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High pressure apparatus is widely used in industries, the design of them depends on stress
distributions in their walls. Most of high pressure apparatuses are made in form of cylinders.
To raise load-bearing capacity and extend operation life for high pressure apparatus, the
autofrettage technology is often used. To design autofrettaged high pressure apparatus, it
is necessary to study characteristics of stresses in the wall of thick-wall cylinders, including
residual stresses and total stresses, etc. In this study, through investigating the characteristics
of stresses of cylinders subjected to internal pressure according to the maximum distortion
strain energy theory, a set of simplified equations for residual stresses and total stresses
are obtained, the safe and optimum load-bearing conditions for autofrettaged cylinders are
found out, which are the basis for design of autofrettaged high pressure apparatus.

Keywords: thick-wall cylinder, autofrettage, total stress, residual stress, load-bearing capa-
city

Nomenclature

ri,7j,7o — inside radius, radius of elastic-plastic juncture, outside radius, respectively

k — ratio of outside to inside radius, k = r,/7;

k; — depth of plastic zone or plastic depth, k; = r;/r;

ke — optimum £;

ke — critical radius ratio, k. = 2.2184574899167 . ..

x — relative location, z = r/r;

Py Dy internal and entire yield pressure

Pa — autofrettage pressure

De — maximum elastic load-bearing capability of unautofrettaged cylinder or initial

yield pressure;

oy — yield strength

O¢ — equivalent stress
Superscripts

p,t,/ — quantity related with internal pressure, total and residual stress, respectively.

Subscripts

z,r, 0 — axial, radial and circumferential direction, respectively.
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1. Introduction

Cylinders are widely used in manufacturing high and ultra-pressure vessels, high-pressure pumps,
battleship and tank cannon barrels as well as fuel injection systems for diesel engines, etc. The
autofrettage technique is an effective method to raise load-bearing capacity and extend operation
life of cylinders. Usually, in the most commonly employed autofrettage process, a cylinder is
pressurized to a quite high internal hydraulic pressure, as a result, the portion of the cylinder
from inner radius to some intermediate radius becomes plastic while the remaining portion
remains elastic. After releasing the pressure, the residual stresses are set up in the wall of the
cylinder.

Studies on autofrettage about specific engineering problems have been done widely. Finite
element simulations and experiments, the interaction between manufacturing processes with re-
spect to residual stresses and deformations was studied by Briinnet and Béhre (2014). Farrahi et
al. (2012) investigated the residual stress distribution at the wall of a thick-walled tube affected
by the re-autofrettage process. The effects of thermal autofrettage on the residual stresses in a
titanium-copper brazed joint were studied by Hamilton et al. (2015). Lin et al. (2009) built the
autofrettage damage mechanics model from an ultra-high pressure vessel autofrettage damage
mechanism. By using continuum damage mechanics approach, Lvov and Kostromitskaya (2014)
analyzed the autofrettage process and derived general set of government equations of elastic-
plastic bodies by using the effective stress concept. A finite element model of the swaging process
was developed in ANSYS and systematically refined to investigate the mechanism of deforma-
tion and subsequent development of residual stresses by Gibson et al. (2014). Noraziah et al.
(2011a,b) set an analytical autofrettae procedure to predict the required autofrettage pressure
for various levels of allowable pressure and to achieve maximum fatigue life. By using Huang’s
model for modeling reverse yielding due to Bauschinger effect, Bhatnagar (2013) presented an
original concept of an autofrettage compounded tube which was modeled for the autofrettage
process. By using the Kendall model, which was adopted by ASME Code, Shim et al. (2010) pre-
dicted the accurate residual stress of SNCM 8 high strength steel. Zheng and Xuan (2010, 2011)
analyzed the optimum autofrettage pressure of a thick wall cylinder under thermo-mechanical
loadings and investigated theoretically and validated by the finite element method (FEM) the
closed form solution of the limit thermal load of autofrettage and the optimum autofrettage
pressure under plane strain and open-ended conditions. Zhu (2008) investigated the optimum
plastic depth and load-bearing capacity of an autofrettaged cylinder in terms of the point of
view of avoiding compressive yield after removing autofrettage pressure and raising load-bearing
capacity as far as possible simultaneously. Zhu and Zhu (2013) studied autofrettage of cylinders
by limiting circumferential residual stress and according to Mises Yield criterion. Zhu and Li
(2014) presented equations of optimum overstrain (e)) and depth of the plastic zone (k;)) for a
certain load-bearing capacity and radius ratio (k).

