and tracking movements after detecting the ground
target through an adequate steering mounted on its frames.

The equations expressing dynamics of this kind of gyroscope steered by
omitting the moments of inertia of its frames, have the following form

dw . .
Jge—22 c08 Vg + J kg (Wgzy + Wgy, SiNTy) + My sind,

dt
ao dy
—Jgo (wgzz + —9>ng2 cos Vg + ncd—tg

= M,
dt
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Fig. 3. Diagram of the process of self-guiding a missile on a target
Ao dd
dt TohtOgagza + Jgo (wgz2 + —g>wgyz +m—2 = M,

dt dt
d dd,
Jao g (@ ) = M= My

J dwygy,
gk

where

(3.1)
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Fig. 4. General view of the gyroscope and assumed systems of coordinates

dy
Wz, = P costpy — Rsintg + d—tg

d
Wyy = (P cosyy + Rsiny)sind, + (% + Q) cos vy

% + Q) sin 1,
and Jy,, Jgr — moments of inertia of the gyroscope rotor in terms of its lon-
gitudinal axis and precession axis, respectively, 9,4, 1, — angles of rotation of
internal and external frames of the gyroscope, respectively, My, M, — torques
driving the rotor of the gyroscope and friction forces in the rotor bearing in
the frame, respectively.

The steering moments My, M, affecting the gyroscope expressed by Egs.
(3.1), found on the PR board, we shall present as follows

My = U(to, te) ML (t) + H(ts, t) My
M, = (Lo, t) MP(t) + TI(ts, t) M?

Wyzp = (P costpy + Rsiny) cos ¥y — (

(3.2)

where: TI(-) are functions of the rectangular impulse, t, — time moment of
the beginning of spatial scanning, t,, — moment of detecting the target, ts —
moment of the beginning of target tracking, t; — moment of completing the
process of penetration, tracking and laser lighting of the target.
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The program steering moments M]'(t) and MPF(t) put the axis of the
gyroscope in the required motion and are found by the method of solving the
inverse problem of dynamics (Osiecki and Stefanski, 2008)

d192 dz?z 1 /dipg\2 . A, 1
P 9 gz 1+ 9 _ OWg -
My (1) = 1(7o, Tw { 2( Ir ) sin 29, I cosv&‘gz} ”
dpg. | dipg, d¥g, .
D 2 9p 9 g 9
ME(7) = (70, Tw ( cos” Uy, + be I + I dr sin 29, (3.3)
ddy. 1
+ 7r cos ¥y )
where
Joom 1 b
= tQ Q = M = Ce = ——5 b = bC =
T Tk b e 22 b Tpef2

and 4., ¥y, are the angles determining the position of the gyroscope axis in
space.

For the target tracking status, values of angles determining the given po-
sition of the gyroscope axis are equal to

7992 =& wgz =0 (34)

where: ¢, o are the angles determining a given position of the target observa-
tion line (TOL).

The angles e, o are defined by the following relationships constituting
kinematic equations TOL (Mishin, 1990)

dre
d_rt = ‘/p:ce - ‘/cxe d_ire cose = ‘/pye - ‘/cye
a (3.5)

ETE = V;Jze - ‘/;ze
where

Vpze = Vo[cos(e — xp) cos e cos 7y, — sin e sin v,]

Vipye = —Vosin(e — xp) cos yp
Vpze = Vilcos(e — xp) sin e cos 7y, — cos € sin )

Veze = Velcos(e — xc) cos e cos 7y, — sin e sin 7]

<

cye = —Vesin(e — xe) cos e

Veze = Ve[cos(e — x.) sine cos 7y, — cos € sin 7|
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and r. — distance between the centre of gravity mass of PR and the ground
target, Vp, V. — velocities of PR and the ground target, v, =0 —a, x, =¥ —f
— position angles of the PR velocity vector, 7., x. — position angles of the
velocity vector of the ground target.

