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Variational principles are derived for multilayered orthotropic graphene
sheets undergoing transverse vibrations based on the nonlocal elastic the-
ory of orthotropic plates which provide a continuum model for graphene
sheets. The variational formulation allows the derivation of natural bo-
undary conditions which are expressed in the form of a set of coupled
equations for multilayered sheets as opposed to uncoupled boundary con-
ditions applicable to simply supported and clamped boundaries and also
in the case of a formulation based on the local (classical) elasticity the-
ory. For the free vibrations case, the Rayleigh quotient is derived. The
methods for the variational formulation use techniques of calculus of va-
riations and the semi-inverse method for deriving variational integrals.
Variational formulations provide the basis for a number of approximate
and numerical methods of solutions and improve the understanding of
the physical phenomena.
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1. Introduction

Graphene is a two-dimensional carbon nanostructure with many applications
in several fields. The covalent bond of carbon atoms makes a graphene sheet
one of the stiffest and strongest materials with a Young’s modulus in the range
of 1 TPa and higher as supported by the results given by Poot and van der Zant
(2008), Sakhaee-Pour (2009), Gao and Hao (2009) and Shokrieh and Rafiee
(2010) on the mechanical properties of graphene sheets. Its superior properties
have already been put into use in a number of applications which include their
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use as sensing devices (Arsat et al., 2009; Wu et al., 2010), in lithium-ion
batteries (Lian, 2010), for desalination of sea water (Mishra and Ramaprabhu,
2011), in electrochemical capacitors (Yuan et al., 2011) for electrooxidation
(Choi et al., 2011) as well as for sensors for the detection of cancer cells (Yang et
al., 2010; Feng et al., 2011). They are also used as reinforcements in composites,
and a review of the graphene based polymer composites is given by Kuilla et
al. (2010). Further applications and potential applications of graphene in the
information technology and in other fields are discussed in the review articles
by Soldano et al. (2010) and Terrones et al. (2010).

Experimental study of nano-scale structures has been a difficult field due
to the size of the phenomenon. Similarly, molecular dynamics approach has
its drawbacks in the form of extensive computer time and memory required
to investigate even relatively small nano structures using nano time scales.
This situation led to the development of continuum models for nano-sized
components, e.g., carbon nanotubes, and in particular, graphene sheets to
investigate their mechanical behaviour (He et al., 2004; Kitipornchai et al.,
2005; Hemmasizadeh et al., 2008), and these models were used extensively to
investigate the mechanical behaviour of graphene sheets. However, the nano-
scale thickness of the sheets leads to inaccurate results when the models are
based on classical elastic constitutive relations. Classical elasticity is a scale
free theory and as such neglects the size effects which become prominent at
atomistic scale. Size effects have been observed in experimental and molecular
dynamic simulations of carbon nanotubes due to the influences of interatomic
and intermolecular interaction forces (Chang and Gao, 2003; Sun Zhang, 2003,
Ni et al., 2010).

The most often used continuum theory to analyze nano-scale structures
is nonlocal elasticity developed in 70s to take small scale effects into account
by formulating a constitutive relation with the stress at a point expressed as
a function of the strains at all points of the domain instead of the strain at
the same point as in the case with the classical elasticity theory (Edelen and
Laws, 1971; Eringen, 1972, 1983). The recent book by Eringen (2002) provi-
des a detailed account of the nonlocal theory. Continuum models were also
implemented to study the mechanical behaviour of grahene sheets, and in par-
ticular, the buckling of single-layered graphene sheets by Pradhan and Murmu
(2009), Sakhaee-Pour (2009) and Pradhan (2009) where nonlocal theories we-
re employed. Vibrational behaviour of graphene sheets has been the subject
of several studies due to its importance in many applications. Vibrations of
single-layered graphene sheets using nonlocal models were studied by Murmu
and Pradhan (2009), Shen et al. (2010) and Narendar and Gopalakrishnan
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(2010). Vibrations of multilayered graphene sheets were investigated by He et
al. (2005), Behfar and Naghdabadi (2005), Liew et al. (2006) and Jomehza-
deh and Saidi (2011) based on the classical elasticity theory. More recently
nonlocal continuum models were used in the study of vibrations of multilay-
ered graphene sheets by Pradhan and Phadikar (2009), Pradhan and Kumar
(2010), Ansari et al. (2010), and Pradhan and Kumar (2011).