This paper is intended to investigate the varying tendency and distribution laws of stresses
in autofrettaged cylinders so as to provide the theoretic basis for the design of high pressure
apparatus. Engineering conditions are in endless variety. This paper is based on ideal conditions
including (1) the material of a cylinder is perfectly elastic-plastic and the Bauschinger effect is
neglected, the compressive yield limit is equal to the tensile one; (2) strain hardening is ignored;
(3) there is not any defect in the material.

2. General residual stresses

After removing autofrettage pressure, residual stresses remain in the wall of a cylinder. Yu
(1980) put forward the residual stresses at a general radius location which has been re-arranged
as follows:
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Accordiong to the Mises criterion, the equivalent residual stress is

A §<g_g_g_;)_1 kQ—k:jZ—l—k2lnk]2-

o, o,/ (K2—1)a2 (22)

Oy 2

— in the elastic zone

2

il (- )]

AR | N k3 1 k2

Z_y:—3(1__”?_(1_?“%2)1#_1} (1- x2>ay (2.3)
2 2

jg(u’f)[%_(l_%ﬂnkak; =+ 52

y
The equivalent residual stress at a general radius location based on the Mises criterion is
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Since o, = oy — o0, based on the maximum shear stress theory (Tresca criterion) and
ol = (v/3/2)(c} — ol) based on the Mises criterion, while the components of the residual stress
based on Mises criterion are 2/+/3 times those based on Tresca criterion, the equivalent residual
stresses based on both criterions must be the same.

At the inner surface, z = 1. For Eq. (2.2), letting = 1 and o, = —o, obtains an equation
for kj«, the maximum and optimum plastic depth (k;) for a certain k to avoid compressive yield
after removing p,

ki —k* — k. +2=0 ki > Ve (2.5)

where /e < < ke and k > ke. When k < k., |0, /oy| < 1, irrespective of k;, Eq. (2.5) is just
the equation proposed by Zhu (2008) in another method.

3. Residual stresses and total stresses when p = p,

The total stresses o' include the residual stresses plus the stresses caused by p, or 0! = o/ 4 oP.
To produce plastic depth k;, the pressure subjected to a cylinder is the autofrettage pressu-
re pq

k<
—:—lnk‘j+ J - (3'1)
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Letting k = oo in Eq. (3.1), one obtains

Poo 2 1
50— =~ Ink; + — 3.2
op V3 7 V3 (3:2)
Inappropriate k; causes compressive yield or reduces load-bearing capacity. To avoid com-
pressive yield, the plastic depth k; for a certain k must be smaller than or equal to the magnitude
calculated by Eq. (2.5). Then, to raise load-bearing capacity fully, combining Eqs. (2.5) and (3.1),
one obtains

P _ 2(k? —1) _ 2pe (3.3)

J_y V3k? Ty
Equation (3.3) is the optimum load-bearing capacity of an autofrettaged cylinder, it is just
two times the initial yield load. The limit of Eq. (3.3) with k — oo is p/o, = 2/v/3, which can
be obtained by letting k; = /e in Eq. (3.2) as well.
The stresses caused by p at a general radius location are

t__1 » 0_?:(1_&2)0_5 0_5:<1+k_2)0_§ (3.4)
oy k¥-1oy oy z?/ o, oy z?/ o, '
The equivalent stress of Eq. (3.4) based on the Mises criterion is
ff_ﬁzﬁ(ff_g_a_?):ﬁﬁi (3.5)
oy 2 \o, oy k? — 1oy 2?2 ’
When p = p,, Eq. (3.5) becomes
2 72 4 127, 12
op _ 2 p 1l KokH+E Ik (3.6)
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t

The equivalent total stress o is

ot = ooty = Loy o) - (0 + 1)) =

Then, generally, in the plastic zone

U_ézl_kQ—sz+k2lnk]2- ﬁkzﬂi (3.8)
oy (k2 —1)x? k? — 10y 2?2 '
in the elastic zone
ot _ k2(k3 —1—Ink?)  /3k? p 1 (3.9)
oy (k2 —1)x2 k? — 10, 22 '
At the elastic-plastic juncture (z = k;), Egs (3.8) and (3.9) both become
ol _ k*(k3 — 1 —Ink7) N V3k%p (3.10)
oy (k2 = 1)k7 oy (k2 — 1)k7 '
When p = p,, the first one of Eq. (3.4) becomes
210 12 1 12 _ 12
ot k*Ink; + k% — k3 (3.11)

