JOURNAL OF THEORETICAL
AND APPLIED MECHANICS
57, 1, pp. 155-166, Warsaw 2019
DOI: 10.15632/jtam-pl.57.1.155

FORCED VIBRATIONS OF A THERMOELASTIC DOUBLE POROUS
MICROBEAM SUBJECTED TO A MOVING LOAD

RAJNEESH KUMAR

Kurukshetra University, Department of Mathematics, Kurukshetra, Haryana, India

RicHA VOHRA
H.P. University, Department of Mathematics and Statistics, Shimla, HP, India

e-mail: richavhr88Q@Qgmail.com

The present paper deals with forced vibrations of a homogeneous, isotropic thermoelastic
double porous microbeam subjected to moving load, in context of Lord-Shulman theory
of thermoelasticity with one relaxation time. The Laplace transform has been applied to
obtain expressions for the axial displacement, lateral deflection, volume fraction field and
temperature distribution. A numerical inversion technique has been used to recover the
resulting quantities in the physical domain. Effects of velocity and time parameters are
shown graphically by plotting axial displacement, lateral deflection, volume fraction field
and temperature distribution against distance. Some particular cases are also deduced.

Keywords: double porosity, thermoelasticity, Lord-Shulman theory, microbeam, moving load

1. Introduction

Recently, dynamical analysis of engineering structures subjected to moving loads has gained gre-
at importance. Vehicle-bridge interactions are a vast area of interest in the moving load problem.
Advances in transport technology and automobile engineering have resulted in high speeds and
heaviness of vehicles and other moving bodies. As a result, corresponding structures have been
subjected to vibration and dynamic stress much higher than ever before. The engineering struc-
tures with moving loads often come out in buildings, bridges, railways and cranes. Beam type
structures are widely used in many fields like civil, mechanical and aerospace engineering. Many
researchers have investigated dynamical behavior of beams on elastic foundations subjected to
moving loads, especially in railway engineering. The modern trend towards higher speeds in the
railways has further intensified the research in order to accurately predict the vibration behavior
of railway tracks.

Pores or fractures can be observed in engineering structures due to reasons like erosion,
corrosion, fatigue or accidents which affect the dynamic behavior of the entire structure to a
considerable extent. This leads to the development of the double porosity model which has its ap-
plications in geophysics, rock mechanics and many branches of engineering like civil engineering,
chemical engineering and the petroleum industry. Biot (1941) proposed a model for porous me-
dia with single porosity. Later on Barenblatt et al. (1960) introduced a model for porous media
with a double porosity structure. The double porosity model consists of two coexisting degrees
of porosity in which one corresponds to the porous matrix and the other to the fissure matrix.

Nunziato and Cowin (1979) developed a nonlinear theory of an elastic material with voids.
Later, Cowin and Nunziato (1983) developed a theory of linear elastic materials with voids for
mathematical study of the mechanical behavior of porous solids. In this theory, the skeletal
materials are elastic, and interstices are void of material, hence an additional degree of freedom,
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the volume fraction of the void, is added. Iesan and Quintanilla (2014) derived a theory of ther-
moelastic solids with a double porosity structure by using the theory developed by Nunziato
and Cowin (1979). Darcy’s law was not used in developing that theory. So far, not much work
has been done on the theory of thermoelasticity with the double porosity based on the model
proposed by Iesan and Quintanilla (2014). Recent investigations have been started in the the-
ory of thermoelasticity with double porosity which has a significant application in continuum
mechanics. Kumar et al. (2015) applied the state space approach to a boundary value problem
for thermoelastic materials with double porosity.

The dynamic behavior of different isotropic structures subjected to moving loads has been
investigated by many researchers. Olsson (1991) studied the dynamic problem of a simply sup-
ported beam subjected to a constant force moving at a constant speed. The linear dynamic
response of a simply supported uniform beam under a moving load of constant magnitude and
velocity was investigated by Michaltsos et al. (1996). Rao (2000) studied the dynamic response of
a multi-span Euler-Bernoulli beam due to moving loads. Mehri et al. (2009) presented the linear
dynamic response of uniform beams with different boundary conditions under a moving load
based on the Euler-Bernoulli beam theory. Sharma and Grover (2011) analysed a thermoelastic
vibrations in micro-/nano-scale beam resonators with the presence of voids. Kargarnovin et al.
(2012) studied the dynamic response of a delaminated composite beam under the action of a
moving oscillatory mass. Esen (2015) investigated the transverse and longitudinal vibrations of
a thin plate which carried a load moving along an arbitrary trajectory with variable velocity.
Kumar (2016) studied the response of a thermoelastic beam due to the thermal source in the
modified couple stress theory. Kaghazian et al. (2017) investigated free vibrations of a piezo-
electric nanobeam using nonlocal elasticity theory. Zenkour (2017) studied the thermoelastic
response of a microbeam embedded in visco-Pasternak’s medium based on GN-III model.