The objective of the present study is to derive the variational principles
and the applicable boundary conditions involving the transverse vibrations
of multilayered orthotropic graphene sheets using the nonlocal theory of ela-
sticity discussed above. Previous studies on variational principles involving
nano-structures include multi-walled nanotubes under buckling loads (Adali,
2008), and undergoing linear and nonlinear vibrations (Adali, 2009a,b) which
are based on nonlocal theory of Kuler-Bernoulli beams. The corresponding
results based on nonlocal Timoshenko theory are given in Adali (2011) for
nanotubes under buckling loads and in Kucuk et al. (2010) for nanotubes un-
dergoing vibrations. In the present study, these results are extended to the
case of multilayered graphene sheets undergoing transverse vibrations, and
natural boundary conditions are derived which are fairly involved due to co-
upling between the sheets and small size effects. Moreover Rayleigh quotient
for freely vibrating graphene sheets is obtained. The governing equations of
the vibrating multilayered graphene sheets constitute a system of partial dif-
ferential equations and the variational formulation for this system is obtained
by the semi-inverse method developed by He (1997, 2004). This method was
applied to several problems of mathematical physics governed by a system of
differential equations some examples of which can be found in He (2005, 2006,
2007), Liu (2005), Zhou (2006). The variational formulations given in Adali
(2008, 2009a,b, 2011) and in Kucuk et al. (2010) were also obtained by the

semi-inverse method.

2. Governing equations

A continuum model of multilayered graphene sheets is shown in Fig. la with
the van der Waals interaction between the adjacent layers depicted as elastic
springs. For an n-layered graphene, the top layer is numbered as ¢ = 1 and
the bottom layer as i = n. Top view of a graphene sheet is shown in Fig. 1b
where a and b are the dimensions of the sheets in the z and y directions,
respectively. Bending stiffnesses of the orthotropic sheets are given by Di1,
D73, Dyy and Dgg which are defined as (Pradhan and Phadikar, 2009)
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Fig. 1. Multileyered graphene sheets, (a) side view, (b) top view
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(2.1)

where h is the thickness of the graphene sheet, F1 and Fy are Young’s modu-
li in the z and y directions, respectively, (GG12 is the shear modulus, and v
and v are Poisson’s ratios. Let w;(x,y,t) indicate the transverse deflection
of the i-th layer and 7 the small scale parameter of the nonlocal elastic the-
ory as defined in Pradhan and Phadikar (2009), Pradhan and Kumar (2010,
2011). Then the differential equations governing the transverse vibrations of
multilayered graphene sheets in the time interval t; < ¢t < to and based on
the nonlocal theory of elasticity (Pradhan and Phadikar, 2009) are given as

Dy (w1, ws) = L(wy) — n*N(w1) — croAwy + n’c1oVZ (Awr)
= f(xa Y, t) - 772V2f(x7 Y, t)
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Dj(wi—1, wi, wir1) = L(w;) — N (wy) + ci1)idwio1 — ciyndw;  (22)
—n2c(i_1)iv2(Aw,-_1) + n2ci(i+1)v2(Awi) =0 for 1=2,3,...,n—1
D, (wp—1,wy) = L(wy,) — 772N(wn) + cn—1)n Awn—1
—nzc(n_l)nv2(Awn_1) =0
where f(z,y,t) is a transverse load acting on the topmost layer (i = 1) which

can also be taken as acting at the bottommost layer (i = n) due to the
symmetry of the structure, the symbol Aw; is defined as

