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This paper develops a cracked nanobeam model and presents buckling analysis of this de-
veloped model based on a modified couple stress theory. The Timoshenko beam theory and
simply supported boundary conditions are considered. This nonclassical model contains a
material length scale parameter and can interpret the size effect. The cracked nanobeam is
modeled as two segments connected by two equivalent springs (longitudinal and rotational).
This model promotes discontinuity in rotation of the beam and additionally considers di-
scontinuity in longitudinal displacement due to presence of the crack. Therefore, this multi-
-spring model can consider coupled effects between the axial force and bending moment
at the cracked section. The generalized differential quadrature (GDQ) method is employed
to discretize the governing differential equations, boundary and continuity conditions. The
influences of crack location, crack severity, material length scale parameter and flexibility
constants of the presented spring model on the critical buckling load are studied.

Keywords: buckling, crack, modified couple stress theory, Timoshenko nanobeam, spring
model

1. Introduction

Many applicable structures have been used in micro- and nano-scale dimensions. Size effects are
significant in the mechanical behavior of these structures. Since the classical continuum mecha-
nics cannot predict the size effect, some size-dependent continuum theories have been developed
to capture the size effect using some material length scale parameters. These parameters are
related to inherent properties of materials, which become considerable in small scale structu-
res. In view of the difficulties in determining these internal parameters, non-classical continuum
theories involving only one material length scale parameter are desirable. A modified couple
stress theory has been proposed by Yang et al. (2012). This theory uses only one material length
scale parameter to capture the size-dependent behavior of structures and employs only the sym-
metric part of the couple stress tensor as a suitable measure of the continuum micro-rotation.
Many studies have been done on the static and dynamic behavior of nanostructures based on
the modified couple stress theory. Here we focuse on the static and dynamic behavior of the
micro/nanobeams specially on the buckling of the nanobeams.

Park and Gao (2006, 2008) formulated a modified couple stress based model for the Euler-
-Bernoulli beam and that model was extended by Ma et al. (2008) for the Timoshenko beam
using Hamilton’s principle. Also, a microstructure dependent non-classical Reddy-Levinson be-
am model was developed by Ma et al. (2010), and the difference between the results obtained
from the non-classical and the classical models was illustrated for static bending and free vi-
bration. Simsek (2010) proposed analytical and numerical solution procedures for vibration of
an embedded microbeam under action of a moving microparticle and studied the influences of
the material length scale parameter, Poisson’s ratio, velocity of the microparticle and the elastic
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medium constant on the maximum dynamic deflections of the microbeam. A size-dependent
nonlinear Euler-Bernoulli beam model was presented by Xia et al. (2010). They studied nonli-
near size-dependent static bending, postbuckling and the free vibration of beams, and Asghari
et al. (2010) developed their model for Timoshenko beam theory. Ke and Wang (2011) investi-
gated dynamic stability of FGM Timoshenko microbeams and showed the significance of the
size effect on dynamic stability. Buckling analysis of microbeams with higher order theories and
general boundary conditions was investigated by Mohammad-Abadi and Daneshmehr (2014).
They revealed accuracy of the GDQ method for that modified couple stress based size-dependent
buckling problem. Also, Mohammad-Abadi and Daneshmehr (2015) developed vibration ana-
lysis of composite laminated beams in order of microns using the GDQ method. Akbarzadeh
Khorshidi and Shariati (2016b) presented a comprehensive solution for free vibration of a shear
deformable S-FGM nanobeam by the GD(Q method. Dehrouyeh-Semnani et al. (2015) inve-
stigated dynamic characteristics of axially moving Timoshenko microbeams using Hamilton’s
principle and Galerkin’s method. An exact solution for prediction of postbuckling behavior of
shear deformable nanobeams was presented by Akbarzadeh Khorshidi and Shariati (2015). Also,
Akbarzadeh Khorshidi and Shariati (2016a) investigated the propagation of the stress wave in
a shear deformable nanobeam and evaluated the effects of shear deformation, material length
scale parameter and Poisson’s ratio on the phase velocity of it.

