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The computational model of steady state vibrations of the coil spring covered with an ela-
stomeric layer under resonance conditions and outside them is presented in the paper. It
enables one to assess the reduction effectiveness of dynamic stresses in function of the mate-
rial and geometrical parameters of the applied coating. The considerations are supplemented
with the numerical examples.
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1. Introduction

Coil springs due to their reliability, wide stiffness range, resistance to unfavourable work condi-
tions and time invariable force-strain characterisics, constitute the most popular elastic coupling
links. Coil springs used in machines generating high frequency or not harmonic excitations are
often exposed to operations in a circum-resonant range (Branowski, 1997). Studies aimed at a
reduction of natural vibrations of valve springs in internal combustion engines, carried out thro-
ugh many years, indicate the importance of this problem (Flenker and Uphoff, 2005; Liu and
Kim, 2009; Yang et al., 1996; FIAT — Bollettino Tecnico, 1962). These vibrations cause dynamic
stresses in valve springs of the reduced values reaching up to approxmately 2000 MPa (Mubhr,
1993). An additional unfavourable effect accompanying natural vibrations is — in this case — the
valve loss of tightness, which can lead to a serious engine failure. Natural vibrations constitute
also a problem of springs used in suspension systems of automotive and rail-vehicles (Dickhart
and Herring, 1985). Propagation of vibrations of audio and higher frequencies in automotive
vehicles can cause material strengthening in welded and annealed joints, negatively influencing
their fatigue strength (Boschi, 1961). Coil springs can buckle already at a very low slenderness
ratio (Kruzelecki, 1990) — natural vibrations of springs caused by local stiffness changes can
significantly contribute to their stability loss. These vibrations can reach high amplitudes in coil
springs due to very low damping properties of steels used, most often during their production.
As it was experimentally indicated and presented by Michalczyk (2012), for the usually applied
mounting methods of coil springs, the ability to dissipate energy in the system: spring — mo-
unting element, expressed by means of the logarithmic damping decrement, usually does not
exceed 0.001. It was shown in the paper by Michalczyk and Majkut (2003) that circum-resonant
ranges of the maximum forces increase in springs much wider than the ranges of increasing
vibration amplitudes of the vibroinsulated mass, which encompases only the close vicinity of
the system resonance frequency. It was also pointed out that these forces are getting higher
and higher values in the successive valleys between resonances. Very weak damping properties
of coil springs are the reason of searching for solutions which would allow one to increase the
dissipation of energy collected in coil springs. There are several methods increasing damping in
the spring-mounting element system. In these solutions, either a dry friction between the coils
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and mounting elements is applied (Shulgin and Sjemionov, 1985; Mayers, 1985) or elastomers
of high damping capability are used in the spring mounting elements (Nix, 2001; Boschi, 1961;
Michalczyk and Michalczyk, 2009). The strength analysis and investigations concerning dam-
ping properties of the solution presented by Michalczyk and Michalczyk (2009), were shown in
Michalczyk and Lepiarczyk (2011) and Michalczyk (2012). The classic example of the reduction
of natural vibrations of coil springs is the application of multi-wire coil springs in machine guns
recuperators, e.g. in the Kalashnikov rifle (Clark, 1961; Costello and Philips, 1979; Zukowski,
1955). Another way of increasing damping in the system of the spring and mounting element is
an application of elastomeric coatings on the coil wires. This solution was presented by Muzio
(1998) and Nishiyama et al. (1988). However, the lack of computational methods allowing one
to determine the coating effectiveness in relation to its parameters, prevented a wider applica-
tion of this solution. The analysis of effectiveness of the limiting maximum stresses caused by
longitudinal vibrations of the coil springs subjected to excitations of resonance frequences was
presented by Michalczyk (2013). The model given by Michalczyk and Majkut (2003) allows one
to determine the damping effectiveness of the elastomeric coating covering the total coil wire
length solely under the resonance condition.