In the present work, forced vibrations of a homogeneous, isotropic thermoelastic double
porous microbeam, subjected to a moving load in the context of Lord-Shulman theory of ther-
moelasticity has been investigated. The Laplace transform has been applied to find expressions
for axial displacement, lateral deflection, volume fraction fields and temperature distribution.
The resulting quantities are obtained in the physical domain by using a numerical inversion
technique. Variations of the axial displacement, lateral deflection, volume fraction field and tem-
perature distribution against the axial distance are depicted graphically to show the effect of
the velocity parameter. Some particular cases have also been deduced.

2. Basic equations

Following Iesan and Quintanilla (2014) as well as Lord and Shulman (1967); the field equations
and the constitutive relation for a homogeneous isotropic thermoelastic material with a double
porosity structure in the absence of body forces, extrinsic equilibrated body forces and heat
sources can be written as

V2 u; 4+ (N + p)uj i+ b + d; — BT = pii;
aV3p + b Vi) — buy, —arp —og) + T = K1 (2.1)
b1 V20 + V2 — duy, — agp — astp + 72T = Koy

and
(1 + TOE) (BTt + 11 Tog + v2Tow + pC*T) = K*V*T (2.2)

tij = Aerr0ij + 2peij + bpdij + dipoy; — BT04 (2.3)
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where A and p are Lame’s constants, p is mass density, § = (3\ + 2u)ay, oy is linear thermal
expansion, C* is specific heat at a constant strain, u; are displacement components, ;; is the
stress tensor, k1 and ko are coefficients of equilibrated inertia, ¢ is the volume fraction field
corresponding to pores, and 1 is the volume fraction field corresponding to fissures, K* is the
coefficient of thermal conductivity, 7y is the thermal relaxation time, k1 and ko are coefficients
of equilibrated inertia, and b,d, b1, ~,v1, 72 are constitutive coefficients, d;; is Kronecker’s delta,
T is the temperature change measured form the absolute temperature Ty (T # 0), a superposed
dot represents differentiation with respect to time variable t.

3. Formulation of the problem

We consider a homogeneous, isotropic thermoelastic double porous microbeam having dimen-
sions: length L (0 < z < L), width a (—a/2 < y < a/2) and thickness h (—h/2 < z < h/2)
in a Cartesian coordinate sytem Ozyz as shown in Fig. 1. The microbeam undergoes bending
vibrations of a small amplitude about the z-axis such that the deflection is consistent with the
linear Euler-Bernoulli theory. Therefore, the displacements can be written as

ow
UL ==z uz =0 uz = w(x,t) (3.1)

where w is the lateral deflection and u is the axial displacement.
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Fig. 1. Geometry of the beam

The equation of motion for forced vibrations of the beam can be written as

ST
a2 P o

= F(z,t) (3:2)

where A = ah is the cross-section area, M is the flexural moment of cross section of the micro-
beam and F'(x,t) is the applied moving load. By substituting Egs. (2.3) and (3.1) into Eq.(3.2),
we obtain the equation of motion for forced vibrations of an Euler-Bernoulli thermoelastic double
porous microbeam subjected to moving load as

8411} 62’[1) 82M¢, 82M¢ 62MT

I LAt _F .
98 TP T a2 T o2 T oa2 (1) (3.3)

(A +2p)

where F' = Fyd(xz — vt) is the applied moving load, v is its velocity, ¢ is the Dirac delta function,
t is time in seconds, I = ah®/12 is the moment of inertia of the cross-section and Mg, My are
the volume fraction field moments, and My is the thermal moment of the beam given by

h/2 h/2 h/2

M,=b / apz dz My =d / az dz My =p / alz dz (3.4)
—h/2 —h/2 —h/2
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Equations (2.1)2 3 and (2.2) with the help of Eq. (3.1) can be written as

