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The analysis and solution of many modern flexible multibody dynamic problems require
formulations that are able to effectively model bodies with nonlinear materials undergoing
large displacements and deformations. The absolute nodal coordinate formulation (ANCF)
in connection with a continuum-based approach is one way to deal with these systems. The
main objective of this work is to extend an existent approach for the modelling of slen-
der structures within the ANCF framework with nonlinear, nearly incompressible materials
using the volumetric energy penalty technique. The main part of the study is devoted to the
evaluation of multi-layer beam models and simplifications in the locking suppression me-
thod based on F -bar projection. The results present significantly better agreement with the
reference solution for multi-layer structures built with the standard ANCF beam element as
compared with the earlier implementation.
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1. Introduction

The dynamic analysis of bodies that undergo large deformations and are built with complex and
nonlinear materials is a vital part of the modern computer-aided design and modelling techniqu-
es. Therefore, such features should be included in a reliable manner in the advanced multibody
system (MBS) simulation software. In flexible multibody dynamics, the most frequently used
method is the floating frame of reference formulation (Shabana, 1997b) that is usually limited to
linear-elastic deformations. The geometrical and material nonlinearities can be included within
the finite element analysis (FEA) (Bathe, 1996), however, the FEA is not perfectly compatible
with the MBS (Wasfy and Noor, 2003).
The absolute nodal coordinate formulation (ANCF) proposed by Shabana (1997a) can be

efficiently used within the flexible multibody dynamics. The unique characteristics of this method
allow straightforward modelling of beam and plate elements using nonlinear material models.
ANCF employs the slope coordinates rather than rotations to describe local orientation, which
enables, among other things, representation of complicated shapes using just a few elements.
Flexible ANCF bodies can exactly represent rigid body modes, including large rotations, and
model large body deformations. Additionally, the ANCF beam elements may employ general
constitutive formulations (in addition to the classical beam theories) for a variety of nonlinear
material models, including incompressible ones. All these features cause that the ANCF is well
suited for the dynamic analysis of highly flexible beam structures using nonlinear material models
within the MBS framework (Shabana, 2008).
Incompressible rubber-like materials are used in many engineering and industrial applications

like defence, automotive, safety and others. Consequently, reliable and effective application of the
incompressible nonlinear materials in many biomechanical and engineering models is one of the
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key goals. However, commercial FEA packages restrict the work with incompressible materials to
shell and solid elements (ANSYS® Academic Research, 2010), also when slender structures are
considered that are otherwise modelled with beam elements. One can overcome this limitation
in the mentioned kind of common applications by applying fully parameterized ANCF beam
elements (Shabana, 2008; Orzechowski and Frączek, 2015).

Most investigations devoted to the ANCF framework assume a linear-elastic material mo-
del. Compressible and incompressible hyperelastic and isotropic material models were firstly
used within the ANCF by Maqueda and Shabana (2007). Furthermore, Maqueda et al. (2010)
presented the application of the ANCF beams with incompressible materials to rubber chains
systems. Moreover, the validation of the ANCF model based on the experiment that captured
motion of the rubber-like beam was presented in (Jung et al., 2011). Nonetheless, none of the
above works have stressed the importance of using the locking alleviation techniques. It is worth
to point out that many issues that are actively researched in the ANCF field have already been
studied for nonlinear finite elements.

The main objective of this paper is to recall and extend the volumetric locking elimina-
tion techniques for nonlinear, hyperelastic, nearly incompressible material models applied to the
ANCF beams. The previous paper by Orzechowski and Frączek (2015) showed an importance
of volumetric locking elimination techniques in typical applications, however, only higher-order
elements, like those presented in Orzechowski and Shabana (2016), which were also numerically
expensive due to the high number of coordinates and integration points, provided a reasonable
results. Therefore, exemplary techniques that may reduce the computational cost are introdu-
ced and validated with several numerical examples. Strictly speaking, the implementation of
multi-layer beam models with appropriate continuity between layers make it possible to use the
lower-order ANCF beam element, while the use of lower-order projection basis with the F -bar
projection technique simplifies this locking suppression formulation. Therefore, in the current
study, the standard three-dimensional fully parameterized element is used (Shabana and Yako-
ub, 2001; Yakoub and Shabana, 2001) together with two simple incompressible material models:
one-parameter Neo-Hookean and two-parameter Mooney-Rivlin (Shabana, 2008). Incompressi-
bility of the materials is ensured by the penalty method, which is chosen due to its simple form
and common use, and two methods of the locking suppression are applied. Due to introduced
multi-layer structures, the results of numerical tests are in significantly better agreement with
the reference for models built with the standard ANCF beam element as compared with the
earlier implementation.