Ty V3k2 (K2 — 1)
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Using Egs. (3.11) and (3.4), the general residual stress, Egs. (2.1)-(2.4), can be rewritten as

follows:

— in the plastic zone
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— in the elastic zone
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Therefore, when p = p,, irrespective of k;, the total stresses are:
— in the plastic zone
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The components of total stresses based on the Mises criterion are 2/1/3 times those based
on the Tresca criterion, but the equivalent total stresses based on both theories in the plastic
and elastic zone are the same, respectively. The reason is that the equivalent total stress based
on the Tresca criterion is 2/4/3 times that based on the Mises criterion since o, = (o, + 04)/2

for cylinders.

4. Residual stresses and total stresses when k; = k;+ and p = p,

If k; is determined by Eq. (2.5), or k; = kj«, Egs. (3.8) and (3.9) become respectively

V/3k? p/Uy U_Z

Oy

From Eq. (4.1)1, it is seen that:

(1) provided p/oy, > —2(k?* — 1)(z* — 1)/v/3k? (negative), of > —o,, this is definitely feasible
for p > 0 in engineering;

_ ka_2+ V3k? p/ay

(4.1)

x2 k2 —1 22
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(2) as long as p/oy, > (k? —1)(2 — 2?)/V/3k?, ot > 0, while (k* — 1)(2 — 22)/V/3k? < pe/oy, so
when p > pe, ol > 0;

(3) so long as p < 2p,, 0% < o,. Thus, when p, < p < 2p,, 0 < ol < 0y.

From Eq. (4.1)2, it is known that:

(1) provided p/oy, > —(k* — 1)(k3 — 2)/v/3k? (negative), o > 0, this is certain for p > 0 in
engineering, so the equivalent residual stress in the elastic zone is always tensile;

(2) so long as p/o, < (k* —1)(2? — k‘? +2)/V3k?%, ol < 0y, so when p < 2p,, ol < 0.

At the inside surface, z = 1, then, from Eq. (4.1);

t 2
3k
%e _ —[ Py (4.2)
oy k*—1oy
Unless p < 0, o! can not be lower than —oy. Unless p > 2p,, ol can not be higher than oy. So,
when 0 < p < 2p,, —1 < ol /o, < 1. Especially, when p = 2p,, of = o, in the whole plastic zone.
At the elastic-plastic juncture, x = k;, from (4.1); or (4.1)2

kJZ_Q_'_ V/3k? p/Uy
k2 —1 ka

t
Te

= 4.3
oy ka (43)
Clearly, o > 0 in the elastic zone. If p < 2p., ol can not be higher than o,. So, when
0 <p < 2pe, 0 < ol/o, < 1. Especially, when p = 2p,, o = o, at the elastic-plastic junc-
ture and of /o, = ka /x?% at a general radius location in the elastic zone.

When k; = kj«, by the aid of Eq. (2.5), Eqs (2.1)-(2.4) can be simplified as follows:

— in the plastic zone

o, Inz? 1 o, Ina? 2 2

' Ina? 2 ! 2 '
oy _Ina® 2 o _ 2
oy V3 V322 oy x2

— in the elastic zone
2

o, _ ki —2 0_4_(1 i )U_’z_(l_’ﬁ)ff_é
Oy V/3k?2 Oy (r/ri) Oy 2 Oy (4.5)
o k2 o o' kZ ) :
90 _ (1 + _) 9z Ie _ 7J
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The equations of residual stresses are greatly simplified, and cylinders are safe after remo-
ving pg.
When k = oo, k; = /e, from Eq. (4.5)4, the equivalent residual stress at a general radius
location in the elastic zone is
ol e—2 ol

2
=3 J—:l—g—>0 when = =/e — (4.6)
Y v

When k; = kj«, the distributions of equivalent residual stresses in the plastic and elastic zones
— which are the same as those based on Tresca criterion — are illustrated in Fig. 1. In Fig. 1:
(1) Curve BAA: k = kj = k¢, x varies from 1 to k; in the plastic zone (from point B to A),

and from 2.2184574899167 ... (k;) to 2.2184574899167 ... (k) (from point A to A) in the
elastic zone (no elastic zone).
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(2) Curve BCD: k = 2.25, kj = 2.046308. .., x varies from 1 to 2.046308... in the plastic
zone (from point B to C'), and from 2.046308 . .. to 2.25 (from point C' to D) in the elastic
zone.