It is well known that cracks increase flexibility of a structure. Therefore, the presence of a
crack leads to reduction of the stiffness of a structure. So, a simple and accurate model should be
used to determine this reduction in stiffness. For this reason, the cracked beam is modeled as two
segments connected by means of massless springs (Freund and Herrmann, 1976; Adams et al.,
1978). Rice and Levy (1972) viewed the plate as a strictly two dimensional continuum with a local
reduction in bending and extensional stiffness along the crack line. This model, which has become
known as the line spring model for surface flaws, was also discussed in detail by Rice (1972). Most
of the studies which have been recently done utilized an equivalent massless rotational spring at
the cracked section. Thus, at the cracked section, a discontinuity in rotation due to bending must
be considered. This model has been extensively used for vibration, buckling and postbuckling
analyses of cracked structures like cracked beams. Chaudhari and Maiti (2000) presented a
method of modelling for transverse vibrations of geometrically segmented slender cracked beams.
Lele and Maiti (2002) studied transverse vibration of short beams to detect the location of a
crack. Yang and Chen (2008) investigated free vibration and elastic buckling of beams made of
FGMs containing three open edge cracks. Ke et al. (2009) studied the postbuckling response of
edge cracked FG Timoshenko beams. Also, there are many other research works in the context
of cracked structures by using the equivalent spring model, see for instance, Chati et al. (1997),
Krawczuk et al. (2003), El Bikiri et al. (2006), Kitipornchai et al. (2009), Yan et al. (2011). But,
these models cannot satisfy the multiple discontinuities at the cracked section. Loya et al. (2006)
considered a rotational and an extensional spring at the cracked section for bending vibration of
a Timoshenko cracked beam. Thus, in addition to the discontinuity in rotation due to bending,
a discontinuity in the transverse deflection due to shearing has been also defined at the cracked
section. However, the contribution of the extensional spring to the strain energy of the system is
small in comparison with that of the rotational spring, nevertheless, this discontinuity has been
considered for coherency with the general derivation of compliance for cracked beams (Okamura
et al., 1973; Tharp, 1987).

There are a few studies on cracked micro/nanostructures, which are mostly different types
of vibration analyses of cracked nanobeams based on a nonclassical continuum theory by means
of the rotational spring model. Flexural vibrations of cracked nanobeams based on the theory
of nonlocal elasticity applied to Euler-Bernouilli beams was studied by Loya et al. (2009). They
proposed a model containing a rotational and a longitudinal elastic spring at the cracked section
and defined compatibility relations of this model. This model presents a discontinuity in the
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rotation and a discontinuity in the longitudinal displacement. But, they simplified their model
to one spring only (rotational spring) by some assumptions, and many authors followed them
for free transverse vibration analyses of cracked nanobeams (Hasheminejad et al., 2011; Torabi
and Nafar Dastgerdi, 2012; Hosseini-Hashemi et al., 2014). Of course, those assumptions can
be acceptable for free transverse vibration. Also, Hsu et al. (2011) investigated longitudinal
frequency of a cracked nanobeam by means of the longitudinal spring model. They expressed
continuity conditions as a relation between the longitudinal displacement and axial force, and
nelegted the discontinuity in rotation. Also, Loya et al. (2014) analysed torsional vibrations of a
nanorod with a circumferential crack using a nonlocal elasticity model. They utilized a torsional
elastic spring at the cracked section to consider additional strain energy due to the presence of
the crack, so, a discontinuity in the torsion angle of the rod at the cracked section is introduced.
Therefore, an appropriate model can be selected to simulate the influence of the crack based on
the type of analysis and the applied loadings.

This paper makes one of the first attempts to investigate the buckling of cracked nanobeams
based on a modified couple stress theory. This modified couple stress based Timoshenko beam
model contains a material length scale parameter and can interpret the size effect. The present
model considers coupled effects between the axial force and bending moment using a longitudinal
and a rotational spring at the cracked section. Govrning equations are derived by using the
principle of minimum potential energy. The Generalized Differential Quadrature (GDQ) method
is employed to solve the governing differential equations. Then the critical buckling loads for
different crack locations, crack severities and ratios of the material length scale parameter to
thickness are computed, and the obtained results are compared with those corresponding to the
classical beam model.