¢  9%p 0% 0% 9w ¢
(@*@) b(axﬁazz)”za ooyl =mgy

62 62 82 62
(G + 55) 25+ ) e —aap— awt + T = 5 (3.5)

2
2

z
0
<82T ) (o e () et 7]

4. Solution of the problem

For the present microbeam, we assume that there is no flow of heat and the volume fraction
fields across the surfaces (z = £h/2) so that 0T/0z = 0p/0z = Op/0z = 0 at z = £h/2. For a
very thin beam, assuming that the volume fraction fields and temperature increment in terms
of sin(mz/h) function along the thickness direction one obtains

o(x, z,t) = P(x,t)sin %z Y(x,z,t) = ¥(x,t)sin %z T(x,z,t) = O(x,t)sin %z
(4.1)

Introducing non-dimensional variables as

1 1 t
:c’:zx UI:ZU t;:Ex
L L g
o ="g R o ="Lo
o o E (4.2)
C1 C1 L2
t/ = —t / = — F/ — T T F
L o= 07 ah2(A +2u) °

where ¢ = (A +2u)/p and E = p(3)\ + 2u) /(A + p) is Young’s modulus.
Making use of Egs. (4.1) in Eq. (3.3) and with the aid of Eqgs. (4.2), yields (after suppressing
primes)

otw 0*w 0?d o0*w 0?e

G +aq 52 25 ~ B + ay 2 Fyd(x — vt) (4.3)

On multiplying Eqgs. (3.5) by z and integrating them with respect to z from —h/2 to h/2 and
after using Eq.(4.2), we obtain (suppressing primes for convenience)

0*® 0’ 82 0’d
a5 5 —CL6@+CL7—2 —ag¥ + ag— v —a10P — a1V + a120 = Yol

82_¢ _ 1)) + aQ_W _ 1/4 + 82_’[1) _ b — 1/4 + 6 = 62_W
a3 02 a4 ais 02 aie arr 2 ais aiyg a20% = 12

and
0’0 0 0 ,0%w 8(15 ov 00
_ = (1 4.

5oz~ 210 = (1+705;) [ang, (5.7) +omsgyy +amgy +amy (4.5)
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where
pciL 2ba 2da
@ =Tam o 2= T T 8= 73
(A +2p) IT2(N+2p)L IT2(XN+2p)L
2F o am?l? b1
ay = —5——— as = apg = ——55 ar = —=
YT IR+ 2p) T e 0 kic2h? [
bym2 L2 bhm?L? ay L2 asL?
K1c2h2 ’ 24ak c? 10 Kic? M K1c?
’ylEL?’ b1 b17T2L2 Yy
2 afkic? 1 KoC? 14 ko2 h? 1o KoC?
~ym2L? dhm?L? azL? asL?
a = — a = —F a = a =
10 ac2h? 17 24akoc? B B
o — v EL? 4o — w2 L? 4o — _ﬂ2T0hcl7T2
20 afikac? 21 h? 22 24FK*
_afTomc _afToyc _ pC*c L
W="pg WM~ g WL

The initial conditions of the problem are assumed to be homogeneous and are taken as

~ Ow(z,1) B _ 0D(x,t) B _O¥(x,t) B
w(m,t)‘tzo ot ‘t:O N @(x’t)‘tzo Ot ‘t:O N g/(x’t)‘tzo ot o =0
= (4.6)
~00(x,t) B
@(x’t)‘tzo ot | 0
=0

These initial conditions are supplemented by considering that the two ends of the microbe-
am are clamped and remain at zero increment of the volume fraction fields and temperature.
Mathematically, it can be written as

_ Ow(w,t)
x=0,L N ox

w(z,t)

@=0,L ot (4.7)

=0 O(z,t)

z=0,L

U(x,t)

5. Solution in the Laplace transform domain

Applying the Laplace transform defined by

Fs) = LU 0] = [ (0 e (1)
0
to Egs. (4.3)-(4.5) under initial conditions (4.6), and after some simplifications, we obtain
dv d® d® d* d? == = sy
(w + Bl@ + 32% + BB@ + B4W + B5)(w7¢7y—/a@) = (f1, f2, f3, fa)e™ " (5.2)

where By, Bs, Bs, By, Bs, f1, fo, f3, fa, are given in Appendix I.
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The solution to system of Egs. (5.2), in the Laplace transform domain, can be written as

5
D = Hle—%z + Z(Die_mw + Di+5emiz)
=1

5
D = ngigz + Z gli(Dieimiz + Di+5€miz)

=l (5.3)

5
U = ngifz + Z ggi(Dl'eimix + Di+5emix)
=1

5
O = H467%z + Zggi(Dieimix + Di+5emix)
i=1
where
fi®

s10 + B1s802 + BysSv4 + Bystb + Bys?u8 + Bsvl0
and g14, 92i, g3i; (1 = 1,2,3,4,5) are given in Appendix II.