2. Kinematics and dynamics of deformable bodies

The nodal coordinates of the ANCF elements are prescribed with respect to the global refe-
rence frame and they include translational and slope coordinates. Consequently, no rotational
coordinates are used to identify the element orientation. Thus, the independent rotation field
interpolation is not required and only the displacement field is interpolated (Sugiyama et al.,
2006).

In this investigation, the fully parameterized ANCF beam element with twenty-four nodal
coordinates is used (Shabana and Yakoub, 2001; Yakoub and Shabana, 2001). Twelve nodal

parameters of this beam are ei
T
=
[
ri
T
ri,x
T
ri,y
T
ri,z
T
]
, where ei is the vector of nodal co-

ordinates of the i-th node, ri is the vector of the i-th node global position, while ri,k = ∂r
i/∂k

for k = x, y, z are vectors of the slope coordinates of the i-th node. The beam element used in
the study consists of two nodes, therefore, the vector of the nodal coordinates for a single-beam

element is given by eT =
[
eA
T
eB
T
]
, where A and B indicate nodes at the beam ends. The

position of an arbitrary point on the ANCF element can be obtained as follows
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r(x, t) = S(x)e(t) (2.1)

where x = [x y z]T, S(x) = [s1I s2I · · · s8I] is the element shape function matrix, I is a
3× 3 identity matrix, and

s1 = 1− 3ξ
2 + 2ξ3 s3 = l(η − ξη) s5 = 3ξ

2
− 2ξ3 s7 = lξη

s2 = l(ξ − 2ξ
2 + ξ3) s4 = l(ζ − ξζ) s6 = l(−ξ

2 + ξ3) s8 = lξζ
(2.2)

where l is length of the element in the undeformed state while ξ = x/l, η = y/l and ζ = z/l
are element dimensionless coordinates. It can be shown that the shape function matrix S can
describe arbitrary rigid body motion (Yakoub and Shabana, 2001).
The mass matrix M of the element can be written as M =

∫
V ρS

TS dV , where ρ and V
are, respectively, density and volume of the element. In the ANCF, the mass matrix is constant.
In addition, the forces resulting from differentiation of kinetic energy, like Coriolis, tangential,
centrifugal and others, are equal to zero. Therefore, the only nonzero quantities in the system
equations of motion are the vectors of the elastic and external forces.
To derive the vector of the external forces, which comprise, for example, the gravitational

forces, the principle of virtual work can be used in the form δWe = F
T
e δr = F

T
e Sδe = Qe

Tδe,
where δWe is the virtual work of the external force Fe and Qe is the vector of the genera-
lized external forces. For example, the nodal force vector due to gravity can be obtained as
QTeg =

∫
V F
T
egS dV , where F

T
eg = [0 −mg 0] is the gravity force vector acting along the vertical

axis, m is total mass of an element and g is the gravitational constant.
The position vector gradient of the fully parameterized ANCF element may be expressed by

F = ∂r/∂X where r is given by Eq. (2.1) and X = [X Y Z]T. Using directly the expression
of the tensor F, one can evaluate the value of the strain energy for an element. In the case of
the linear-elastic material model, the strain energy can be written as Us =

1
2

∫
V ε
TEε dV , where

ε is the strain vector associated with the Green-Lagrange strain tensor and E is the matrix of
elastic coefficients (Sopanen and Mikkola, 2003). The vector of the elastic forces for an element
can be defined using the strain energy Us as follows

Qs =
(∂Us
∂e

)T
(2.3)