2. Formulation

2.1. Modified couple stress theory

In this Section, a modified couple stress theory (Yang et al., 2012) with only one material
length scale parameter is employed to capture the size effect. According to this theory, the strain
energy U in an isotropic linear elastic beam under an axial compressive load P at both ends is
defined as (Mohammad-Abadi and Daneshmehr, 2014)

L
1 1 ow\ 2 .
U= 5!(01']'56@']' +mij5Xij) dv — 5 /P(E> dx 1,7 =1,2,3 (21)
0

where €, o, x and m are the strain tensor, Cauchy stress tensor, symmetric curvature tensor
and the deviatoric part of the couple stress tensor, respectively. These tensors are defined as

1
Eij = i(vu + (VU)T) = (um- + ujﬂ-) 05 = Atr (Eii)(sij + Q/M;‘Z'j

N | =

(2.2)
1
Xij = 5(VO + (VO)T) = 5(6i; + 05.) mij = 20%px;

where /¢ is the material length scale parameter which is mathematically the square root of
the ratio of the modulus of curvature to the modulus of shear and is physically a property
measuring the effect of couple stress (Park and Gao, 2006; Ma et al., 2008). This parameter can
be determined from torsion tests of slim cylinders of different diameters or bending tests of thin
beams of different thickness. Also, A and p are Lame’s constants and are defined as

vE E

A= AT =) H= o +v)

(2.3)
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where F is Young’s modulus and v is Poisson’s ratio. The rotation vector 6 is given as

o %curl () (2.4)

2.2. Displacement field

Consider a beam of length L, width b and thickness h. The Timoshenko beam theory is
employed to describe the effect of shear deformation. According to the rectangular Cartesian
coordinate system shown in Fig. 1, where the x-axis is coincident with the centroidal axis of
the undeformed beam, the y-axis is the neutral axis and the z-axis is the symmetry axis, the
displacement field in a Timoshenko beam is described as

up = u(z,t) — zp(x, t) uz =0 uz = w(x,t) (2.5)

where u1, us and ug are, respectively, the x-, y- and z-components of the displacement vector u,
u and w are, respectively, the z- and z-components of the displacement vector of a point located
on the beam axis, and ¢ is the angle of rotation of the cross-section.

P h P -
7 u
L .
Youw
Fig. 1. Beam configuration and coordinate system
From Egs. (2.2); and (2.5), the nonzero strains are given as
ouy  Ou Op 1/0up  Ow 1 /0w
T e T 0r Cox “oz 2< 0z * ax) 2 (ax ) (26)
and from Egs. (2.2)2 and (2.5), the nonzero stresses are given as
ou o
Ope = AN+ 2p)ere = (A + 2u)(— — z—)

5 %)

Using Egs. (2.4) and (2.5), the nonzero component of the rotation vector is obtained as

0, = —%(s& + g—:) (2.8)

and from Eqs. (2.2)3 4 and (2.8), we have

oy = — (224 20

1 €2H(8§0 4 82’11)) (2.9)

ox ' dx?

1
mxy = —5

2.3. Governing equations

Substituting Egs. (2.6), (2.7) and (2.9) into Eq. (2.1), the total strain energy of the Ti-
moshenko nanobeam is achieved. Then, using the principle of minimum potential energy and
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fundamental lemma of the calculus of variation, the governing equations of the Timoshenko
nanobeam in terms of displacements are obtained as

0u
A+2u)A55 =0
O*w Oy 1o otw By 0*w
- Zry_ = — Py _p— — 2.10
KS'MA((%JQ 8:6) 4€ ”A(ax4 * 8:c3> P8x2 0 (2.10)
ow 1, Pw 0% 0% B

where A and I are, respectively, the beam cross-sectional area and the second moment of cross-
-sectional area. Also, K is the Timoshenko shear coefficient which is introduced as a correction
factor to account for the non-uniformity of the shear strain over the beam cross-section (Park
and Gao, 2006) and is defined with Poisson’s ratio as Ks = (5 + 5v)/(6 + 5v).