Aw,- = Wil — Wy (23)
and L(w;) and N(w;) are differential operators given by

84201' 84202' 84202'
oxt +2(D12 +2Dso) Ox20y> oy*
82201' _ ( 84202' 4 84wi )
2\ 02202 " 9y20¢2
82102' 84102' 84wi
=25 * ay2at2)]

L(U)Z) = D11

with V2 = 59; + 6%25 In Egs. (2.4), mg = ph and mg = ph3/12. The coeffi-
cient c(;_1); is the interaction coefficient of van der Waals forces between the
(i—1)-th and i-th layers with ¢ = 2,...,n. The constant 1 = epa is a material
parameter defining the small scale effect in the nonlocal elastic theory where
eo is an experimentally determined constant and has to be determined for each
material independently (Eringen, 1983). « is an internal characteristic length
such as lattice parameter, size of grain, granular distance, etc. (Narendar and
Gopalakrishnan, 2010).

3. Variational functional

In the present section, the semi-inverse method (He, 1997, 2004) will be em-
ployed in order to derive the variational formulation of the problem. For this
purpose, we first define a trial variational functional V(wy,ws,...,w,) given
by

V(wy, wa, ... ,wy) = Vi(wy,ws) + Va(wy, wy,ws) + ... 51)
+Vn—1(wn—2ywn—lawn) + Vn(wn—lawn) .
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where

Vl(wl,wg) = U(’wl) - Ta(wl) - Tb(wl)
to b a
+///[(—f +1PV2 f wy + Fy(wr, wy)] da dy di
0 0
Vi(wi—1, wi, wiy1) = U(w;) — To(w;) — Ty(w;) (3.2)

a

to b
—I—///Fi(wi_l,wi,wiﬂ)dasdydt for 1=2,3,...,n—1
t1 0 0

a

to b
Vi (1, wn) = U(wn) — Ta(wy) — Ty(wn) +///Fn(wn_1,wn)dx dy dt
t1 0 0

with the functionals U(w;), T,(w;) and Ty(w;) defined as

1 i 82102' 2 82102' 82102' 82102' 2
U(w;) = 3 //[DII(W) +2D12W8—y2+D22(8—y2)
i1 00
+4Dgg (gjfa”; ) 2} da dy dt
1t2ba Hw; 2 822‘2 a2i2
To(w;) = §t O/O/{mo(a—lz) +m2[(8xgt) + (aygt) ”d:rdydt
1
n? 70 O?w; Pw;  O*w; Ow; &
Tb(wz) = Et b/b/{2m0(8$2 GIP + ay2 012 )
Bw; \2 Pw; \2 Bw; 2
+ma(520) +2gogyer) + (Gr) |z vt
where ¢ = 1,2,...,n. It is observed that U(wj;) represents the strain energy

and T,(w;) the kinetic energy of the i-th layer of the multilayered graphene
sheet. The functional Tj(w;) arises due to small scale effects, i.e. the nonlo-
cal theory used in modeling of the graphene sheet. Similarly, the expression
ttf fé) I3 Fi(wi—1,w;, wit1)dz dy dt in equation (3.2); represents the potential
energy due to van der Waals forces between the layers. Similarly the term
ttf fé) Jo U= f +m*V2 f)w:]dz dy dt represents the work done by external forces
where the second term arises due to small scale effects. In equations (3.2),
F;(w;—1,w;,w;4+1) denotes the unknown functions of w;_1,w; and w;41, and
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their derivatives and should be determined such that the Euler-Lagrange equ-
ations of variational functional (3.2); correspond to differential equations (2.2).
These equations are given by

j=1 awly
i+1 5F )
L(w;) — 77Nwz )+ Z Sw = L(w;) —n"N(w;)
i—1
i+1 -JH i+1 (3:4)
E E 0 ; OF; E 0 ( OF;
+J;18w, Z ax(awm) j:;_lay(awiy) 0
L(wn) — Z wy) — "N (wn)
j=n— 1
" OF; "9 " 0/ OF;
t 2 Gu 2 a_(awm) = 2 5 (Guy) =0
j=n—1 j=n—1 j=n—1
where ¢ = 2,3,...,n—1 and the subscripts z, y and ¢ denote differentiations

with respect to that variable, and §F;/dw; is the variational derivative defined
as