The present study is mainly devoted to isotropic, hyperelastic, nonlinear, and nearly incom-
pressible material models, and the proper value of the strain energy density function for these
materials is presented in the next Section of the paper.
The mass matrices and vectors of external and elastic forces of the elements follow the

standard finite element assembly procedure for each flexible body. In the case of the ANCF,
usually all the position and slope coordinates are shared between the elements. Finally, one can
write dynamic equations of motion of the constrained flexible multibody system in the general
form (Shabana, 2013)

Më+Qs +Φ
T
e λ = Qe Φ = 0 (2.4)

where M, Qs and Qe are, respectively, the mass matrix, the vector of elastic forces and the
vector of external forces of the system, ë is the acceleration vector of the system, Φ represents
the vector of constraint equations (Sugiyama et al., 2003), Φe = ∂Φ/∂e is the Jacobian ma-
trix of constraints and λ is the vector of Lagrange multipliers. Equations of motion (2.4) form
a set of differential-algebraic equations with the differential index equal to 3. Finding the so-
lution to these equations is usually a more demanding task than for the solution to ordinary
differential equations (Brenan et al., 1996). Moreover, differential-algebraic equations require
special numerical techniques, as denoted by Hairer and Wanner (1996). For a review of the
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methods used to solve Eq. (2.4), see e.g. Garćıa de Jalón and Bayo (1994). However, the most
common methods for solving differential-algebraic equations are the direct integration with,
e.g., implicit Runge-Kutta schemes (Hairer and Wanner, 1996), integration of the transformed
system with a lower index and stabilization (Gear et al., 1985) or the generalized coordinate
partitioning scheme (Wehage and Haug, 1982). In the present work, a Fortran-based research
code is used and the implicit Runge-Kutta Radau IIA scheme is utilized. It is worth noting
that if all the constrained equations were linear and time independent, system (2.4) would come
down to a set of ordinary differential equations M̂¨̂e+ Q̂s = Q̂e where the vectors and matrices
with hat are obtained after linear transformation due to constraint elimination (Garcia-Vallejo
et al., 2003).

2.1. Multi-layer beam models

Figure 1 presents a two-layer beammodel. Two beams, I and II with local coordinate systems
xIyIzI and xIIyIIzII (for clarity local z axes are omitted) are connected across their height. Each

Fig. 1. Two-layer beam model

beam has length l, width w and height h/2, therefore, the two-beam model has height equal to h.
The nodes are marked as black dots and they are shared between the elements in each layer, i.e.,
they follow the standard assembly procedure. The white dots (denoted as L1 and L2) represent
the layer connectivity points at which one can impose linear constraint equations between two
adjacent elements. X1X2X3 is the global reference frame, while the position vectors r

L2
I and r

L2
II

points to the L2 using the parameters, respectively, of elementhe I and II. The layer connectivity
constraints can be enforced at the position and slope level, thus the required continuity might be

achieved. For example ΦT =
[
(rL1I − r

L1
II )
T (rL2I − r

L2
II )
T
]
enforces the continuity at the position

level only, while constraints ΦT =
[
(rL1I − r

L1
II )
T (rL1I,x − r

L1
II,x)

T (rL2I − r
L2
II )
T (rL2I,x − r

L2
II,x)

T
]
,

which are used in the numerical examples Section, impose additional constraints on the slope
along the local x axis. The total constraint vector should consist of constraints for each layer
connectivity point. This approach might be used to build a beam structures with more than
two layers across the height or to create a model with layers in both transversal directions.
In addition, the use of multi-layer structures further enables the modelling of complex systems
like vehicle tires (Patel et al., 2016). As will be shown later in the paper, the multi-layer beam
model may ensure a better convergence when the nearly incompressible materials are used. It
is worth noting that the approach for modelling a multi-layer beam used by Patel et al. (2016)
and introduced in (Liu et al., 2011) is based on subdomains with different material properties
created within a single element and cannot be easily adopted for hyperelastic and nonlinear
material models.
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3. Nearly incompressible polynomial material models

The hyperelastic material models, which are shown in this Section, are in the well-known form
of the Mooney-Rivlin models (Bonet and Wood, 1997; Orzechowski and Frączek, 2015). The-
se models are commonly used to represent incompressible rubber-like materials. To fulfil the
incompressibility condition, the penalty technique is employed, due to its efficiency and sim-
plicity. Therefore, any member of the Mooney-Rivlin models family can be adopted. Herein,
two simplest incompressible models are used and mentioned, namely the Neo-Hookean and two-
parameter Mooney-Rivlin.