Note that all of the body forces and body couples are neglected in this study. Therefore, the
governing equations presented in Egs. (2.10) are identical to those given by Mohammad-Abadi
and Daneshmehr (2014).

the boundary conditions for a simply supported beam are stated as

u=w=Y=M=0 at x=0,L (2.11)

where Y is the couple moment, which is a resultant of the couple stress component mxy. Also,
M 1is the conventional bending moment. These moments are defined as

0%w &p)

1 0
Y = /mxy dA = §€2uA(— + == M = /amz dA=(\+ 2;;)[6—5 (2.12)
A

A

0x?2  Ox

So, the boundary conditions defined in Eq. (2.11), can be writen as

dp  O*w
u:w:%:@:() at x=0,L (2.13)

2.4. Cracked nanobeam model

Consider a crack at a distance L.(e = L./L) at the left end of the beam (Fig. 2). It is
assumed that the crack is perpendicular to the beam surface and always remains open. As
shown in Fig. 2, the cracked beam is modeled as two segments connected by two massless elastic
springs (longitudinal and rotational) (Loya et al., 2009). This modeling promotes flexibility at
the cracked section and introduces discontinuity in rotation and discontinuity in longitudinal
displacement of the beam, which are proportional to coupled effects of the axial force and bending
moment. Therefore, the continuity conditions are developed for the Timoshenko nanobeam as
(at . = L)

w1 = W N1 = N My = M

(2.14)
Q1 — Pyp1 = Q2 — Py w2 — 1 ox f(N, M) uy —uy < g(N, M)

where subscripts 1 and 2 refer to the left segment and right segment of the beam divided by the
crack. Also, N and @) are, respectively, the axial force and the shear force, which are defined as

ou ow
N = A/Jm dA = (A + QM)A% Q= A/sz dA = KSHA(% — gp) (2.15)
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Using Eqgs. (2.12) and (2.15), the continuity conditions can be written as (at x = L)

_ Our _ Ous 91 _ O
W= or Oz or  Ox
8w1 8102 o
KS”A(a—x T ow + 2 — @1) = P(p1 — ¥2) (2.16)
0 0 0 0
Y2 — 1 :KMM£+KMN—U Uy — U1 :KNN—u-i-KNMﬁ
ox ox ox ox

where Kyrar, Ky, Kvar and Ky are the flexibility constants and in nondimensional forms
they are given as ky = KMM/L, ko = KMN/L, ks = KNN/L, kqs = KNM/L.

Then, governing equations (2.10) must be applied for each segment (r = 1,2) of the cracked
beam, so, we have

9%u,
(A+2p)A 2 0
0*w, Oy, 1, Mw, By, 9w,
Ko A( 5 &m) -4 nA( 5ai T a3 )-P 5e7 =" (2.17)
Ow, 1, Pw,  0?p, 02,
KSMA(@(L'T B (Pr) + Ze MA( o3 + 0x2 ) A2l Ox? =0

Rotational spring

——

W

Longitudinal spring

Le(e=L./L)

Fig. 2. Model of the cracked beam

3. Solution procedure

The GDQ method (Shu, 1991; Bellman et al., 1972; Shu and Du, 1997) is employed to discretize
the governing equations, boundary conditions and continuity conditions, therefore, the differen-
tial equations are simplified to algebraic equations. In this method, the region is discretized into
several sample points. The sample points are obtained as

(i — 1)71')

—11 3
CCZ——( — cos N1

5 i=1,2,...,N (3.1)

According to the GDQ method (to find details, see Akbarzadeh Khorshidi and Shariati, 2016b;
Shu and Du, 1997), governing equations (2.17) are discretized as

N

A+2m)AY Pu(2) =0 (3.2)
j=1



A multi-spring model for buckling analysis of cracked Timoshenko nanobeams...