The aim of the present paper is development of the model enabling determination of para-
meters of longitudinal damped vibrations of a spring covered with an elastomeric coating in the
whole range of excitation frequencies.

2. Analysis

The model of the spring subjected to forced excitation, modified in a way suitable for calculations
in the case of excitations of a kinematic character, was applied in this study. The analysed system
is presented in Fig. 1.

(2)
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(b)

Fig. 1. Analysed model of the spring with force and kinematic excitations (a), sector of the analysed
spring with the elastomeric coating (b)

The classic model of the equivalent rod was used in considerations (similarly as in Michalczyk
(2013)) since, as it was shown in Pietra and Valle (1982), the spring model developed by Wittrick
(1966), taking into account the coupling between longitudinal and torsional vibrations, provides
— for typical springs — only insignificantly more accurate results than the classic model. This
model has the equivalent stiffness E A, equivalent linear density pA, and equivalent damping
coefficient aA. The effects of the end coils preparation and the way of mounting them were
neglected in the analysis as these effects are significant only with regards to springs with a very
small number of acting coils (Michalczyk and Salwinski, 2011). It was also assumed that the
analysis concerns only these cases in which there is no risk of the loss of stability. The wave
equation of the rod longitudinal vibrations, taking into account the internal damping modelled
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by viscous damping depending on the excitation frequency and a continuous loading of the
amplitude given by the function ¢g(z) has the form
0%u u 0%u
FA— A—— — pA— =
Ox? o a2t o
The right side of equation (2.1) g¢o(z)sinwgt represents the external longitudinal continuous
load acting on the spring. The equivalent compression rigidity for the spring of the wire covered
by the elastomeric layer according to (Michalczyk, 2013) equals

[(GJ)s + (GJ)e]L
mR3n cosy

—qo(z) sin wot (2.1)

EA=

(2.2)

(2.2) where (GJ)s. is the product of the shear modulus of elasticity and the axial moment
of inertia for the wire (index: s) or for the elastomeric coating (index: e), L — initial spring
working height, R — nominal spring radius, n — number of working coils, v — pitch angle.

The equivalent linear density equals

pA = ﬁ[dgps + (dg - d?)pe] (2.3)

where d; is the diameter of the coil wire, d. — diameter of the elastomeric coating, ps — density
of the wire material, ps — density of the elastomeric coating material.

The equivalent specific damping capacity can be calculated from the condition of the equality
of the dissipated energy for one vibration period in the material and due to viscous damping

dLpm = dL7y (2.4)

In order to do this, we will consider the equivalent rod sector of length dx performing harmonic
vibrations in accordance with the equation: u(x,t) = X(z)sinwpt. For the viscous damping
model, the longitudinal force in the equivalent rod is expressed by

F=F,+F;=FEAe + aAc (2.5)

The energy loss by viscous damping for the vibration period is

T 27 Jwo
dL7y = / dN; dt = / A% dx dt (2.6)
0 0
where
0 /0u 0
- _ 2 (2= — Xl . — X/ 2
E= 5 <8x) 8t( sinwot) = wp X' cos wyt (2.7)

Thus substituting (2.7) into (2.6)
dL7w = aAwor X dx (2.8)

The work of the elasticity force of the maximum value Fgasax

Flvax (EA)*X"

thus, the work of internal damping will be

(BA)2X"

_ 1 12
SEA dx = 2¢EAX dx (2.10)

dLry, = ¢dLS = ¢
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where 1 is the equivalent specific damping capacity

wS(EA)S + we(EA)e
(EA)s + (EA)e

P = (2.11)
This coefficient for the given material is defined as the ratio of the loss of energy during one
period of vibrations, measured by a hysterises loop area, to the energy corresponding to the
amplitude of the strain expressed by means of a triangle area (Lipinski, 1985).

