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In this paper, closed form analytical expressions for thermoelastic strain and stress compo-
nents due to a spherical inclusion in an elastic half-space are obtained. These expressions
are derived in the context of steady-state uncoupled thermoelasticity using thermoelastic
displacement potential functions. The thermal strain and stress fields are generated due
to differences in the coefficients of linear thermal expansion between a subregion and the
surrounding material. The strain and stress components for exterior points of the spheri-
cal inclusion are same as those of the center of dilatation. Variations of strain and stress
components for exterior and interior points of the spherical inclusion are shown graphically.

Keywords: uncoupled thermoelasticity, strain and stress fields, potential functions, spherical
inclusion

1. Introduction

Thermoelasticity is an extension of theory of elasticity to include thermal effects. Theory of
thermoelasticity is concerned with the interaction between the thermal field and elastic bodies.
Comprehensive treatises on the topics of thermoelasticity have been covered in the classical texts
(Nowinski, 1978; Truesdell, 1984; Nowacki, 1986; Boley and Weiner, 1997; Boresi et al., 2011;
etc.). The study of thermoelasticity has begun with Duhamel (1837) and Neumann (1885), who
postulated equations of linear thermoelasticity for isotropic bodies. Goodier (1937) studied the
static problem of uncoupled thermoelasticity by employing the method of superposition using
displacement potential functions. With the help of Goodier’s method, Mindlin and Cheng (1950)
obtained the thermal stress in a semi-infinite elastic solid with the traction free surface for the
centre of dilatation using Galerkin’s vector stress function. The result was then applied to the
case of a spherical inclusion in a semi-infinite medium. Nowacki (1957) considered the problem
of an instantaneous source of heat in an infinite isotropic elastic space and determined the state
of stress using the potential of thermoelastic strain. Also, stress components in a semi-infinite
elastic space due to an instantaneous source of heat was obtained using the method of Galerkin’s
displacement function and the Fourier integral under stress free surface boundary conditions.
Sen (1957) presented a direct method for solving problems of circular holes in an isotropic
elastic plate having prescribed displacements on the edge. The problem of deformation in an
infinite isotropic plate due to the centre of dilatation in the form of a nucleus of thermoelastic
strain at a finite distance from the hole was also discussed. Sharma (1957) obtained deformation
and stress fields due to a nucleus of thermoelastic strain in an infinite solid having a spherical
cavity using interior and exterior spherical harmonics. Another problem of a solid sphere at zero
temperature having a heated nucleus inside was also discussed. Biharmonic solutions to steady
state thermoelastic problems in three dimensions were derived by Nowinski (1961). Nowinski
(1963) proved a mean value theorem for an arbitrary steady-state thermoelastic problem for an
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isotropic elastic solid sphere. The stress components at the center of the sphere were expressed
in terms of temperature on the surface of the sphere.

Guell and Dundurs (1967) obtained elastic fields due to a subregion between two joined half-
-spaces by differentiation from the corresponding fields for the whole space using the solutions
for the center of dilatation. The Papkovich-Neuber displacement potentials were used when the
interface between two joined half-spaces was a smooth interface and perfectly bonded. Those
results were then applied to a spherical inclusion. The case of the force on the center of dilatation
was also discussed. Hu (1989) considered the problem of a parallelepipedic thermal inclusion in
a three-dimensional half-space and derived analytical solution using Goodier’s method of the
nucleus of thermal strain or the center of dilatation. Wang and Huang (1991) studied some
thermoelastic problems in the half-space by using Goodier’s thermoelastic potential functions
and general solutions of elasticity based on the Boussinesq solutions (consisting of different har-
monic functions). Yu et al. (1992) and Yu and Sanday (1992), respectively, derived analytical
solutions for thermoelastic displacements and stresses due to an inclusion in a dissimilar medium
consisting of two joined semi-infinite elastic solids and for the centre of dilatation in a plate.
The stress-deformation state of an elastic half-space due to an inhomogeneous spheroidal ther-
mal inclusion in the form of a prolate or oblate ellipsoid of revolution under stress-free surface
boundary conditions was discussed by Kolesov et al. (1992) using thermoelastic displacement
potential functions and the Teredzave method. Yu et al. (2002) calculated thermal stresses indu-
ced by an ellipsoidal inclusion with uniform dilatational eigenstrains in one of the two perfectly
bonded semi-infinite solids using the method of dilatation centres and potential functions. Da-
vies (2003) derived the elastic field due to a non-uniform temperature or a coherently misfitting
inclusion in a semi-infinite region from the corresponding field in an infinite region.