1133

and
- @ =~ () Ly (S (@) )
Ks,U«A<Z Cij wr(z5) — Z Cij Sor(xj)) - ZE NA(Z Cij wr(z5) + Zcz] @T(xj))
7=1 7j=1 7j=1 7j=1
N 2)
- P(Z i wr(az])> =0
j=1
N (3.3)
1
KS,uA(Z c”)wr(x]) @r(x])> + —EQ,uA(Z c(j)wr(x]) +> Ej)gor(xj))
J=1 7j=1 J=1
- (2)
+ A+ 21 (Y eV en(z)) =0
j=1
where 7,7 =1,..., N and CE;L) is the weighting coefficient which can be found from the recursive
formula (Akbarzadeh Khorshidi and Shariati, 2016b; Shu and Du, 1997).
The discretized boundary conditions are expressed as
ui(xy) = chj o1(xj) chj wi ()
(3.4)

ug(zn) = wa(zN) ZCNJQOQ xj) ZCNJU)Q xj) =0

also, continuity conditions (2.16) are discretized as

wy(zN) = wa(zy) Zchul ;) chj ug(z;)
N
ZCNJ% zj) Zcu 2(;)

N
KouA(Y () - S Wun(ay) + palin) - pran)) = P(p1(an) —galen))  (35)
j=1

=1

N N
pa(z1) — 1(an) = Ky Y C%«Pl(wj) +Kun Yy C%ul(%‘)
o =

N N
ug(x1) — ui(en) = Ky Y Cg}ul(;ﬂj) +Knn Y C%@l(ﬂﬁj)
j=1 =1

Using discretized equations (3.2)-(3.5), a set of algebraic equations is established, and by solving
the eigenvalue problem, the critical buckling load of cracked nanobeams is obtained.

4. Results and discussion

This Section presents the influence of crack location, crack severity and material length scale
parameter to thickness ratio on the nondimensional critical buckling load of simply supported
cracked nanobeams. The nondimensional critical buckling load is defined as P = P,,L? J/EI. To
validate the presented results, the critical buckling load of an intact microbram is compared with
the obtained results by Mohammad-Abadi and Daneshmehr (2014). An excellent agreement is
shown in Table 1.
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Table 1. Nondimensional critical buckling load P of intact microbeams (E = 1.44 GPa, L = 20h,
=176 um, b =2h, v = 0.38)

h [pm]
176 | 528 | 8 | 1232
Ref. [25] 60.3571 | 22.9608 | 19.9491 | 19.1188
Present paper | 60.4853 | 22.9962 | 19.9795 | 19.1479

Ref. [25] — Mohammad-Abadi and Daneshmehr (2014)

To present a parametric study, a Timoshenko beam with L = 20h, b = 2h and v = 0.38
with simply supported boundary conditions and an open edge crack is considered. The effects
of the flexibility constants ki, ko, k3 and k4 are shown in Tables 2-5. These tables present
nondimensional critical buckling loads for different flexibility constants. As mentioned, this study
introduces local flexibility by means of four constants which relate discontinuities of the cracked
section with the axial force and bending moment. Therefore, different conditions of these four
constants state different crack severities. It is found that the flexibility constant related to the
bending moment k; is more effective on the buckling behavior of the cracked nanobeam than
the other constants. In fact, the discontinuity in rotation due to bending has a great effect on
the local flexibility introduced by the crack. However, the other constants ko, k3 and k4 have a
scant influence on the local flexibility, but this influence becomes larger when the crack severity
is increased (Tables 3-5). Also, the crossover flexibility constants caused by the coupled effects

between the axial force and bending moment (ko and k4) have similar influences on the critical
buckling load (Tables 3 and 5).

Table 2. Effect of k1 on the nondimensional critical buckling load P (¢//h = 1 and e = 0.5)
[T [ Fa=hs=Fa=0 ko —hs = ks =05 | ks —hs=ha=1] by = kg = ks = 2 |

0 60.4853 59.4491 58.4024 55.5903
0.25 40.3538 39.7141 39.0139 37.1375
0.5 29.0547 28.5334 28.0332 26.6845
1 18.8317 18.1148 17.7901 16.9438
10.7610 9.8532 9.6804 9.2153

Table 3. Effect of ky on the nondimensional critical buckling load P (¢//h = 1 and e = 0.5)
| ke [ki=ks=ks=0|ki=ks=ks=05|ki=hks=ks=1[ ki =ks=hks=2|