5E, oF =3 g k=3i=3 g2 oF,
Swi  owi Zagk(awlgk) Zzagkagj( )+ (39

k=1j=Fk Qwig,g;

where & = x, & = y and &3 = t. It is noted that the variational derivative
0F;/dw; of Fi(wZ 1,wl,wl+1) follows from the Euler-Lagrange equations of
the functional f fo Jo Fi(wi—1, w;, wit1)dx dy dt. Comparing equations (3.4)
with equations (2 2), we observe that the following equations have to be
satisfied for Euler-Lagrange equations (3.4) to represent the governing equ-
ations (2.2)

2 2 2
5Fj . 2 0 Awl 0 Awl
2y = mmdwt (Tt 50
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i+1 2 2
0° Aw;_ 0% Aw,_
2 i—1 i—1
Z 5wl = C(i—-1)i Aw; 1 — i(i+1)Awi_77 C(i—l)i( 02 + Dy )
j=i—1 36)
) 2 Aw; 92 Aw (3.
+7 Ci(i+1)( 22 + B2 )
- 9% Aw,,— 9% Aw,,—
J A o] — 2 n—1 n—1
g:zn:l5wn et = o o )
From equations (3.6), it follows that
c c 0Aw1\2 0Aw1 N2
Fi(wy,ws) = %(Aw1)2+%772{( 83:1) +( ayl) }
Cli—1)i Ci(i
Fy(wimy,wiywirr) = =2 (Awior)” + = (Aw)?
2
N7Cii—1)i [ OAwW;—1\2 O0Aw;_1\2
T Y @
2
N7 Ci(it1) [ OAw; \2 0Aw;\2 . B
+ 1 K o ) —i—( 3y )} for i =2,3,...,n—1
2
Cin—1)n N Cin—1)n 8Awn_ 2 (9Awn_ 2
Rt ) = 2 o P (P20 (22

With F; given by equations (3.7), we observe that equations (3.4) are equiva-
lent to equations (2.2), viz.

2 OF; -
Dy (w1, wg) = L(wy) —n"N(w1) +Z " —n°V°f
i+1 5F
Dj(wi—1,wi, wir1) = L(w;) — n N(wl + Z S0 =0 (3.8)
j=i—1 ¢
" OF;
_ 2
Dn(wn—l7wn) - L(wn) n N wn +];1 (5wn =0

4. Free vibrations

In the present Section, the variational principle and the Rayleigh quotient are
given for the case of freely vibrating graphene sheets. Let the harmonic motion
of the i-th layer be expressed as

wi(z, y, t) = Wiz, y)e¥ 1! (4.1)
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where w is the vibration frequency and W;(x,y) is the deflection amplitude.
The equations governing the free vibrations are obtained by substituting equ-
ation (4.1) into equations (2.2) with f(z,y,t) = 0 and replacing the deflection
w;(x,y,t) by Wi(z,y). The operators L(w;) and N (w;) now become L gy (W;)
and N(W;) given by

oW W o'W,

-) = P v 2
LFv(Wz) D1 p + 2(D12 + 2D66)8x28y2 + Doyg ay4 mow“W;
PwW;  OPW;
2 i i
+mow (8332 8y2 )
(4.2)