Here +m;, i = 1,2,...,5 are the roots of the characteristic equation

i=1,2,3,4

i =

mlo =+ B1m8 + BQmG =+ B3m4 =+ B47”I”L2 + B5 =0

Therefore, the corresponding expressions for the axial displacement in the Laplace transform
domain can be written as

u = —chl—f = —Z[il(—miDiemﬂ + miDl-+5emiz) — zHleiglﬁ} (54)
i—
Boundary conditions (4.7) in the Laplace transform domain take the form as
w(z,s) = dw(z, 5) =0 D(x,5) =0
z=0,L ox +=0.L x=0,L (55)
U (x,s) o =0 O(x, s) o =0

By substituting Egs. (5.3) into boundary conditions (5.5), we obtain a system of ten linear
equations in the matrix form as

AD =E (5.6)
where
ro1 1 1 1 1 1 1 1 1 1 7
bl bg bg b4 b5 al as as ayg as
—m —1my —ms3 —TNyg —ms ma mo ms my ms
—m1b1 —mgbg —)\3b3 —m4b4 —m5b5 mia; mmoag MM3zasz Mqaa4q 1M5as
A= | 91 912 913 914 915 gu 912 913 914 915
giibr  g1202 g13bs  guabs  g1505  gria1 gi2a2 91303 graasa  g1505
g21 g22 923 g24 g25 g21 g22 923 924 g25
g21b1 g22b2  g23bs  goabs  gosbs  gora1  gocaz  g23a3  gosas  g2sas
g31 g32 933 934 935 g31 g32 g33 934 935
L 93101 g32ba g33bs  g3abs  g3sbs  gsia1r  gs2ae  g33a3  g34as  g35as5)
a; = emil b = e il i=1,2,3,4,5
D=|D, Dy Dy Dy Ds Dg D. Ds Do Dmf

T
E=|E, FE E3 Ey, E5 E¢ E; Eg FEy Elo}
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and
_ s S S Ny
Elz—Hl EQZ—Hle v E3:—H1 E4:—H16 v
v v
FEs = —Hy Fs = —ngifL E;=—H; FEg = —ngfiL
Ey=—-H, Eyg = —Hye vt

By solving the above system of equations (5.6), we obtain the values of unknown parameters D,
i1=1,2,...,10.

This completes the solution of the problem in the Laplace transform domain.

In order to determine the axial displacement, lateral deflection, volume fraction field and
temperature distribution in the physical domain, we will adopt a numerical inversion method
given by Honig and Hirdes (1984).

In this method, the Laplace domain f(s) can be inverted to the time domain f(t) as

ikm ikmt

£(t) = %exp(ﬁt) [%f((?) + Reé?(ﬁ + o) exp(50)] 0<t <2

where Re is the real part and i is the imaginary unit. The value of IV is chosen sufficiently large
and it represents the number in terms of the truncated Fourier series such that

f(t) = exp(£2t)Re [7((2 + 1]75\7_17'(') exp(i]:;ﬁﬂ < e

where 1 is a prescribed small positive number. Also, the value of {2 should satisfy the relation
2t ~ 4.7 for faster convergence, Tzou (1996).

Particular cases

i) If 7o = 0 in equations (5.6), it yields corresponding expressions for the thermoelastic double
porous microbeam in context of the coupled theory (CT) of thermoelasticity.

i) If by = a3 = v = as = 72 = d — 0 in equations (5.6), we obtain the corresponding
expressions for the thermoelastic single porous microbeam (thermoelastic microbeam with
voids).

