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PLASTIC STRAIN ENERGY UNDER CYCLIC MULTIAXIAL STATES OF STRESS
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In this paper the cyclic plastic strain energy density under multiaxial states of stress
is analysed. A relationship is proposed which can be used to determine the plastic strain
energy per cycle for non — Masing material for various stress range. In the investigation
the generalized constitutive relations cyclic stress — strain for non — Masing material
are used. The presented model based on general and basic principles and significant
constants can be obtained from appropriate and common tests. Predictions of the pro-

posed method with the experimental data of biaxial cyclic loading has shown good ag-
reement.

1. Introduction

In total strain — controlled experiments it has been observed that after some number
of cycles, usually less than half — life duration the steady state of the material is achived.
For practical purposes, it may reasonably be assumed that the steady hysteresis loop
does not vary with cycles [l - 4]. Therefore, the idea of relating fatigue life to the plastic
strain energy density (area‘ of hysteresis loop) during a load cycle has been proposed.
The work of Feltner and Morrow [5] need mentioning as the first significant contribution
in which they have clearly pointed out the significance of plastic strain energy in the ana-
lysis of fatigue proporties of metals.

Halford [6] presented the relationship for plastic strain energy based on the cyclic
stress — strain curve of the material. Esin and Jones [7] introduced the concept of sta-
tistical functions characterizing the micro — inhomogenity of stress and strains existing
in a metal and used it to express the hysteresis energy. Jhansale and Topper [8] proposed
an approach for describing the loop shapes of a non — Masing material. Abel and Muri
+[9] suggested that the hysteresis loop clousere failure may be an essential prerequite for
the fatigue — crack initiation. The method of an analytical description of the steady
hysteresis loops and cyclic strain curve from the test of one specimen only, was discussed
in [10].

It is generally agreed, that plastic strain energy plays an important role in the damage
process. The plastic strain energy density depends on the kind and range of the cyclic
loading. The significance of the energy approach is in ability to unify microscopic and
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macroscopic testing data and to define multiaxial criteria. All, of therc above mentioned
investigations consider only the uniaxial state of stress. The problem of plastic strain
energy in multiaxial cyclic loading was considered in some works. Damali and Esin [11]
discussed the extension of Esin’s statistical formulation to the case of biaxial fatigue under
proportional stressing. Garud [12] considered the plastic cyclic strain energy under complex
loading based on a ,,new hardening rule”. Lately, Lefebvre, Neal and Ellyin [13] accor-
ding to 7, (von Mises) theory presented the relation for the plastic energy dissipated during
proportional loading.

It is objective of this paper to present the relationship, which can be used to determine
plastic strain energy for both, Masing and non-— Masing material under cyclic mul-
tiaxial states of stress. In the investigations, the general constitutive equations cyclic
streess — strain [14] are used.

The significant constants in the proposed relationship can be obtained from appro-
priate and common tests.

2. Cyclic plastic strain energy

During strain fatigue, energy is dissipated because of plastic deformation. The cyclic
plastic strain energy dissipated per unit volume during a given loading cycle for an ele-
ment subjected to a cyclically varying stress and strain history 4o;; and de;; is:

AW? = § Aoy d(Aep), (1)

where Ae?; is the plastic strain range. Because of incompressibility of plastic deformation
(ie. d(Aey) = 0, the foregoing relation can also be expressed as follows:

AWP = § A4S, d(dep), 2)

where AS;; = do;;—(8;;404)/3 is the deviatoric stress tensor.

The cyclic uniaxial stress — strain curve is generally obtained by plotting the stress
corresponding to the positive (tensive) peaks of the hysteresis loop at half — life for va-
rious strain ranges. A widely used form is:

As Ao (Aa o

2 ~ 2\
where Aa /2, Agf2 are the stress and strain amplitude, respectively, E is the modulus of
elasticity, K is a strength coefficient, and »’ is the cyclic strain hardening exponent. A ma-
terial is said to exhibit a Masing description when the branches of hysteresis loops can

be described by the equation (3) magnified by a factor of two, ie.:

1/n’
PP L (%) . @

The origin of the coordinate system in this case is transfered to the compressive tip of
the hysteresis loop. :

Generally, if the origin of the coordinate axes is transformed to the tip of the negative

)



PLASTIC STRAIN ENERGY... 173

(compressive) cycle, the positive branches of the half — life hysteresis ldops do not fall
on a monotonically increasing unique curve (non — Masing material). This observation
is rather significant and it affects the maner in which the plastic strain energy per cycle
is to be determined. Jhansale and Topper [8] proposed an approach for describing the
loop shapes of non — Masing material. This approach was analysed in [2, 3] and is adopted
herein. A ,,master” curve different from that of the cyclic curve is defined as one geometri-
cally similar to the matched upper branches of the hysteresis loops with minimum pro-
portional range.
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a€!
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Strain range

Fig. 1. Hysteresis loop for a non — Masing material

In the Figure 1 the uniaxial hysteresis loop (ABCA) for the ,,minimum’ proportional
range, o, and that of (OABCDFOQ) with a bigger proportional range are presented. The
equation of the ,,master’ curve ABCD, where the origin A corresponds to the lower tip
of the minimum proportional range hysteresis loop is given by [3]:

Ao* Ag* 1
¥ T =
asx = 5 +2(2K*) : )
.The increase in the proportional stress, do,, can be obtained from:
dog = Ao—Ao* = Ao—2K*(AeP [2)™. ©)

Then, the plastic strain energy density — the area of the hysterésis loop OABCDFO may
be expressed as: '

1—n*
AW?P = T (Ado—b0o) AP + dog AeP. @)
For Masing material do, = 0, and equation (7) reduced to [6]
1—n'
P P, 8
AW T Aode ®

For non — Masing material under cyclic multiaxial loading the relation between stress
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and strain components is given by (14]:
1—n¥*
3 (/]O:;) T

Aek 1+ 3 (de®) ™
Ty T Thre 2 QRKx)U

= Aok

v .
5 E Yl oy Ao+

- ASE, 9
where Ao* = (3/24SKASH)M? is the effective range stress. The deviatoric stress tensor
ASF is calculated as:

ASE = dofy—6,(Aai)[3. (10)

The components of stress tensor Aa¥ may be estimated from the difference between Ao;

can be obtained as:

530 = %~ o, (an
2
where Ao = (3/24 S;;4S:)42, and o, is the minimum proportional stress for uniaxial case.
According to the I, theory the equivalent plastic strain can be defined as follows:
Aer = (23468, Aet) 2. (12)

It is generally assumed that the effective cyclic stress — strain curve for multiaxial pro-
portional loading takes the form analogous to equation (5), (see Fig. 2).

L Z]—O'* 1/n*
Z]Sp =2(EKT . (13)
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Fig. 2. A cyclic stress — strain relation for a A-516 Gr. 70 carbon steel

Therefore, the plastic strain energy for non — Masing material under multiaxial loading
can be expressed by following equation:

1-n
1+n

AWr =

* . o
—Ao*e? 4 bop Aer. (14)
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The above equation relates the plastic strain energy denisty under multiaxial loading
with the components of the strain and the stress tensors. The softening or hardening of
the material due to cyclic loading is included through the equation (9).

3. Comparison with experimental data

To examine the applicability of the proposed criterion we would require data on
uniaxial cyclic — strain curves and amplitudes of strain and stress for multiaxial cyclic
loading. The test results for A-516 Gr. 70 low alloy carbon steel presented in [2, 15] enable
us to make relative comparison. This material as shown in [2, 3] does not follow the
Masing hypothesis. '

Fully reversed strain — controlled tests at six strain ratios (9 = de,/4e,) have been
carried on thin — walled tubular specimens using a hydraulic servo — controlled testing
system. Specimens were cyclicaly loading in the axial direction while pressures were applied
to the inside and outside alternatively during each half cycle. The strain ratio, o, was kept
constant during a given test. Figure 2 shown a master curve under uniaxial stress condi-
tions. The strength coefficient KX* and the hardening exponent n* of the Eq. (13) evaluated
by a least — squares technique were:

K* = 6298 MPa and n* = 0.144. (15)

The plastic components of strain tensor based on relationship (9) for the plane stress
condition may be expressed as:

1w
Doy =2 U (Acg—-%daj), (162)
QK*) "
Ael" = 2("—"*)% (Aa;"——%d&;")), : (16b)
(2K*)ni
where
Ao* = [(Ao%)? — Ao} Aok + (ds¥)?]42, (16¢c)

The minimum proportional range o, for the A-516 Gr, 70 carbon steel is oy = 180 MPa [3].
The predicted values of the plastic strain energy are compared with the experimental data
for two strain ratios, ¢ = 0 and 1 in Fig, 3. It is seen that the correlation is rather good.

Note that the required constants in Eq. (14), were obtained from the uniaxial test results.

4, Conclusions

A method for calculation of the cyclic plastic strain energy density under multiaxial
loading has been presented. A relationship is derived which can be used to determine plastic
strain energy density for a non — Masing material for various stress ranges. The Masing
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type of response also can be obtained as a particular case of the present model. The ma-
terial constants used in the calculations can be obtained from the uniaxial test data.

The predictions of the proposed model are compared with the biaxial test data of
A-516 Gr. 70 carbon steel, and the agreement is found to be good.
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Fig. 3. Comparison between predicted and experimental data [15] for strain ratios 0 and 1

References

—

. S. Kocawpa, Zmeczeniowe zniszczenie metali, WNT, Warszawa 1985.

2. D. LeeevrE, F. ELLYIN, Cyclic Response and Inelastic Strain Energy in Low Cycle Fatigue, International
Journal of Fatigue, Vol. 6, No 1, 1984, 9 - 15,

3. F. Evuyin, D. Kuiawskl, Plastic Strain Energy in Fatigue Failure, ASME Journal of Pressure Vesse
Technology, Vol. 106, No 4, 1984, 342 - 347,

4. P. P. BeNHAN, Axial — Load and Strain — Cycling Fatigue of Copper at Low Endurance, The Institute
of Metals, Vol. 89, 1961, 328 - 338.