Substituting (2.8) and (2.10) into (2.4) and rearanging, we finally obtain

WEA

21wy

aA =

(2.12)

We are looking for the solution to (2.1) in form of a series
H =3 X@)T() (213)
i=1

where X;(x) are successive functions of natural vibrations, T;(¢) — time functions (being looked
for). The separation of variables is possible due to distribution of the constant load amplitude
qo(x) sinwypt into the eigenfunction series

oo
i=1
The balance coefficient h; can be determined using the orthogonality of eigenfunctions. Multi-

plying bilaterally dependence (2.14) by an arbitrary term from the series X; and integrating
bilaterally from 0 to L, where L is the working spring height, we obtain

/L o(z) d:c_Zh/X ) dx = ”/ (2.15)
0

From here, in the general case (Solecki and Szymkiewicz, 1964)

 a0(a) Xi(w) da
hi = (2.16)
[ X2(x) dx
0

For the case when loading ¢o(x) is given in a form of a concentrated force Py applied to the rod
end (Fig. 1a), dependence (2.16) rearranges itself into the form (Giergiel, 2000)

PyX;(L)

hi = —
[ X2(z) dx
0

(2.17)

Substituting (2.14) and partial derivatives (2.13) into equation (2.1), we obtain for the arbitrary
i-th term of the series

EAX!'T; + aAX]'T; — pAX,T; = —h; X; sinwt (2.18)
then transferring and dividing the variables. we obtain

X! pAT; — b sinwol o (2.19)
Xi  EAT; + AT, '




Influence of the elastomeric coating on parameters...

511

where ); is a certain constant. On the basis of (2.19), we obtain the final forms of the equations
of spring motion

X!+ A2X; =0 Titpi Lo+ piTi = 4 sinwot (2.20)
where
EA
=Ty (2.21)

In order to determine the values of the balance coefficients h;, in the series approximating the
concentrated force Py, the successive forms of the natural vibrations should be determined. On
the basis of equation (2.20);, we have

Xi(z) = Cyisin \jz + Cy; cos Az (2.22)
and the boundary conditions for the considered free vibrations are

Xi(x=0)=0 and X{(zx=1L)=0 (2.23)
From here Cy = 0 and 0 = Cq;\; cos A\; L, thus

% —1
A= 5F

T i=1,2,3,... (2.24)

Normal modes will be

2i—1
XZ(.T) = CM Sil’l( Z2L 7T$) (225)

By substituting (2.25) into (2.17), we obtain

POC'll-sin(%;lw) B 2P08i1’1(2i2;171')

hi =
Cul

= - '
Cc% fsin2(2;zl mc) dx
0

(2.26)

Equation (2.20)2 has the solution in form of a sum of the general integral of the homogeneous
solution (describing natural vibrations decaying in time) and the particular integral of the he-
terogeneous equation (describing the steady state under an influence of the given excitation).
Since we are looking for the steady solution, we determine only the particular integral expected
in the form

T’Z(t) = (G5 sinwgt + Gg; cos wot (227)

Substituting (2.27) together with its derivatives into (2.20) and rearranging, we obtain

aA ) aA

(—Guwg - p?ﬂG%WO +P?Gu) sinwot + (-Gziwg - p?ﬂGuwo + p?Gzi) cos wot

. (2.28)
= g t
A sin wy
Comparing the coefficients at sinwgt and coswgt, we finally obtain

hi 2 — W2 —h; 2ad

Gui=— P 0 Goi = — PrpA0 (2:29)
P

A A 2 A A 2
(v - )+t (1) b P =) + ol () i
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Substituting (2.29) into (2.27), we obtain

hi 2 — W2 h; —pPhw
Ti(t) = — B — %% sinwot + — PipA™0
P 2

A A i
(07 - )+ (32) 3 P20 - )+l ($2) b

The steady-state solution to equation (2.1) in accordance with (2.13) has the form of the sum
of products (2.25) and (2.30)

t) = iC’M sin(% — 17730)
i=1 2L

coswot  (2.30)