The strain-energy density function can be written for isotropic materials as a function of
the invariants of the deviatoric part of the right Cauchy-Green deformation tensor Cr = F

TF,
defined as I1 = J

−2/3I1 and I2 = J
−4/3I2, where J = det(F) and the invariants of the tensor Cr

itself are I1 = tr (Cr) and I2 =
1
2 [ tr (Cr)

2
− tr (C2r)]. In addition, the constraint J = 1 must

be ensured through the body in order to account for the material incompressibility. The strain
energy density function in the form of the Mooney-Rivlin models is the following

Us =
K∑

i+j=1

µij(I1 − 3)
i(I2 − 3)

j (3.1)

where µij are material coefficients, usually determined from an experiment. K may be an arbi-
trarily large number, but in practice values of K > 2 are rarely used. In the present paper, only
material models with K = 1 are considered.

The material models from Eq. (3.1) implicitly assume that the incompressibility is ensured
by setting J equal to one. This condition is fulfilled by the penalty method (Maqueda and
Shabana, 2007; Orzechowski and Frączek, 2015). In this technique, the volumetric energy penalty
function Up is added to the expression of the strain energy function. This term can be expressed
as

Up =
1

2
k(J − 1)2 (3.2)

where k is the penalty coefficient that represent the bulk modulus, a real material property
(Bonet and Wood, 1997). In practice, k should be selected sufficiently large to assure incom-
pressibility, but also not too large to avoid numerical complications. The use of energy function
from Eq. (3.2) with a finite coefficient k causes that the material can be considered as nearly
incompressible only.

Finally, one can combine Eqs (3.1) and (3.2) as

Usic = Us + Up (3.3)

To obtain the vector of the elastic forces Qs, the above expression should be integrated over the
flexible body volume and inserted into Eq. (2.3). Below, two models based on that representation
are shown.

3.0.1. Incompressible Neo-Hookean material

The incompressible Neo-Hookean is the simplest member of the Mooney-Rivlin models fa-
mily, which depends on only one elastic coefficient µ10. Therefore, the expression for the strain
energy function can be written as Unhs = µ10(I1− 3), and µ10 is initially equal to one-half of the
shear modulus.



982 G. Orzechowski, J. Frączek

3.0.2. Incompressible Mooney-Rivlin material

A two-parameter incompressible Mooney-Rivlin material is another widely used and simple
material model which is obtained by assuming that two elastic parameters, µ10 and µ01, are not
equal to zero. Therefore, the strain energy density function takes the form Umrs = µ10(I1− 3)+
µ01(I2−3). It can be shown that in the case of small strains, Young’s modulus is E = 6(µ10+µ01)
and the shear modulus is equal to µ = 2(µ10 + µ01) (Bathe, 1996).

4. Locking elimination techniques for nearly incompressible materials

The locking phenomena can be noticed in the case of many ANCF elements both for linear-
-elastic (Gerstmayr and Shabana, 2006) and nonlinear (Orzechowski and Frączek, 2015) material
models. Its occurrence often causes an erroneously stiff bending characteristic, and is especially
noticeable for approaches that directly employ the continuum mechanics. Moreover, a far greater
impact of the locking is observed in the case of an incompressible material than in the case of
compressible models. The paper presents shortly two methods that can be used for locking
suppression for incompressible material models. Both methods were introduced in the previous
work (Orzechowski and Frączek, 2015). In addition, simplifications of the projection space of
the F -bar method are introduced.