Using Green’s function method and series expansion techniques, closed form solutions for
displacement and stress fields due to a hemispherical inclusion with a uniform eigenstrain in
a semi-infinite isotropic elastic medium were obtained by Linzhi (2003). Liu and Wang (2005)
obtained the elastic field caused by eigenstrains in a half-space using two types of numerical
techniques — discrete correlation and fast Fourier transform as well as discrete convolution and
fast Fourier transform. To obtain that field, analytical solutions for influence coefficients were
expressed in terms of derivatives of four key integrals. Zhou et al. (2009) introduced a fast me-
thod for solving the problem of three-dimensional arbitrarily shaped inclusions in an isotropic
half-space using a combination of 2D and 3D fast Fourier transform. A fast method for solving
contact problems for a half-space containing multiple inhomogeneities such as voids, cavities,
inclusions and fibers was presented by Leroux et al. (2010). The displacement and stress fields
due to eigenstrains of all spherical inclusion were obtained using Eshelby’s equivalent inclusion
method along with 2D and 3D fast Fourier transforms. Itou (2014) derived basic equations for
thermoelastic plane stress conditions and thermoelastic plane strain conditions. Two problems
were solved using thermoelastic displacement potential functions: (i) axisymmetric thermal stres-
ses for a hollow thin disk, (ii) thermal stresses for an infinite thin plate with a circular hole under
uniform heat flow. Kumagai et al. (2014) presented different representations of a seismic sphe-
rical source. Those different representations consisted of a spherical source (S1), spherical crack
source (S2), isotropic source of three mutually perpendicular vector dipoles (S3) or three mutu-
ally perpendicular tensile cracks (S4), Eshelby’s spherical source with stress-free strain (S5) and
Eshelby’s spherical source with strain-free stress (S6). Static displacement fields due to those
sources in an infinite medium and in a half-space were also derived.

In the present paper, we obtain thermoelastic strain and stress fields due to a spherical inclu-
sion in an elastic half-space in the context of steady-state uncoupled thermoelasticity. Following
the method opted by Davies (2003), we derive thermoelastic strain and stress components for
an infinite region from which corresponding fields can be derived in the semi-infinite region. The
expressions for these fields are obtained for the axisymmetric problem in cylindrical coordinates
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using thermoelastic displacement potential functions. These results are in good agreement with
the results found by Mindlin and Cheng (1950).

2. Theory

In the linear theory of thermoelasticity, the total strain can be written as the sum of mechanical
and thermal strains (Goodier, 1937; and Nowinski, 1978)

eij = eEM) +eD (2.1)

J ij
in which for an isotropic material, the thermal strain takes the form eg;‘r) = oT'0;j, where « is the
coefficient of linear thermal expansion, 7" is temperature difference, d;; is Kronecker delta. Then
in the context of uncoupled linear thermoelasticity, the displacement-temperature equation of
equilibrium in the absence of body forces can be written as

2(1+v)

v2
ut 1— 20

V(V-u) = aVvT (2.2)

1—2v
where e;; are components of the strain tensor; u is the displacement vector and v is Poisson’s
ratio.
The uncoupled heat conduction equation for a steady state temperature field T' with @ as
the heat supply and A\g as the thermal conductivity can be written as

vir— —¢ (2.3)
Ao
The solution to inhomogeneous equation (2.2) can be expressed as
u=u‘+v” (2.4)

where u€ is the complementary function satisfying the homogeneous equation of (2.2) and u? re-
presents the particular solution to the displacement field generated by the temperature field 7.

According to Goodier’s method (Timoshenko and Goodier, 1951), the displacement u(>) (r)
for an infinite solid is given by u(®®) = Vi, where the potential function ¢ satisfies Poisson’s
equation

_1+1/
C1l-v

Vi aT(r) (2.5)

Then the function ¢ is obtained as

o) = e [ T dw) (2.6)

T 4nl—v

where |r — v'| = |[(z,y,2) — (§,n,5)] = V(z —&)2+ (y —n)? + (2 —<)? is the distance between
the points (z,y, z) and (§,7,5).