W, O*W;
0z2 Oy? )}

The variational principle for the case of free vibrations is the same as the
one given by equations (3.1) and (3.2) with the deflection w;(z,y,t) replaced
by W;(x,y), the triple integrals replaced by the double integrals with respect
to x and v, i.e., fob Jo Ei(Wi_1, Wy, Wiyq)dx dy, and U(w;), T,(w;) and Tp(w;)
replaced by Upy (W;), Trve(W;) and Tryy(W;) given by

b a
Upy (W) = 1//@11(@)2 +2D1202Wi O2W; _|_D22(82Wi)2

N(Wl) = V2 {—m0w2Wi + m2w2(

2/ o2 022 Oy Oy2
+4Dgq ( gigz ) 2} dx dy
a9 =5 [ [z s (25" (25 Pawray 0
00
P
/
0

O?W;\ 2 O?W;\ 2 0?W;\ 2
(oY (Y
The functions F;(W;_1, W;, W; 1) are of the same form as given by equations
(3.7) since the functions F;(W;_1, W;, W;11) are independent of time. Next the
Rayleigh quotient is obtained for the vibration frequency w from equations
(3.1), (3.2) and (4.3) as

b a
S Upvi(We) + 370, [ [ Fidx dy
w? = min 00

Wi Y [Trva(Ws) 4+ Tryve(W)] 44
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where F; (i =1,2,...,n) are given by equations (3.7) with w;(z,y,t) replaced

5. Boundary conditions

After substituting equations (3.2) into functional (3.1), we take its first varia-
tion with respect to w; in order to derive the natural and geometric boundary
conditions. The first variations of V (w1, ws,...,wy,) with respect to w;, de-
noted by 4,,V, are given by

5w1V(w1, wa, ... ,wn) = 5w1V1(ZU1, ’w2) + 5w1V2(w1, wa, w3)
0w, V (w1, wa, ... ;W) = duw,; Vi1 (Wi—o, wi—1, w;) + 6w, Vi(wi—1, wi, wig1)
. 5.1
+0uw; Vi1 (Wi, Wig1, Wig2) for 1=2,3,...,n—1 (5.1)
5an(w1, wa, - . . awn) = 5ann—1(wn—2y Wn—1, wn) + 5wn Vn(wn—la wn)
The first variation of V;(w;_1,w;, w;+1) with respect to w; is given by
O, Vi(wi—1, Wi, Wig1) = 0w, U(w;) — 0w, Ta(ws) — S, Tp(wy) (5.2)

a

to b
+5w¢/// i (wi— 17w17w2+1):| dx dy dt
t1 0

for ¢t = 1,2,...,n — 1,n. Let dw; denote the variation of w; satisfying the
boundary conditions

0wz (2,0,t)

0 dwiz(x,b,t)
5.3
dwiy(0,y,t) =0 (5:3)

0
dwiy(a,y,t) =0

where the following notation was used 6(0w;/0x) = dwiy, §(0w;/y) = Swy.
Moreover, the deflections w;(z,y,t) and their space derivatives vanish at the
end points ¢t = t; and t = to, ie., ow;(z,y,t1) = 0, dw;(z,y,t2) = 0,
ow;, (x,y,t1) =0, dw;, (z,y,t2) = 0, etc.

Next using the subscript notation for differentiation, i.e., w;, = dw;/dx,
wiy = Ow;/0y etc., we derive the first variations 6&,,U(w;), 6w, Ty(w;),
Ow; Tp(w;) and dy, ft fo Jo 1Fi(wi—1, w;, wi41)]dx dy dt by integration by parts
to obtain
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to b a
5sz('wz) = ///(Dllwwcx(swwcx + D12wixx5wiyy + D12wiyy5wi:c:c
t1 0 0
+D22’wiyy(5wiyy + 4D66wixy(5w,~xy) dx dy dt
to b a

= ///[Dllwzxxxx + 2(l)l2 + 2D66)'wix:cyy + D22wiyyyy]5wi dx dy dt
t1 0 0
+B1 (wi, dw;)

a

to b
/// msztéwzt + ma (wzmtéwzmt + wzytéwzyt)] dx dy dt
t1 0

to

S]