4.1. Selective reduced integration

This locking alleviation technique is commonly used to prevent Poisson’s locking in many
FEA elements (Zienkiewicz and Taylor, 2005) as well as in continuum-based ANCF elements
with a linear material model (Gerstmayr et al., 2008). In this method, the integral of the strain
energy function is split into two parts that are treated differently. In the first part, which is
fully integrated in the total element volume, one does not consider the Poisson effect, while
in the second part, which is integrated only along the beam centerline or plate midplane, i.e.
uses a reduced integration scheme, one takes the Poisson effect into account. Adequately, the
expression of the strain energy density function given by Eq. (3.1) can also be split. The first
part of the Mooney-Rivlin material model, denoted as Us, can be fully integrated as it does not
consider the volumetric effect. However, the volumetric energy penalty function Up should be
considered only at the beam axis, as it accounts for the volumetric behaviour. Therefore, the
following formula is used

U srisic =

∫

V

Usd V +A

∫

l

Up dl (4.1)

where l is length of the element, A denotes cross-section area and the index sri designates the
selective reduced integration technique.

4.2. F -bar projection method

The F -bar projection method involves product decomposition of the position vector gra-
dient into volumetric and deviatoric parts (Bonet and Wood, 1997; Elguedj et al., 2008) and is
especially convenient to use when the split of the energy density function into deviatoric and
volumetric parts is not straightforward and the use of the selective reduced integration might
be troublesome. This method is a generalization of the strain projection B-bar technique to
finite-strain analysis which is considered as an extension of the selective and reduced integration
approaches (Hughes, 1987).
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The gradient tensor F may be split as F = FdilFdev where Fdev = J−1/3F is the deviatoric
(volume preserving) part and Fdil = J1/3I is the volumetric-dilatational part, and I is the
identity matrix. One can notice that det(Fdev) = 1 and det(Fdil) = J . Now, the tensor F can

be modified by the use of the modified dilatational part as F
dil
= J1/3I, where

J1/3 = π(J1/3) (4.2)

and π is the linear projection operator presented in details below. Consequently, one can write

F = F
dil
Fdev =

J1/3

J1/3
F (4.3)

The modified tensor F can be directly employed to calculate the energy density function given
by Eq. (3.1). However, because Us is volume preserving, only the penalty function Up can be
affected.

4.2.1. Projection operator π

Studies performed for the isogeometric analysis beam by Elguedj et al. (2008) and further
carried out in the ANCF framework by Orzechowski and Frączek (2015) show that the L2

projection of strains is a good candidate for the projection space. Whilst the associated space on
which this projection is performed, it should have a constant value in the transversal directions.
Therefore, in the previous work (Orzechowski and Frączek, 2015), the following lower-order basis
was employed

S̃4 =
[
1− 3ξ2 + 2ξ3 l(ξ − 2ξ2 + ξ3) 3ξ2 − 2ξ3 l(−ξ2 + ξ3)

]
(4.4)

where S̃4 denotes a lower order cubic basis with four components. However, even a lower order
basis may be introduced as constant, linear or quadratic (with one, two and three components,
respectively) in the longitudinal direction

S̃1 = [1] S̃2 =
[
1− ξ ξ

]

S̃3 =
[
2ξ2 − 3ξ + 1 4ξ − 4ξ2 2ξ2 − ξ

] (4.5)

Next, Eq. (4.2) may be written in the new space (using any basis from Eqs (4.4) and (4.5)) as

J1/3 = S̃J̃1/3 (Elguedj et al., 2008; Hughes, 1987) where

J̃1/3 =



∫

V

S̃TS̃ dV



−1 ∫

V

S̃TJ1/3 dV (4.6)

The presented procedure corresponds to L2 projection of J1/3 into the S̃ basis. Next, the newly
calculated value of J1/3 may be substituted into Eq. (3.2) to obtain a modified volumetric
penalty function as

Up =
1

2
k
[
(J1/3)3 − 1

]2
(4.7)

Finally, the strain energy density function for the F -bar strain projection method is expressed
as follows

UF−barsic =

∫

V

Us dV +A

∫

l

Up dl (4.8)

where Up can be calculated only at the element centerline, as the value of J1/3 depends only on
the longitudinal coordinate.
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5. Numerical examples