0 60.4853 28.3580 18.3580 9.9372
0.25 60.4853 28.6881 18.2012 9.8551
0.5 60.4853 28.5334 18.0786 9.7668
1 60.4852 28.2029 17.7901 9.5905
60.4852 27.5220 17.1818 9.2153

Figure 3 shows the effect of the material length scale parameter to thickness ratio ¢/h on
the critical buckling load of Timoshenko cracked nanobeams. It is observed that the critical
buckling load increases as £/h increases, and this increase is decreased by the growing severity of
the crack. Note that £/h = 0 virtually indicates the results obtained from the classical continuum
theory which neglects the couple stress effect.

The effects of crack location on the critical buckling load of simply supported nanobeams
for different crack severities and ¢/h ratios are respectively demonstrated in Figs. 4 and 5. The
critical buckling load is sensitive to crack location and is decreased when the crack gets near to
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Table 4. Effect of k3 on the nondimensional critical buckling load P (¢//h = 1 and e = 0.5)
| ks [ki=ko=ka=0]ki=ko=ks=05|ki=hko=ks=1]ki=hy=ks =2 |

0 60.4853 28.6977 18.4197 11.1871
0.25 60.4853 28.6128 18.2461 10.5983
0.5 60.4853 28.5334 18.0981 10.1732
1 60.4852 28.4527 17.7901 9.6471
60.4852 27.3721 17.5985 9.2153

Table 5. Effect of k4 on the nondimensional critical buckling load P (¢//h = 1 and e = 0.5)
| ki [ki=ko=ks=0|ki=ko=ks=05|ki=hko=ks=1[ki=ky=k3=2|

0 60.4853 28.8544 18.3579 9.9384
0.25 60.4853 28.6879 18.2010 9.8552
0.5 60.4853 28.5334 18.0787 9.7673

1 60.4852 28.2045 17.7901 9.5911

60.4851 27.5220 17.1817 9.2153
\
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Fig. 3. Effects of ¢/h ratio and crack severity on the nondimensional critical buckling load
(k2:k3:k4:1ande:().5)

beam midpoint. Also, the influence of the crack tends to be very small as the crack gets closer
to the beam ends. By increasing the crack severity, the effect of crack location is increased; in
other words, the crack severity is more effective when the crack is located at the midpoint of the
beam (e = 0.5). Figure 5 indicates that the effect of crack location increases as the £/h increases.
Also, it is found that the ¢/h ratio at different crack locations has different effects on the critical
buckling load of cracked nanobeams, but these effects get similar when the crack gets near to
the midpoint.
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Fig. 4. Effects of crack location and crack severity on the nondimensional critical buckling load
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Fig. 5. Effects of crack location and ¢/h ratio on the nondimensional critical buckling load
(k1 =ke=ks=ks=1)
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5. Conclusion

The buckling behavior of cracked nanobeams is studied within the framework of Timoshenko
beam theory anda modified couple stress theory. A material length scale parameter is used to
capture the size effect. The crack is modeled as two massless elastic springs (rotational and
longitudinal) which promote discontinuities at the cracked section. This study employs four
flexibility constants which introduce crack severity by two discontinuities which are proportional
to the bending moment and axial force transmitted through the cracked section. The principle
of minimum potential energy is employed to derive the governing differential equations which
are discretized using the GDQ method. The effects of crack severity, crack location and material
length scale parameter to thickness ratio are studied.

The obtained results show that the first flexibility constant which connects the discontinuity
in rotation with the bending moment makes the main part of the crack severity. The material
length scale parameter to thickness ratio £/h considerably affects the value of the critical buckling
load which increases as the £/h increases. The influence of £/h is stronger at lower crack severities,
in a general manner, reduction of the crack effects (crack severity and location) leads to a decrease
in the influence of £/h. The critical buckling loads are significantly affected by crack location
and are continuously decreased when the crack gets near to the midpoint of the nanobeam. Also,
the crack location is more effective at high crack severities and ¢/h ratios.
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