(3) Curve BEF: k =3, kj = 1.748442 ..., x varies from 1 to 1.748442... in the plastic zone
(from point B to E), and from 1.748442 ... to 3 (from point E to F') in elastic zone.

(4) Curve BMN: k = oo, kj = /e, x varies from 1 to /e = 1.648721... in the plastic zone
(from point B to M), and from /e to k = oo (from point M to N) in the elastic zone.

The above results and Fig. 1 are fit for both the Tresca and Mises criterion.
o /oy

0.6

0.4

0.2

0.0

-0.2

A(2.2184574899167..., 0.59362...)
B(L _1)7 N(OO7 0)
M(1.648721...,0.26424...)

-0.4
-0.6
-0.8

‘10l B

Fig. 1. The distributions of equivalent residual stresses in the whole wall

Figure 1 and Eq. (4.4)4 show that all curves of equivalent residual stresses for any k and k;
in the plastic zone are located on the identical curve AB and pass through the same point
(v/2,0), except that a different curve for different k and k; is located in a different section of
the curve AB, i.e. curves BA, BC, BE and BM are all on the curve BA or they coincide with
each other. However, if k; # kj» or the relation between k; and k does not satisfy Eq. (2.5),
the above argument is untenable, or even |ol| > o,. This case is illustrated in Fig. 2, where
the curves BEF and BK L coincide with each other in the plastic zone and both pass through
point (v/2,0) because k; = kj«, but curves HSI and GQJ neither coincide with each other in
the plastic zone nor pass through the point (1/2,0), and they do not coincide with the curves
BEF and BKL in the plastic zone for k; # kjx«.

When p = 2p,, Eq. (3.4) and (3.5) become Eq. (4.7) and Eq. (4.8), respectively

o? 2 o? 2 2 oy 2 2

9z _ Zr _ -z il 4+ — 4.7
o VBE o, VBR VB o, VR VB 47
and
ob 2
=== (4.8)
Yy

When k; = kj=, p = pa = 2pe, thus, when p = p, = 2p., Egs. (3.14) and (3.15) for the total
stresses become:
— in the plastic zone

J_i_ln:c2_i+ 2 a_;i_lnx?_iJr 2

o VB VB VB o, VB VB AR o)
ot In 22 2 ot V3,0t ot '
99 _ + 9e _ _(_9 _ _7“) =1

oy V3 V/3k2 oy 2 \o, oy
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BEF: k=3, k= ky—= L.748442..., 0% =0,
BKL: k=4, k= =1.694172..., oy =0,
HSL k=3, kj=2> ky, |oy| >0,

GQJ: k=3, kj=1.5< kp, |o| < g,

Fig. 2. Comparison between equivalent residual stresses for different k and k;

— in the elastic zone

o B oo K1

oy o0y o0y /3k2 oy oy oy 3\k?2  a? 410
O.t / p kQ 1 1 t kQ t ( )
_0:@+@:_J<_ _) Te _ 0 e _ ©

oy o0y oy 3\k?2 a2 oy a2 o, a2

where k = oo, = € (y/e,0).
The equations of total stresses are greatly simplified, and cylinders are safe after removing p,

and in operation. Figure 3 shows the distribution of equivalent stress of the total stress when
p = 2p. and k;j = k;«. In Fig. 3:

(1) Horizontal line baa: k = k; = k. In the plastic zone, of /o, is a horizontal line: ¢! /o, = 1,
x varies from 1 to k; (from point b to a) and from k; to k (from point a to a) in the plastic
zone (no elastic zone).

(2) Curve bed: k = 2.25, kj = 2.046308.... In the plastic zone, of/o, is a horizontal line,
be: ol /o, = 1, x varies from 1 to k; (from point b to ¢) and from k; to k (from point ¢
to d) in the elastic zone.