5 B 2.31
L (p} — ) . — P} o =
) 5— sinwgt + 3 coswol
A
(p? — w3)? +p}($4) wd (0? — )2 + P (1) 8

Substituting h; by expression (2.26) and simplifying, we obtain

x [ 91 2P, sin(m2 17T)

u(z,t) = Z sm( 5T 7TSC) 2
- 2 2)2 d(ad )" 2
i=1 LPA[(PZ wy)? + pj (EA) “JO} (2.32)

aA
. [(plz — W) sinwpt — p? T AW0Cos wotD

The spring longitudinal deformations will assume the form

2P, sin ( 212 1 7r)

ou(z,t) N[ 2i—1 2i 1
e(x,t) = = Z (W COS( Wx) i
O : 2L 2L LpA[(pZz —w§)?+ pf(%—ﬁ) wg} (2.33)

aA
‘ [(pzz — wp) sinwot — pj T4 08 thD

Equations (2.32) and (2.33) allow one to determine displacements and deformations of the spring
subjected to forced loading. In order to find deformations of the spring subjected to kinematic
loading (as it is shown on the right side of Fig. 1a), we have to find the dependence between the
displacements amplitude A for x = L and the amplitude of the excitation force Py applied at
the spring end. Substituting in (2.32) = = L and rearranging, we obtain

2i—1

= 9P, (p? — wd) sinz(Lz_lﬂ) . —PZZ%WO SmQ( 2 ”)
u(L,t) = Z ToA 5— sinwot + 5— Cos wot
A
=1 PAN (pF — wB)? + (44 i (v — wB)? + i (84) i
(2.34)
To simplify the notation, let us mark the terms from (2.34) by
(p? — wd) sin? <2i;17r) —p? %‘j‘wo sin® (212 1 7'(')
Kg; = ne Kei = B (2.35)
(0? —w)? + 0} (84) 3 (0? - )2+ pt(3) i
In accordance with these new denotations, equation (2.34) can be written as follows
[e.9]
Z Ksz sin wot + K¢ cos wot) (2.36)

z:l
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Rearranging
2 2
2P oo oo
u(L,t) L’ﬁ <ZKSZ> + <ZKCZ>
i=1 i=1
(2.37)
(o) (o)
Zl Ksi 21 Kci
1= L3 1=
5 5 sin wot + 5 5 COS wot

V() () (8] (5]

The terms at sinwgt and coswyt meet conditions allowing one to assume that they are cosines
and sines of a certain angle ;. Writing

2B, - 2 - 2
Ap = — <ZKSZ> + <ZKcz> (2.38)
LpAN \ T i=1
and
[e.e]
‘2:1 Kg;i
cos 0, = 172 >
[e.°] o0
J(ZK&') + <ZKC¢>
i=1 i=1
2 (2.39)
Z Kei
sin 5k = =1
2 2
[e.e] [ee)
J(ZK&‘) + (ZK&)
i=1 i=1
Equation (2.34) can be written in the following form
u(L,t) = Ay sin(wot + o) (2.40)

Equations (2.32) and (2.33) can be written in a similar form, however this form is not suitable
for numerical calculations. From equation (2.38), it is possible to read directly the excitation
force amplitude Py as function of the amplitude of the spring end displacement Aj. Returning
to the initial notations

= 2 D) (2.41)
o (pf-wp)sin? (%”) o —p? %wo in2 (21’2—1 ﬂ)
21 = D }
H () B o)

thus, equation (2.41) can be substituted into equations (2.32) and (2.33), obtaining thereby the
model with the kinematic excitation (Fig. la)
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Ay
u(z,t) = . _
0o (pZ—w?)sin? (2i2—1 ) o Ei wo sin? (2i2—1 ﬂ)
; p) + -
S opapoi(er) ) \Forpr(s)
o sin(zézl 7'(':6) sin(zi; L ) A
’ D) ((pzz - wg) sin wot — pz ﬂWO cos UJOt)
i=1 \ (p? — w2)2 + p} (oc_) w2
i\ EA 0 ) 42)
Ay (2.
e(z,t) = . _
oo (p}-wp)sin? (Qig_l 7") o —p? %—f‘wo sin? (2i2_1 7'(')
: 2 + . 2
R G A G G2
0 2;21 cos(zéLl ) s1n(2’2 177) ) ) A
' ((pz — wp) sinwgt — p; ——wp cos wot)
— 2 2 FA
=1 (P} — wi)? +pz( ) wh