O\@‘

/ moWitt — m2 Wigztt + wzyytt)]éwzdx dy dt + Bo ('wz: (5’[1)7,)
t1 0

(5.4)
to a
5wlTb U)z = 772///’171,0 wztt(s’wzgcgc +wlmm5wztt +wztt5wzyy
t1
+wzyy(5w,tt) dx dy dt.
+n ///m2 wixxtawixxt + 2wixyt5wixyt +w,~yyt5wiyyt) dx dy dt
t1 0 0
to b a
=n? / / / V2 [mowiy — ma(Wizart + Wiyytt)|0w;dzx dy dt + Bs(w;, dw;)
t1 0 0
to b a
t1 0 0
1 to b a
D) //( (i—1)iAw;i—1 — (1) Aw;)ow; dx dy dt
t1 0 0
9 ta b a
+%///[ (i—1) V2(Aw; 1) + Ciip1) V- (Aw;)|dw; dx dy dt
t1 0 O
+ By (w;, dw;)
where By(w;,dw;), k =1,...,4 are the boundary terms. Bj(wj;,dw;) is given

by
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k=3
Bl(wi, (5202) = Z Blk(wi, 5wz) (55)
k=1

where

to b
By (w;, dw;) = //[Dll(wim5wix — WiggaOW;)

t1 0
=0
+D12(w,~yy5wix — wixyyéwi)] o0 dy dt
t2 a
By (w;, dw;) = //[D12(wz‘m5wz‘y — WigayOW;) (5.6)
t1 0O
y=b
+ D22 (Wigyyy OWiy — Wiy OW;5)] Vo dx dt
ta b to a
=0 y=b
Blg(wi,éwi) = —2D66//wixyy(5w,~ 0 dy dt — 2D66//wimy5w,~ 0 dx dt
it 0 = it 0 =
Similarly, Bs(w;, dw;) and Bs(w;, dw;) are given by
ta b to a
=0 y=b
Ba(w;, dw;) = —mg//wixttéwi Ody dt — mg//wiyttéwi de dt
T= y=
t1 0 t1 0
s (5.7)
Bs(w;, 0w;) =Y Ba(w;, 6w;)
k=1
where
to b
9 =0
Bsi(w;, dw;) =1 mo//(witt5wiz — WigtOW;) ody dt
r=
t1 O
to a
2 y=b
+n mo//(witt5wiy — Wiy OW;) o dx dt
t1 0
5.8
o ~69)
Tr=
B32 (wi7 5’[02) = 772m2 / /[_wixxttéwim + (wimmmtt + wiwxytt)éwi] 0 dy dt
r=
t1 O
ta a b
y:
B33 (wi7 5wz) = 772m2 / /[_wiyytt(swiy + (wiyyytt + wi:cyytt)(swi] 0 dx dt
y:

t1 O
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Finally, we have

9 to b 2—0 to a —
Bu(wy, 6wy) = %( / / credwngow|_ dydt+ / / clgAw1y5w1’Z_0 dz dt)
t1

9 to b -0
n =
By(w;, dw;) = 7// Cli—1)i AW(i—1)z + Ci(i1) AWiz ) Ow; - dy dt
t1 0
b a (5.9)
2 // Cli—1)iAW(i—1)y —Fc,(ZJrl)Aw,y)éwZ da:dt fori=2,...,n—1
t1 0

r=

B dy dt

By(wy, dwy,) = <//C(n AW _1)e 5wn

ta a
+// (n—1)nAW(r_1)y 5wn‘y dxdt)
y_
t1

Using the fundamental lemma of calculus of variations, the boundary condi-
tions at * = 0,a and y = 0,b are obtained from equations (5.5)-(5.9) for
t=2,...,n— 1. The boundary conditions at « = 0,a are given by

D11Wigy + D1aWiyy + 1 (—mowits + MoWizar) =0  or Wiy =0
—D11Wigze — D12Wizyy — 2DesW1gyy + MoWigi

+2mowizt — M2 (Wigzatt + Wizzyt + c12Awiz)] =0 or  wy =0
—D11Wiggr — D12Wigyy — 2D66Wizyy + MoWizit