Exemplary numerical calculations are carried out with the fully parameterized three-dimensional
ANCF beam element with twelve nodal coordinates at each of its two nodes. In order to ef-
fectively model bodies with nearly incompressible materials, the techniques of alleviating the
volumetric locking presented in Section 4 are applied. In addition, to assembly multi-layer beam
structures, the procedure described in Section 2.1 is used. In this study, three simple models
of highly deformable clamped beams and physical pendulums are shown. All examples use the
standard, spatial, two-node ANCF beam element with twenty-four coordinates (Shabana and
Yakoub, 2001; Yakoub and Shabana, 2001).

5.1. Physical pendulum

A dynamical analysis of a flexible beam attached at one end to the ground by a spherical
joint and falling under the gravity forces is carried out for the purpose of numerical verification.
A similar pendulum was examined by Maqueda and Shabana (2007). In the undeformed state,
the beam has 1m in length, a square cross-section of dimension 20mm, and a material den-
sity of 7200 kg/m3. In this example, the elastic coefficient for the incompressible Neo-Hookean
model is µ10 = 1MPa, while in the case of the two-parameter Mooney-Rivlin material, the
values of its coefficients are µ10 = 0.8MPa and µ01 = 0.2MPa. The material properties allow
large deformations of the body. To ensure incompressibility, the penalty term is assumed to be
k = 103MPa. The pendulum model is shown in Fig. 2. To increase body deformations, the base
of the pendulum is subjected to prescribed motion. The constraint equations for this model can

be written as ΦT =
[
rN1 + 0.02 sin(2πt) r

N
2 r

N
3

]
, where rNi for i = 1, 2, 3 denotes the component

of the position vector of the node N (in meters), and t is time expressed in seconds.

Fig. 2. Very flexible physical pendulum, three-layer model

The pendulum body is built of four beam elements along its length. Figures 3a and 3b show
displacements of the pendulum free end tip resulting from performed dynamical simulations
for three types of models: without the locking suppression method, with the F -bar projection
and the three-layer model with the F -bar projection. Figure 3a presents results for the Neo-
Hooken material, while in Fig. 3b results for the Mooney-Rivlin material are shown. Despite
the differences in materials, the results in both figures are very similar. The models without the
locking suppression method show very small deformations as they behave almost like a rigid body,
despite very low elastic coefficients and large pendulum density. On the other hand, all models
that employ the locking elimination by the F -bar projection show reasonable deformations.
The lack of the over-stiff response in the incompressible models during bending indicates that
the influence of the volumetric locking has been suppressed (Orzechowski and Frączek, 2015).
Therefore, it can be concluded that the influence of the volumetric locking on the results of
hyperelastic nearly incompressible material models might be enormous, and that the multi-layer
beam model produces acceptable results, comparable with those of the standard beam model.
The results for the selective reduced integration exhibit very similar behaviour.

Figures 4a and 4b show how well the incompressibility condition is preserved by the analysed
models by plotting the value of the determinant of the deformation gradient tensor J = det(F).
Figure 4a presents the value of J as a function of time at the point A of the body (see Fig. 2).
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Fig. 3. Vertical position of the beam free end tip for (a) incompressible Neo-Hookean and
(b) incompressible Mooney-Rivlin material: ( ) without the locking suppression method, ( ) with

the F -bar projection, ( ) with the F -bar projection, three-layer model

Fig. 4. Value of J = det(F) (a) in time and (b) along beam thickness for incompressible Neo-Hookean
material: ( ) without the locking suppression method, ( ) with the F -bar projection, ( ) with

the F -bar projection, three-layer model

Likewise, Fig. 4b presents the value of J along the line connecting points A and B of the body
(shown in Fig. 2) for a specific time instant (at t = 0.2 s). It can be clearly seen that the
incompressibility condition for the whole body volume is preserved only for the formulation that
does not use any locking alleviation technique.