Dependence (2.42)9 can already be used for the determination of the maximum tangential stres-

ses in the spring wire

g(z,t)(EA)sRcos~y
(JO)S

and in its elastomeric coating

e(x,t)(EA).Rcos~y
(JO)e
where (Jy)s. is the polar moment of inertia of the spring wire section (index: s) and the ela-

stomeric coating (index: e), respectively, (7maz)s.e — spring wire radius and elastomeric coating
external radius, respectively, K — Wahl’s factor

(Pmaz)s(K)s (2.43)

Ts =

(Pmaz)e(K)e (2.44)

Te =

_40—1+06w
40 -4 C

(2.45)

where C'is the so-called spring factor expressed by the ratio of the nominal spring diameter to
the spring wire external diameter. The remaining notations are the same as in equation (2.2).

The above given relationships allow one to determine the maximum values of the spring
tangential stresses for the given excitation frequency. Equations (2.42) have the form of the
infinite series, which means that it is not possible to obtain the exact solution in a closed form.
However, for practical applications, when applying computer methods, an arbitrary finite number
of series terms can be used, in dependence on the required accuracy of the representation of the
spring motion and expected excitation frequencies.

3. Numerical examples

The spring of the same parameters as in the paper by Michalczyk (2013) was used in the presen-
ted here numerical examples illustrating the derived above relationships. This allows comparison
of the computational models presented in both papers. The parameters of the analysed spring
are as follows: shear modulus of elasticity of the spring material — 80000 MPa, shear modulus
of elasticity of the coating material — 7MPa, spring wire diameter — 7 mm, elastomeric coating
external diameter — 14 mm, steel specific damping capacity — 0.01, elastomer specific damping
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capacity — 0.7, mass of the spring with coating — 0.7 kg. The kinematic excitation amplitude was
assumed as Ay = 0.01m, (in accordance with the conditions shown in Fig. 1la). Calculations
were performed in the MathCad environment.

The diagrams of deformations e(x,t) and displacements wu(z,t) for the excitation of the first
natural frequency of the clamped-clamped rod are presented in Fig. 2. In these and in further
diagrams, the time axis is perpendicular to the figure plane and includes one vibration period T,
which allows one to see the total waveforms of displacements and deformations, regardless of
phase shifts caused by damping. When comparing diagrams (a), (b) and (c) in Fig. 2, one can
notice that if the number of terms used in series (2.42); does not significantly influence the
displacement waveforms in so far as in the case of deformations, the influence of the number of
used terms in (2.42) is quite essential. In the successive calculations of series (2.42) and (2.43),
the term number i = 1000 was assumed.

0 0068 014 02 027 0 0068 014 02 027 0 0068 014 02 027

z [mm] z [mm] z [mm)]
50 |- iﬁ% 40

m

0 0068 014 02 027 0 0068 014 02 027 0 0068 014 02 027
z [mm] z [mm] z [mm)]

Fig. 2. Sets of diagrams of deformations (upper) and displacements (lower) in the time interval from
0 to T, obtained on the base of (a) equations (2.42) for the first 10 terms of the series, (b) first 100 terms
of the series, (c¢) first 1000 terms of the series at the first natural frequency of the clamped-clamped rod

The expressions derived in the study enabled determination of natural frequencies for the
case of the clamped-clamped spring. The comparison of the first three frequencies obtained
directly from equation (2.22) for the boundary conditions X(z = 0) = X(z = L) = 0 with
the values obtained from the simulation, when successively the first 10, 100 and 1000 terms
of the series were used in equations (2.42), is presented in Table 1. A difference between the
values obtained on the basis of (2.22) and the successive simulations is also presented there.
It is seen that already after taking into account the first 100 terms in (2.41) and (2.42) the
differences between natural frequencies obtained from the simulation and from equation (2.22)
do not exceed 0.2%. For further calculations, 7 = 1000 was assumed.