+n? [MoWiztt — M2 (Wizzwtt + Wizwytt)] (5.10)

+772(c(,~_1)iAw(i_1)x + ci(i+nAwiz) =0 o w; =0 for i=2,...,n—1
—D11Wnzar — D12Wnayy — 2D66Wnzyy + M2Wnatt

02 [MoWnatt — M2 (Wnawatt + Wnaaye + Cn—1)n AW 1yne)] = 0

or w,=20
and at y =0,b by

2
D12wixx + D22wiyy +n (_mOwitt + m2wiyytt) =0 or Wiy = 0
—D1oWigzy — Daswiyyy — 2DesW1zey + MoWiyy

+72 Imowiye — Mo (Wiyyytt + Wizyyet)] + N7c12Awy, =0  or  wy =0
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—D12Wigzy — D2oWiyyy — 2D66Wigzy + MaWiys
+n2 Imowiy — Ma(Wiyyyte + Wizyyr)] (5.11)
+772(c(i_1)iAw(i_1)y + ciirnAwiy) =0 or w;=0fori=2,...,n -1
—D12Wngzy — D2oWnyyy — 2D66Wnaay + M2Wnyit
17 [mownyte — ma(Wnyyytt + Wnayyrt + Cn-1)nAW(n—1)ny)] = 0

or w,=0~0

It is observed that when n # 0, the natural boundary conditions are coupled,
that is, the nonlocal formulation of the problem leads to natural boundary
conditions which contain derivatives of w;_1 and w;1 in the expression for w;,
e.g. see the first equations of (5.10)3 and (5.11)4.

6. Conclusions

The variational formulations for the free and forced vibrations of multilayered
graphene sheets were derived using a continuum formulation based on the
nonlocal orthotropic plate theory. The nonlocal theory used in the formula-
tion allows the inclusion of small size effects and as such improves the accuracy
of the model. A semi-inverse approach was employed in the derivation of the
variational principles and the Rayleigh quotient for free vibrations was obta-
ined. The formulation was used to obtain the natural boundary conditions.
The variational principles presented here may form the basis of approxima-
te and numerical methods of solution such as the Rayleigh-Ritz and finite
element methods based on the energy functional of the problem and may faci-
litate the implementation of complicated boundary conditions. It was observed
that the nonlocal theory leads to coupled boundary conditions as opposed to
uncoupled natural boundary conditions in the case of local theory of graphene
sheets.
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Zasady wariacyjne i naturalne warunki brzegowe dla wielowarstwowych
ortotropowych paneli grafenowych poddanych drganiom, sformutowane

w ramach nielokalnej teorii sprezystosci

Streszczenie

W pracy zajeto si¢ problemem drgan poprzecznych ortotropowych paneli grafe-
nowych, dla ktérych sformutowano zasady wariacyjne na podstawie nielokalnej teo-
rii sprezystosci, co pozwolito na budowe ciggltego modelu takich struktur. Formuta
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wariacyjna umozliwita konstrukcje naturalnych warunkow brzegowych wyrazonych
zbiorem sprzezonych réwnan opisujacych grafenowe panele wielowarstwowe w odréz-
nieniu od rozprzezonych warunkéw brzegowych stosowanych jedynie do zamocowan
typu swobodne podparcie lub zamurowanie, jednocze$nie przy zastosowaniu lokalnej
(klasycznej) teorii sprezystosci. Dla przypadku drgan swobodnych wyznaczono iloraz
Rayleigha ukladu z grafenu. W prezentowanym sformutowaniu uzyto odpowiednich
technik obliczania funkcjonaléw i potodwrotnej metody wyznaczania calek. Wyka-
zano, ze postaé¢ wariacyjna stanowi podstawe dla numerycznych metod poszukiwa-
nia przyblizonych rozwiazan i pogtebia zrozumienie zachodzacych zjawisk fizycznych
w takich uktadach.
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