Then the displacement, strain and stress components in the cylindrical polar coordinates
(r,0, z) are expressed in terms of the potential function ¢ as (Barber, 2002; Sadd, 2005)

Oy 10y Oy
U= ar Y] Y= 92 27)
and
_ Ou, 1 Oug _1/10u,  Oug g
= or €00 = T(ur * 00 ) 0 =% (7“ 00 or r ) (2.8)
_ Ou, Oug 10u, 1/0u,  Ou, ’

1
em=r =550 tr5r) = s(Gr o)
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and
1 0% - 1 10y N 1 0%p - 1 0 -
—Q0. = — — —0Q0, = —— —_—— - = — —
2" " a2 Y 2.7 = vor Tir2oz V¥ 217~ 922 (;0 9)
1 0 /10 1 1 9%p 1 0% '
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where the Laplacian operator in the cylindrical polar coordinates (r,0, z) is given by
2 10 1 0* 0?
v2 Y - _ _ 2.10
e (87“2 ror  r2002 + 8z2)('0 (2.10)

3. Formulation and solution of the problem

We consider an axisymmetric problem of a spherical inclusion in the upper half-space (z > 0)
having a different coefficient of thermal expansion to that of the half-space but the same elastic
constants as in Wang and Huang (1991). Due to this difference in the coefficients of thermal
expansion between the sub region and its surrounding material, say 7y, a thermoelastic stress
field is generated. Let radius of the spherical inclusion be a and center of it be located at the
point 7 = 0 and z = h, where h > a, as shown in Fig. 1. The surface z = 0 is taken as traction
free surface. We take the axis of symmetry as the z axis, then for the axisymmetric problem
in the cylindrical coordinates (r, 0, z), all quantities are independent of . Then using Eq. (2.7),
the displacement vector u has the form u = (u,,0,u,). Therefore, the components of the strain

and stress tensor can be written in the following form, see equations (2.8) and (2.9)

ou, U ou,
(& = (& = — e =
rr or 00 r zz B
1/0u, Ou,
ezr—§<6z 87“) erg =0 ep, =0
and
1 o, 1 10 _, 1 Pp s
ﬂdrr—W—VSO ﬂUGG—FE—VSO EZZ_W_VSO
1 0?
2% 2r — ag;ﬂ org =0 09, =0
where
0? 10 0?
Vip=(==+ - +—
7 (87“2 Tar—i_azZ)(p

2z A

(O h)/
h

(0, h-a)

Fig. 1. A spherical inclusion in a thermoelastic half-space

(3.1)
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Then according to Wang and Huang (1991), the thermoelastic potential function ¢ satisfies
the following Poisson’s equations, when temperature of the semi-infinite region increases up to Tj

1+ v 1+v
T = T f R <
Vip={ 1, T 1,0 or s a (3.4)
0 for Ri>a

where R? = 72 + (z — h)? is the distance of the point (r, z) from (0, h). Then, the function ¢ for
this problem is taken as (Wang and Huang 1991)

1
~KR? for Ry <a
6

g1 8 (35
—K(3a2 — 2£) for Ry >a
6 ( R !

where
1+v
K= 770T0 (36)

1-—

Considering the boundary conditions, we assume that the boundary z = 0 of the half-space
is traction free surface i.e.

Osy = 0py =0 at z2=0 (3.7)

Now according to Davies (2003), the strain and stress components within the semi-infinite
region z > 0 with the traction free surface in terms of strain and stress components for an
infinite region for the axisymmetric problem in the rz-plane can be reduced to the form

err = %) 4+ (3 — 4v)el>™ + 2,288 e(>) epp = eée co) +(3— 41/)eé9 ) 4 2z§eé9 o)
e = &) _ (1 = 4)e) 42,0 o) 6. = o) _ () _ g, 9 clo0) (38)
0z 0z

€rg = 0= €0z

and

Orr = 0 4+ (3 — )5\ — 45\ 4 22— 0 (o)

02
00 00 (00 0 —(oco
oo = 0507 + (3 — Ay — el + 2z8—af99 ) 0rp =0 = 09, (3.9)
_ 0 _ _ 0 _
0. = 010 _ 50 19,9 5(o0) or, = o) _ () _ 9, 9 ~0)
zz zZ 82 Tz rz 82 Tz

Then the displacement, strain and stress fields in the infinite region and those at the image
point for exterior points (R; > a) of the spherical inclusion (where V2p = 0) are obtained using
u(®) = V¢ and equations (3.1)-(3.3)

0 1 r 10 0 1 z—nh
(0) 9% _ 1 31 (0) _ 199 _ (0) _ 9P 1 3
U, =35 = KCL(R%) Uy _7“8(9_0 Uy —az—gKa(R%)
(3.10)
0? 1 1 3r 1 1
(0) 9P _ Ly 3 1 (0) _ Yr _ 1p-3( 1 (00) _ (00)
Err or2 3 (Ri% R5) 00 - 3Ka (R:%) €ro = €0z (3_12)
e(oo) _ 62()0 _ 1 3(L 3(2 — h)Z) e(oo) _ e(oo) N 62(p _ 37"(2’ — ) '
= 922 3 R$ R} " = oroz R}
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where (0, —h) is the image of point (0,h) and R3 = r2 + (2 + h)? is the distance of the point
(r,z) from (0, —h).