If angular deviations between the real angles ¥, and 1), and required
angles ¥y, and 1),, are denoted as follows

€y = Zbg - ¢gz €y = ¢g - Zz)gz (3-6)

then the tracking steering moments of the gyroscope shall be expressed as
follows

_ — — de
M; (7) = T(rs, ) (Foeo — Reey + Ry —" )

— — — de
M2(7) = T(7s, 70) (Roey + Feeo + )

where

— k — k
By = —2 F, = —< _

c N hg
Tg$2° Tgrd22

M= 7.0

Thus, the steering law for the autopilot, taking into account the dynamics
of inclination of steers, shall be expressed as follows

d25 do, dry dyt
—r= m; —= mpOm = ~hm -, hm —2_ P
d25,, ds,, . dx, dx; '

where: by, b, are the coefficients of stabilising steers, k;,, knp — coefficients
of amplifications of steer drives, A, hyp — coefficients of suppressions of steer
drives, kq,, k, — coefficients of amplifications of the autopilot regulator, h,,, hy,
— coefficients of suppressions of the autopilot regulator.

The required angles of position v, x;, of the PR velocity vector are deter-
mined by the method of proportional navigation (Koruba, 2001)

Ty _ A0y Dy _ Wy

praial e pralal e (3.9)

where: a, a, are the required coefficients of proportional navigation.



482 E. LADYZYNSKA-KOZDRAS, Z. KORUBA
4. Obtained results and final conclusions

The tested model of navigation and the steering of the self-guiding missile
describes the fully autonomous motion of the Maverick combat vessel, which
is to directly attack and destroy a ground target after being detected and
identified.

Figures 5-8 show selected results of digital simulation of the dynamics of
the missile during self-guidance on a detected ground target. It was assumed
that the missile was launched from an aircraft-carrier moving at a speed of
200m/s at a height of 400 m. The target was moving along an arc of a circle at
the speed of 10m/s. The parameters of the steered gyroscope were as follows

Jyr = 2.5 - 10~ kgm? Jyo = 5.0 - 1074 kgm?
d N

ny = 600 —— = 1e = 0.01 =
S rad

while the coefficients of its regulator had the values

N N N
kp = 31.480 — ko = 2.986 —2 hg = 31.525 ——
rad rad

rad

The coefficients of proportional navigation and parameters of the regulator of
PR autopilot were as follows

N
a4y =35 a, = 3.5 i = 2.703 —
Nm Nms rad
k, = 11.439 — hy, = 9.887
rad rad
400 1'en‘ul tmjAectories‘

“-| —e— predetermined trajectories
| trajectories of target

0L e
Y, [m] o 1500
0735002000 4 [m]

Fig. 5. Spatial trajectory of a self-guiding missile
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Fig. 7. Angular position of the missile in function of time during guidance
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Fig. 8. Angular position of the gyroscope axis in function of time



484 E. LADYZYNSKA-KOZDRAS, Z. KORUBA

With the parameters selected as in the above, the target was destroyed in
6s of the flight.

It should be emphasised that the gyroscope scanning and tracking layout
proposed in this paper improves the stability of the system of missile self-
guidance and increases resistance to vibrations born from the board of the
missile itself.
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Model koncowego odcinka nawigacji samonaprowadzajacego pocisku
rakietowego sterowanego giroskopem

Streszczenie

W pracy zaprezentowano modelowanie dynamiki samonaprowadzajacego pocisku
rakietowego sterowanego przy uzyciu giroskopu. W tego rodzaju pociskach rakieto-
wych atakujacych samodzielnie wykryte cele gtéwnym elementem jest samonapro-
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wadzajaca gltowica, ktérej naped stanowi giroskop sterowany. W pracy przedstawio-
na zostala dynamika i sposéb sterowania takiego pocisku. Poprawnosé opracowanego
modelu matematycznego potwierdzita symulacja numeryczna przeprowadzona dla po-
cisku klasy ,,Maverick” wyposazonego w giroskop bedacy elementem wykonawczym
skanowania powierzchni ziemi i sledzenia wykrytego na niej celu. Analizie numerycznej
poddana zostalta zaréwno dynamika giroskopu, jak i pocisku podczas procesu skano-
wania i §ledzenia wykrytego celu. Wyniki przedstawione zostaly w postaci graficzne;j.
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