For beams using the F -bar strain projection method, the value of J is changing noticeably,
however, in the case of the three-layer model this violation is significantly smaller than for the
one-layer beam as the region of constraint violation is bounded to the beam boundaries. Since
the lack of continuity of the J value between the beam layers is crucial for preventing the locking
behaviour (continuous J would result in its constant value equal to one), it must be ensured
that the continuity does not occur on the gradient perpendicular to the layer boundary.

5.2. Cantilever beam

In this example, static simulation of the cantilever beam, similar to that shown in Figure 5,
is employed. The beam is clamped at one end with the help of a linear constraint equation in
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the form of Φ = eN . The gravitational force is the only external force that acts on the system.
The material and geometrical properties of the flexible body are the same as in the previous
example, except for the size of the cross section that is increased to 40mm for both height and
width. For a verification purpose, the ANCF models with one, two and three layers are examined
and the results of simulations are compared with the solution of an analogous model obtained
with a commercial FEA package (ANSYS® Academic Research, 2010).

Fig. 5. Very flexible cantilever beam under gravity forces

The main purpose of this example is to assess the impact of the new modelling techniques, like
the use of the multi-layer beams and the low order projection basis, on the obtained solution. The
results are shown for both presented locking elimination techniques, the F -bar strain projection
and the selective reduced integration as well as for both material models, the incompressible Neo-
Hookean and two-parameter Mooney-Rivlin. For the F -bar method, four different projection
bases are employed as has been proposed in Section 4.2. The results are compared against the
FEA package solution. For this reason, we applied a very fine mesh in the FEA package consisting
of 1600 higher-order solid elements (SOLID186).

In Table 1, the results of static ANCF analysis are presented for the models with one, two
and three layers across thickness, together with reference FEA results. The results show for both
locking elimination procedures, the SRI and F -bar, the convergence to nearly the same solution
for a given number of layers and irrespective of the employed projection basis.

Table 1. Deformation of the free end tip of the clamped beam for models with 48 elements in each
layer (NoL – number of layers, ICNH – incompressible Neo-Hookean, ICMR – incompressible
Mooney-Rivlin, SRI – selective reduced integration). Results for one-layer models for SRI and
cubic F -bar locking suppression methods are taken from (Orzechowski and Frączek, 2015)

Method NoL
ICNH analysis ICMR analysis
X [m] Y [m] X [m] Y [m]

FEA – −0.828 −0.940 −0.828 −0.941

1 −0.894 −0.965 −0.893 −0.964
ANCF SRI 2 −0.838 −0.941 −0.838 −0.941

3 −0.829 −0.938 −0.830 −0.938

ANCF F -bar constant
projection basis

1 −0.894 −0.965 −0.893 −0.965
2 −0.840 −0.943 −0.840 −0.943
3 −0.832 −0.940 −0.832 −0.941

ANCF F -bar linear
projection basis

1 −0.894 −0.965 −0.893 −0.965
2 −0.837 −0.941 −0.838 −0.941
3 −0.829 −0.938 −0.830 −0.939

ANCF F -bar quadratic
projection basis

1 −0.892 −0.963 −0.891 −0.962
2 −0.837 −0.941 −0.838 −0.941
3 −0.829 −0.938 −0.830 −0.938

ANCF F -bar cubic
projection basis

1 −0.891 −0.962 −0.890 −0.962
2 −0.837 −0.941 −0.838 −0.941
3 −0.829 −0.938 −0.830 −0.938
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The results presented in Table 1 show that the convergent solutions given by ANCF are no-
ticeably different when different numbers of layers are used. For the one-layer model, the ANCF
results are significantly different from the reference. The noticeable discrepancy between the
reference FEA results and the ANCF models is mainly due to violation of the incompressibility
assumption at the beam surface. Nevertheless, this behaviour is consistent with the characteri-
stics of the finite element analysis, where incompressibility is ensured only on the average (Adler
et al., 2014). The standard approach to deal with such a problem is to employ a larger number
of elements across thickness, and the results in Table 1 show that the beam models with two and
three layers conform much better to the reference. Therefore, when the incompressible material
model employs the locking elimination technique based on reduced integration, it is crucial to
apply more elements across the transversal direction in order to obtain reasonable results. In
addition, in the case of the F -bar method, the simplest constant projection basis is able to
reproduce a proper solution that is only slightly different than the reference one, while offering
the smallest computational complexity.