5. C.E. FELTNER, J. D. MoRrRROW, Microplastic Strain Hysteresis Energy as a Criterion for Fatigue Frac-
ture, ASME Journal of Basic Bngineering, Vol. 83, Mar. 1961, 5 - 22.

6. G.R. HALFORD, The Energy Required for Fatigue, Journal of Materials, Vol. 1, No 1, Mar. *1966,
3-18.

7. A. EsiN, W. J. Jones, W. J. DErRRICK, 4 Theory of Fatigue Based on the Microstructural Accumulation
of Strain Energy, Nuclear Eng. and Design, Vol. 4, 1966, 292 - 298.

8 H.R. Juansavrg, T. H. ToPPER, Engineering Analysis of the Inelastic Stress Response of a Structural
Metal under Variable Cyclic Strains, ASTM STP-519, American Society of Testing and Materials,
1973, 246 - 270,

9. A. ABEL H. MURI, Mechanical Hysteresis and the Initial Stage of Fatigue, Metal Science, Vol. 9,
1979, 459 - 463, _

10 C. Goss, S. KocaNDA, Experimental and analitical studies on high — strength steels within the range,
of low — cycle fatigue, Mechanika Teoretyczna i Stosowana, No 3, 1979, 167 - 184. (in Polish).

11. A. DamaLl, A. EsiN, Micro Plastic Strain Energy Criterion Applied to Reversed Biaxial Fatigue, Proc.
4th Int. Conference on Fracture, Waterloo, 1977, Vol. 2, 1201 - 1206,

12. Y. S. GARUD, 4 New Approach to the Evaluation of Fatigue under Multi-Axial Loading, Methods for

predicting Material Life in Fatigue, ASME, 1979, 247 - 258.



PLASTIC STRAIN ENERGY... » 177

13. D. Leresvrg, K. W. Nearg, F. ELLYIN, A criterion for Low- cycle Fatigue Failure under Biaxial Sta-
tes of Stress, ASME Journal of Engineering Materials and Technology, Vol. 103, No 1, 1981, 1 - 6.

14. F. ErLvin, K. Goro$, A Constitutive Relation for Multiaxial Stress States under Cyclic Loading, Proc.
International Conference on Constitutive Laws, Tucson, 1986.

A5, D.F. LEreBVRE, Hydrostatic Effect on the Life Prediction in Biaxial Low-Cycle Fatigue, Proc. Second
International Conference on Biaxial Fatigue, Sheffield, 1985.

Peziome

SHEPTUS ITITACTUYECKOM JEPOPMAIIUU B VCIIORHAX CIIOXHOT'O
TUKIITIECKOT'O HATPYXXEHIA

B paboTe rpeACTaBIeHO METO/I OUEHKH 3HEPIHM AUCCHIMALMI B LMKIIC B YCIOBHSX CIOMKHOTO LMK~
uagecKoro Harpyyxenust. IlpemnaraeMulil MeTo[ Ha&T BO3MOYKHOCTE PACUETA SIEPruM IUIACTHUECKOH ne-
(bopMAUHK IUI MATEPHANOB OIMCBIBAEMBIX MoZmensM MacuHra, a TalOKe TAKMX, KOTODLIC HEMQMMIHA-
JOTCRL 3TOH MomenH. [IpcMyliecTRoM METONma ecTh TO, YTo 1KoedhHUIEHTHLI HCIOMb30BAHHAIC B pacuérax
MOYKHA NOYUHTh HA OCHOBE 0/JHOOCHBIX 3KCIIEPUMEHTANBHBIX PE3YIbTATOR.

PesynbTaThl pacyéTa NUKIIMUECKON 3HCPTHM TIJIACTHMYECKOR Xepopmalui NONyUeHHbIE Ha OCEHOB
NPEACTABEHHOTO MeToAa OhLIHM CPaBHEHDLI C JAHBIMH SKCIEPHMEHTANBHBIMU B YCIOBHAX IUIOCKOTO Ha-
NIPKEHHOTO COCTOAHHA.

Streszczenie

ENERGIA ODKSZTAE.CENIA PLASTYCZNEGO PRZY WIELOOSIOWYCH OBCIAZENIACH
CYKLICZNIE ZMIENNYCH

W pracy przedstawiono metode obliczania jednostkowej energii dysypacji przy obciaZeniach cyklicz-
nie zmiennych w warunkach zlozonego stanu obciaZzenia. Przedstawiona metoda moze by¢ stosowana do
obliczania energii odksztalcenia plastycznego zar6éwno dla materialéw podlegajacych opisowi modelem
Masinga i nie podlegajacych temu opisowi. Zaleta przedstawionej metody jest to, ze stale materialowe
zastosowane w obliczeniach mogg byé otrzymane na podstawie wynikdéw badan zagadnien jednoosio-
wych.,

Wyniki obliczeri jednostkowej energii odksztalcenia plastycznego uzyskane przy zastosowaniu przed-
stawionej metody zostaly dla plaskiego stanu naprezefl poréwnane z odpowiednimi wynikami uzyska-
nymi z badan do$wiadczalnych.

Praca wplynela do Redakcji dnia 2 paidziernika 1986 roku.
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