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ON THE CALCULATION OF THE VELOCITY INDUCED BY A VORTEX-SOURCE CONE

K. VarsaMov, K. YosiFov, A. HAiM0oV (WARNA)

The present paper describes the transition from numerical quadrature to linearized
expressions for calculation of the velocity induced by unit vortex cone at points near the
vortex sheet. A criterion is obtained by comparing the results with the exact solution for
singularity distribution of constant strength.

I. The method of singularities is often used for solving axisymmetric potential flow
problems in doubly connected regions (ring aerofoils, bodies in ducts, etc.). The bodies.
are represented by a vortex or source-vortex distribution along the so called camber sur-
faces. The strength of the singularities gives the velocity at any point of the flow by nume-
rical quadrature. The numerical integration for the velocity at a control point near a vortex
sheet becomes inaccurate due to the singularity of the integrand at points on the sheet.
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Consider a continuous vortex or source-ring distribution of strength y(s"), ¢(s’), res-
pectively, along a camber line s (see fig. I) and the control point M located near s. Any
component of the velocity induced by such a sheet may be written as
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where A; are the weight coefficients of the quadrature. It was mentioned in [I] that the
increasing error of quadrature formula for small values of b forces a special consideration
of the interval 4 = & —§;_,. Eq. (I) can be expressed in the form
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The exact solution of the integral (3) can be found by using linearization of the camber
line and the vortex strength and setting

0'(€) = om+a- &,
C)) Y(E) = ymte- &,
a(&") = qu+f- &,
where a, e, f are the corresponding derivatives and gy, ¥m, gm — the mean values.
For the axial and radial velocity components from (I) in [I} and [2] we obtain:
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where the notation is expedient from fig. 1:
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2. The above equations for the induced velocity have been applied to the numerical
solutions [1] [3] of the inverse hydrodynamic problem for propelling complex in partially
nonlinear formulation. They have been used not only for calculation of the camber
(b = 0) lines, but also for the construction of duct’s profile in case of control points si-
tuated near the camber line. For the points sufficiently distant from the camber line the
contribution of the vortex-source cone containing in its interval the control point is ob-
tained from (1). The trapezoidal rule is used in both solutions. It is obvious that the boun-
dary value of b, which gives more accurate result using eq. (5+8) than the trapezoidal
rule must be obtained for the considered interval. The purpose is to obtain a smooth tran-
sition in accuracy for both formulas.

3. The solution of the problem in [l] is obtained empirically by numerical tests in
quite a narrow interval along the duct profile (~ 0.5) and about 20 points used in the case
of large relative thickness. The results of computations [3] show that it is not convenient
to use a fixed value of b like a transition criterion from (1) to (5=+8). Obviously, the varia-
tion of the number of points with other parametres fixed changes the length of the inter-
val A4 (fig. 1) and the relative position of the control point M towards the influencing cone.
That is why the comparison of the accuracy of (5+8) and the quadrature formulae will
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be made for normalized values of b, ¢ = ——, p = ——. Only the main components u}
m m

and vy will be discussed.

4. Consider the influence of vorticity distributon of constant strength placed along
a cylindrical surface. Hence, assuming that y = const, ¢ = const, where ¢ = 0, ¢ = 0,
J=10,¢=0, d=»4? from eq. (5 and (8) we obtain the expressions:
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It is sufficient to analize eq. (10). The simple chosen scheme gives the possibility to
calculate the exact values of the velocity, substituting the vorticity distribution by twg
equivalent source disks (fig. 2). This suggests the solution
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K(k), E(k), II(m?, k) are the complete elliptic integrals of first, second and third kind with
4pe’ 4p
arguments K = ]/ - s M= ——
(p+0)+(E=-E)? (o+04)?
Fig. 3, 4, 5 and 6 show certain results of calculations obtained by the use of the three
methods (eq. (1), (10) and (12) for which computer programs were written. The results
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of (10) and (12) are in good agreement, specially for small values of |¢|, where the error
of the quadrature formula increases rapidly. Increasing the value of ¢ we obtain that, the
accuracy of both methods becomes equal and next the results from (1) are better.

The behaviour of the solution permits to obtain the curve p = f(q) plotted in fig. 7
which, gives the same accuracy in using both formulae. In the interval —0,6 < ¢ < 0,6
the function is approximated by the polynomial

(14) p = —05393-¢*—0,0852- ¢ +1,494 - g2 —0,445 - 1039 +0,386 - 102
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The resulting formula defines two regions 4 and B which correspond to the sufficiently
accurate use of eq. (10) and (I), respectively. '

As a concluding remark it should be mentioned that eq. (14) permits the automatic
transition from numerical quadrature to linearized expressions in calculating the velocity,
induced by a vortex-source come in points of its neighbourhood.
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Peswme

BBEIUUCJIEHVWE CKOPOCTH ITOPOXKIEHHOM BHPOBEIM KOHYCOM

B pafoTe paccmMaTpHBAETCA NEPEXON OT BBIUMCIIMTIENBHOH KBaJpaTyphl JI0 JMHEAPH30BaHBIX (hop-
MYJI Ha CKOPOCTh IIOPOM/IEHYI0 AMANURELIM BUPOBBIM KOHYCOM B TOUKAX B OKPECTHOCTH BUXPEBOIO CNOS .

U3 cpaBHEHMS DE3yNLTaTOB C TOUHBIM peIlleHHEM [ONYUEH KPUTEPMH [UIA CHHTYIADHOrO paclpe-
JIeTIeHA BUXPa O ITOCTOSTHHOH MHTEHCHBHOCTH.

Streszczenie

WYZNACZANIE PREDKOSCI PRZEPEYWU WYWOLANEJ WIROWYM STOZKIEM

W pracy przedyskutowaliémy przejécie od kwadrtury numerycznej do zlinearyzowanych wzorow
obliczeniowych, z ktérych wyznaczona zostala predko§é przeplywu wywolana jednostkowym stozkiem
wirowym w punktach w poblizu warstwy wirowej. Przez por6wnanie wynikéw z rozwiazaniem Scistym
otrzymano kryterium na rozklad osobliwodci o stalej wydajnosci.

Praca zostala zloiona w Redakcji dnia 11 listopada 1980 roku