(3) Curve bef: k = 3, kj = 1.748442.... In the plastic zone, o’ /o, is a horizontal line, be:
ol/o, =1, x varies from 1 to k; (from point b to €) and from k; to k (from point e to f)
in the elastic zone.

(4) Curve bmn: k = oo, k; = \/e. In the plastic zone, o /0, is a horizontal line: ot /o, = 1,
bm: x varies from 1 to k; (from point b to m) and from k; to k(oco) (from point m to n)
in the elastic zone.

If kj # kj« or p # 2p,, the above traits can not arise. Figure 4 is comparison between the
equivalent total stresses under different internal pressure and k; = kj;+ from which it is known
that only when p = 2p. and k; = k;+, the operation state is optimum, otherwise, or p # 2p,
and/or k; # kj«, either % > o, or load-bearing capacity is lowered or compressive yield occurs.
In Fig. 4, curve 1 is just curve bef in Fig. 3.

Besides, for a certain k, when k; < kj;+, though residual stresses are lower than those when
kj = kj«, the load-bearing capacity is dropped. For example, for k = 3, if k; = k;= (= 1.748442),
from Eq. (3.3), p/o, = 1.0264...; while if k; = 1.5, from Eq. (3.1), p/o, = 0.901203... < 1.0264.
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0.8
orl d(2.25, 0.82714)
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0.2l f(3,0.33967)
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L 1.5 20 25 30 35 40 45 5.0
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Fig. 3. The distribution of equivalent total stress when p = 2p. and k; = k;-

at /o, A

1.2
9 k=3, k= k= 1.748442...
1 p= 2pe7 O—et: Oy

2: p=21p,, of > oy

1.0

0.8
f 3:p=19p., o} <oy

0.6

I 5
04F 4 3

i dip=pe, ofi=0
021 5:p =09p,, ai<0

L 1 \ 1 L 1 L 1 -

0-07/ L5 k20 2.5 3.0 z
02"

Fig. 4. Comparison between the equivalent total stresses for different internal pressure and k; = k;-

5. Conclusions

It is the combination of k% In k?* — k% - k]z* 4+ 2 =0 and p = 2p, that results in optimum results
of an autofrettaged cylinder — the load-bearing capacity is the highest and no compressive yield
occurs after removing p,. Under these two conditions, neither compressive yield occurs nor do
the equivalent total stresses exceed o, and the equivalent total stress in the whole plastic zone is
even, identically equal to oy, while the equivalent total stress in the elastic zone is lower than o,,.

The equations concerned with autofrettage are simplified greatly because of the conditions
k2lnkj2.* —k? —k:?-* +2 =0 and p = 2p,.

When k; = kj«, in the plastic zone, the equivalent residual stress o,/c, shares the same
curve and pass through the point (v/2,0). When = < v/2, ¢, < 0; when > v/2, o/ > 0. The
equivalent residual stress at the inside surface ol,; = —oy; in the whole wall, |o,| < 0,. So when
k; = kj«, cylinders are safe.

When p > 2p. and k; = kj-, the equivalent total stress is greater than o, and uneven. When
p < 2p. and k; = kj«, the equivalent total stress is lower than o, but load-bearing capacity is
reduced, and equivalent total stress is uneven. When p < p, ol at the inside surface is lower
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than 0, ¢! can not be lower than —oy in the whole plastic zone, the load-bearing capacity is
reduced greatly and the equivalent total stress is uneven.

As long as an autofrettaged cylinder contains the autofrettage pressure p,, there must be an
inexorable law irrespective of k; and k: 0. /o, = 1 in the plastic zone and 0 < 0. /0y = k‘? Jx? <1
in the elastic zone. Nevertheless, too great k; causes compressive yield after removing p,, too
small k; reduces the load-bearing capacity of a cylinder. The optimum plastic depth is k; = kj«,
and when k; = kj«, p = pq = 2pe.

On the basis of the results in this study, when an autofrettaged cylinder is subjected to the
load p = 2p. = (2/V3)[(k? — 1)/k*] 0y, its optimum design thickness is

20
t=rik—1)=mr 7'7’—1)
( Uy_\/gp

its optimum plastic depth k;« is calculated by

O-y_\/gp

20y 20y

O-y_\/gp

2 2 —
k2, — — kL +2=0
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