Substituting equations (3.11), (3.14) and (3.12), (3.15) into (3.8) and (3.9), respectively, the
strain and stress components in the thermoelastic half-space for exterior points (R > a) of the
spherical inclusion can be expressed as

1.3l 3—4v 6z(2+h) o7 1 3—4v 10z(z+h)
B LY A R
1 3—4v 62(z2+4h)
i 3 _
cop = gha (Ri” TR i3 )
(3.16)
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B 3 rz—h 3z+h 10z(z +h)?
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Kar1 3-8 6z(z+h) 12v(z+ h)? o/ 1 3—4v  102(z +h)
rr 22— | =3 - -3 D5 -
om =T [Ri” TR R, R ’ (R§ TR Rj )
Ka*/1 3-8 62(z+h) 12v(z+ h)?
— 2 - —
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Further, from equation (3.17), we can see that o,, = 0,, = 0 at the boundary z = 0 of the
half-space, which is in accordance with the boundary conditions as in equation (3.7).

Also, for the interior points (R; < a) of the spherical inclusion, as in Mindlin and Cheng
(1950)

KRy /1 1
Wint = Ueqgt + T (E - R_:f) (318)
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Using this, the following relations between the strain components of the exterior points
(Ry > a) and the interior points (R; < a) of the spherical inclusion are given by

) Ka? 1 r Kda’ (1 !
t__ t ! !
e =y +T<$ RB)+K“ R W= g Qg_ﬁ) (3.19)
‘ Ka? 1 (2 —h)? ' riz—h) |
eint _ pext S — Ka s et = ext + Ka e
zz zz 3 <a3 Rzls) R5 Tz R5

Also, the relations between the stress components of the exterior points (R; > a) and the
interior points (R; < a) of the spherical inclusion are given below, see Guell and Dundurs (1967)

: 1 3r2 1
O'f];ft = emt —2uK ( + 3 ? ) U%t = O'ggt 2uK ( 3)
(3.20)
; 1 3(z — h)? ; r(z —h)
t t t t
o =02 —2 K( 3 7? ) o =ony + 6uK 5

Substituting equations (3.16) and (3.17) into (3.19) and (3.20), respectively, the strain and
stress components in the thermoelastic half-space for the interior points (R < a) of the spherical
inclusion can be expressed as

1 a1 3—4v 62(2+h) 93 —4v  10z(z + h)
1 . 3/1 3—4v  6z(z+h)
w=gh (5 Ty T ) 321)
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ery = —Ka’r —
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The results obtained above are in good agreement to those of Mindlin and Cheng (1950)
for the spherical inclusion in the interior of a thermoelastic semi-infinite solid using the usual
thermoelastic relation.

4. Numerical results and discussion

In this Section, graphical representations of the strain and stress components at the points
(0,0) and (0,h — a) just outside the spherical inclusion in the thermoelastic half-space are
obtained using MATLAB software programming. The numerical computations are carried out
for Poisson’s ratios v = 0.1 to 0.5. Figures 2a and 2b respectively show the variation of strain



1376

K. Singh, R. Muwal

components e,.(= egy) and e, at the point (0,0) for exterior points of the spherical inclusion
along the distance and varying Poisson’s ratio from 0.1 to 0.5. From Fig. 2a, we observe that the
strain e, (= egp) decreases smoothly with increasing values of the distance h/a, and it vanishes
at infinitely large values of h/a. Also, as Poisson’s ratio v increases from 0.1 to 0.5, this strain
increases quantitatively. From Fig. 2b, we observe that the strain e,, assumes negative values
for all the values of Poisson’s ratio v ranging from 0.1 to 0.5. Further, it continuously increases
with the increasing distance h/a assuming the value of zero at infinitely large values of h/a. In
Figs. 3a and 3b, respectively, the variation of strain components e,.(= egg) and e, at the point
(0, h — a) just outside the spherical inclusion are presented for exterior points. From Fig. 3b, it
can be seen that the strain e, first increases and then decreases continuously as the distance h/a
increases. Further, this strain approaches a finite negative value (depending on Poisson’s ratio)
at infinitely large values of the distance h/a.