The distribution sets of the spring tangential stresses in the time interval from 0 to T for
the excitation frequency of 1rad/s and for three successive natural frequencies for the clamped-
clamped spring are presented in Fig. 3. When comparing the maximum values of dynamic stresses
in Fig. 3b,c,d with static stresses in Fig. 3a, it can be noticed that these values are approximately
1150 times larger. These results, for the given parameters of the system, are in agreement with
the results presented in the paper by Michalczyk (2013), where for the same spring parameters
the achieved ratio of the resonance dynamic stresses to the static stresses was equal to 1152.
This confirms the correctness of the models presented in both the studies.
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Table 1

Undamped natural frequencies of
the clamped-clamped rod pi [fz) | po [Hz) | ps [Hz]
Peal calculated using equation (2.22) 447.407 | 894.814 | 1342.22
Psim10 Obtained in simulation (i = 10) 456.655 | 913.5 1370.5
A = 100%(Psim10 — Peat)/Psim10 2% 2% 2%
Psim20 obtained in simulation (¢ = 100) 448.32 | 896.64 | 1344.95
A = 100%(Psim100 — Peal)/Psim100 0.2% 0.2% 0.2%
Psim30 obtained in simulation (i = 1000) | 447.52 895.1 1342.6
A = 100%(psim1000 — Peal)/Psim1000 0.02% 0.02% 0.02%
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Fig. 3. Sets of diagrams of tangential stresses vs. spring length in the time interval from 0 to T for the
excitation frequency of (a) 1rad/s, (b) 447.52rad/s, (¢) 895.1rad/s and (d) 1342.6rad/s

The presented results confirm ow effectiveness of the coatings made of a material having
parameters characteristic typical for a industrial rubber in reducing dynamic stresses. The par-
ticipation of the elastomeric coating in damping is negligible, notwithstanding the fact that the
rubber specific damping capacity is approximately 70 times higher than the steel one and that
the polar moment of inertia for the elastomeric coating is 15 times larger than for the spring
wire section. The reason of such a situation constitutes the low shear modulus of elasticity of
the coating material — approximately 11000 times lower than this modulus of the steel of which
the springs are made. Thus, the application of a coating material of a higher shear modulus of
elasticity with the high specific damping capacity retained, is recommended. These conditions
can be met by coatings made out of plastics, e.g. polyethylene (Abdelmouleh et al., 2007).

Diagrams of the maximum tangential stresses 7, in the spring for three values of the equiva-
lent specific damping capacity ¥ = 0.01, 0.1, 0.3 at the retained constant equivalent stiffness E'A
and the equivalent linear stiffness pA calculated for the above given data and for the same exci-
tation amplitude (Aj = 0.01m) are presented in Fig. 4.
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Fig. 4. Maximum tangential stresses in the spring for three different values of the equivalent specific
damping capacity

It is seen in Fig. 3a that the tangential stresses value in the considered spring, deflected
by 10mm equals approximately to 63 MPa. Figure 4 indicates that barely for the equivalent
specific damping capacity 1 of a value 0.3, the spring resonance dynamic stresses will not
exceed 2700 MPa.

4. Conclusions

Equations (2.42), derived in this study, allow one to calculate the parameters of longitudinal
vibrations of a spring covered with an elastomeric coating subjected to kinematic excitations. The
notation form of these equations allow their easy application by means of numerical methods.
These equations together with equations (2.43) and (2.44) enable one to determine the spring
state of stresses for an arbitrary excitation frequency. The computational model presented in
this paper allows determination of the effectiveness of damping of longitudinal vibrations of the
spring covered with a material of high damping properties, thus enabling selection of proper
parameters of the coating intended for the given aims. The performed calculations allow one to
state that the rubber application as the coating material has a negligible influence on limiting
the spring maximum dynamic stresses.
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