5.3. Cantilever rubber-like beam

The last example is the dynamic analysis of the clamped beam model, wherein the constraint
equations are identical as those in the previous Section. The system is similar to the model shown
by Jung et al. (2011). The body undergoes the gravitational force, and is made of a rubber-like
material having density of 2150 kg/m3, Kirchhoff’s modulus of 1.91MPa and the penalty term of
103MPa. The beam has a rectangular cross section of 7mm width and 5mm height, and 0.35m
in length. The models use thirty fully parameterized ANCF beam elements for each layer, whilst
one- and three-layer models are compared. Such a large number of elements is needed to obtain
a converged solution for both locking elimination procedures. The results of ANCF simulations
are compared with the results obtained with the FEA package. The beam elements from the
classic FEA package cannot be used with nonlinear incompressible material models. Therefore,
SOLID185 (ANSYS® Academic Research, 2010) elements with reduced integration are used.
To obtain a convergent solution, the use of 336 solids is sufficient. In this example, the only
considered material model is the incompressible Neo-Hookean.

Fig. 6. Beam end tip displacements, (a) one-layer model, (b) three-layer model: ( ) reference FEA,
( ) ANCF with selective reduced integration, ( ) ANCF full integration with F

Figure 6a shows the results for two ANCF models with different locking suppression methods
and for the reference FEA solution (Orzechowski and Frączek, 2015). The results are recalled
here for easier comparison with the three-layer model. Both ANCF models provide almost the
same results, and for the one-layer model a reasonably good agreement with the reference can
be observed. However, the results in Fig. 6b show a large improvement for the three-layer model,
irrespective of the employed projection basis. The results for the SRI present a similar advance.
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One can conclude that the alleviation of the volumetric locking effect and introduction of the
multi-layer structures leads to a substantial improvement as compared with the one-layer model
and ensures the quality of the results obtained using higher-order beam elements with forty-
-two nodal parameters as shown by Orzechowski and Frączek (2015). In addition, in comparison
with the FEA solid model, the number of parameters involved is, in the given application, more
than four times less in the ANCF one-layer beam model, and two times less in the case of the
three-layer model.

6. Conclusions

The ANCF is used successfully in the analysis of flexible bodies undergoing large deformations.
The current study presents that nonlinear and nearly incompressible material models can be
included in the ANCF in a straightforward way. The implementation of nonlinear incompressible
materials and locking elimination techniques within the ANCF framework presented so far in the
literature exhibit inaccurate behaviour in bending-dominated examples for a standard twenty-
-four parameter three-dimensional beam element.

In order to carry out accurate and efficient model simulations with incompressibility, two
locking elimination techniques are presented – the F -bar strain projection method and the
selective reduced integration. Both methods are implemented in the ANCF framework and
tested with multi-layer beam structures. In addition, for the F -bar method, different projection
spaces are investigated. Numerical tests show that the locking influence for an incompressible
material models is enormous. The results of ANCF simulations are compared with a commercial
FEA package and a very good agreement is found, especially for three-layer models. In the case
of the F -bar method, the order of the projection space has aminor influence on the quality of
the solution.

In the classical FEA, solid elements must be used when the materials with a nonlinear
characteristic are used to model slender structures. In contrast, in the ANCF, fully parameterized
beam elements can be employed in such systems, the result of which are models with much less
parameters than for the FEA. However, the application of ANCF beams modelled with nonlinear
materials to complex cross-sectional shapes might require further investigations (Orzechowski,
2012; Orzechowski and Shabana, 2016).

A desirable direction for future research is the development of alternative methods that would
enable efficient locking elimination. In addition, it is indicated in the literature that, applying
the systems which use incompressible material models, one may obtain solutions that are highly
imprecise in stresses, although a proper solution exist for displacements (Bathe, 1996). Hence,
the distribution of stresses in such models should also be taken into account as an essential
research topic.
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