(a)

@99)/(4770 To)

3 67"7‘(

Fig. 2. (a) Strain component e,.(= egp) at the point (0,0) for exterior points of the spherical inclusion,
(b) strain component e, atthe point (0,0) for exterior points of the spherical inclusion

Fig. 3. (a) Strain component e,.(= egpp) at the point (0, — a) just outside the spherical inclusion for
exterior points, (b) strain component e, at the point (0, h — a) just outside the spherical inclusion for
exterior points

Figure 4 shows the variation of the stress component o, (= ogg) at the point (0, 0) for exterior
points of the spherical inclusion in the thermoelastic half-space. From Fig. 4, we observe that the
stress component o,.(= ogg) decreases gradually as the distance h/a increases and it vanishes
at infinitely large of h/a. Also, as Poisson’s ratio v increases from 0.1 to 0.5, this stress increases
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quantitatively as shown in the figure. Figures 5a and 5b, respectively, show the variation of the
stress component o,,.(= 0gg) and o, at the point (0, h — a) just outside the spherical inclusion
in the thermoelastic half-space. From Fig. 5a, we observe that the stress component o,,(= ogp)
also decreases gradually with the increasing distance h/a but it assumes finite positive values
(depending on Poisson’s ratio) at infinitely large values of the distance h/a. From Fig. 5b, we
observe that as Poisson’s ratio increases from 0.1 to 0.5, the stress decreases more rapidly with
increasing values of the distance h/a and tends to finite negative values (depending on Poisson’s
ratio) at infinitely large values of the distance h/a.

0.11.0

Fig. 4. Stress component o,..(= ggg) at the point (0,0) for exterior points of the spherical inclusion

N
%\\\\\\“\\\\\\\\\\\\\\\\\
\\\\\\\\\\\\\QQQ\
% \\\\ \\\\ ~

Fig. 5. (a) Stress component o,.-(= 0gg) at the point (0, h — a) just outside the spherical inclusion for
exterior points, (b) stress component o, at the point (0, h — a) just outside a spherical inclusion for
exterior points

Figures 6a and 6b, respectively, show the variation of strain components e,.(= egy) and e,
at the point (0,h) for interior points of the spherical inclusion. As observed from Fig. 6a, the
strain e,,.(= egg) increases continuously with the increasing distance h/a and with increasing
values of Poisson’s ratio v from 0.1 to 0.5. From Fig. 6b, we observe that the strain e,, decreases
gradually for all values of Poisson’s ratio v = 0.1 to 0.5 as the distance h/a increases. It is noticed
from Figs. 6a and 6b that these strains assume finite positive values (depending on Poisson’s
ratio) at infinitely large values of the distance h/a. Figures 7a and 7b, respectively, show the
variation of stress components o,.(= 0gg) and o, at the point (0, ) for interior points of the
spherical inclusion. It is noticed from Figs. 7a and 7b that the stresses decrease continuously
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as the distance h/a increases and these assume finite negative values (depending on Poisson’s
ratio) at infinitely large values of distance h/a.

=206 \ \\\\\\\\\\\ \ \ 5 \\\\\\\\\\\

Lo 03N
s%/ 0.2
11?51 0.11.0

Fig. 6. (a) Strain component e,.(= egp) at the point (0, ) for interior points of the spherical inclusion,
(b) strain component e.. at the point (0, h) for interior points of the spherical inclusion

B ) \\\\\\\ \\\
\\\\\\§§\§§\§\\\\\\\\\\\\\\\ W

Fig. 7. (a) Stress component o,-(= 0gg) at the point (0, h) for interior points of the spherical inclusion,
(b) stress component o, at the point (0, k) for interior points of the spherical inclusion

5. Conclusion

In this paper, closed form analytical expressions for thermoelastic strain and stress components
due to a spherical inclusion in a thermoelastic half-space are obtained. These expressions are
derived in axisymmetric cylindrical coordinates in the context of steady-state uncoupled ther-
moelasticity using thermoelastic displacement potential functions. The thermoelastic strain and
stress components for the exterior points of the spherical inclusion are the same as those of the
center of dilatation. The variations of the thermoelastic strain and stress components for the
exterior and interior points of the spherical inclusion are also shown graphically for different
values of Poisson’s ratios. It is observed that the strain and stress components at the points
(0,h—a) and (0, h) approach finite values depending on Poisson’s ratio at infinitely large values
of the distance h/a, whereas at the point (0,0) these quantities tend to zero as h/a tends to
infinity. Thus, Poisson’s ratio has a significant effect on the strain and stress components due to
the spherical inclusion in the thermoelastic half-space.
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