6. Numerical results and discussion

Numerical computations have been done for a copper like material microbeam. The material
parameters are taken as in Kumar et al. (2015): A = 7.76-10'° Nm=2, C* = 3.831-103 m2s 2K,
p o= 3.86 - 101°Nm—2, K* = 386 103Ns~ 'K~ Ty = 298K, p = 8.954 - 10° Kgm 3,
ar=178-10°K ! ap =24-10°°Nm~2, a3 = 2.5- 10" Nm~2, v = 1.1.10° N, o = 1.3-10° N,
v2 = 0.219 - 10° Nm~2, k1 = 0.1456 - 10712 Nm~2s%, b = 0.9 - 10! Nm—2, a3 = 2.3 - 10'° Nm~2,
ko = 0.1546 - 10712 Nm~2s?, 79 = 0.01 s.

The aspect ratio of the beam is fixed as L/h = 10, a/h = 0.5, z = h/6. When h is varied,
L and a change accordingly with h. For the microscale beam, we take the range of the beam
length L = (1 —10) - 10~%m. The plots are prepared by using the dimensionless variables for a
wide range of the beam length when, unless otherwise stated, L = 4.0, a = h/2 and z = h/6.

The software MATLAB has been used to find the values of axial displacement, lateral de-
flection, volume fraction field and temperature distribution. Variations of these quantities with
respect to the axial distance have been shown in Figs. 2-5 to indicate the effects of velocity and
time parameters. In Figs. 2 and 3, solid line, small and big dashes lines correspond to the values
of velocity v = 1.0, 2.0 and 3.0, respectively with the fixed value of time ¢ = 0.15, whereas in
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Figs. 4 and 5, solid line, small and big dashes lines correspond to the values of time ¢t = 0.15,
0.175 and 0.2, respectively with the fixed value of velocity v = 1.0.

Effect of the velocity parameter

In Fig. 2a, it is noticed that the value of axial displacement w initially decreases in 0 < x < 1,
then increases in 1 < x < 2.8 and again decreases slowly and steadily in the remaining region.
It is also found that the magnitude of u decreases with an increase in the value of velocity v
near the source application point while the trend gets reversed as moving away from the source.
Figure 2b depicts that the lateral deflection w decreases in 0 < z < 1, increases in 1 < z < 2.2
and then becomes stationary as x > 2.2. The amplitude of variation is higher near the point
of application of the source while as moving away from the source, the values become almost
stationary for all the values of velocity v. Figure 3a shows that the volume fraction field ¢
initially decreases sharply in 0 < x < 1, then increases abruptly in 1 < z < 3.5 and then
decreases slowly and steadily in the remaining region. Also, the magnitude of ¢ decreases as v
increases near the source application point while the trend gets reversed away from the source.
From Fig. 3b, it is clear that the value of temperature distribution 7" initially increases in the
region 0 < x < 1 and decreases monotonically as x > 1. It is also evident that the magnitude
of T increases with an increase in velocity v.

b
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Fig. 2. (a) Axial displacement u and (b) lateral deflection w versus axial distance x

(a) (b)
0.04 0.7
> S &~ v=1.0
0 //7>$< ST o — 0.6 // ‘\ """ v=2.0|
e — —v=3.0
) /
\ ! 0.5 |+
-0.04/\ Ly \
\ 7
NS 0.4f-/ -
-0.08 \\ // / N
v / DN
\ N 0.3
! \
-0.12 j 0 |/ N
\ . /,I \\\ \
N = S ~~
] A A b=20 0.1 Su»
— —9v=30 i e S
<0205 2 4 6 8 O 2 4 6 8
X T

Fig. 3. (a) Volume fraction field ¢ and (a) temperature distribution 7" versus axial distance
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Effect of the time parameter

In Fig. 4a, it is noticed that the value of axial displacement w initially decreases in 0 < x < 1,
then increases in 1 < z < 2.8 and again decreases in the remaining region. Also, the magnitude of
u increases with an increase in the value of time ¢. Figure 4b depicts that the lateral deflection w
decreases in 0 < x < 1 and then increases afterwards as x > 1. It is found that as time ¢ increases,
the magnitude of w decreases. Figure 5a shows that the volume fraction field ¢ is oscillatory in
nature. The value of ¢ initially decreases in the range 0 < x < 1, then increases in 1 < x < 3.5
and then decreases in 3.5 < x < 5.3 and again starts increasing slowly as x > 5.3. The magnitude
value of ¢ also increases with an increase in the value of time ¢. From Fig. 5b, it is clear that
the value of temperature distribution 7 initially increases in the region 0 < z < 1 and decreases
monotonically as z > 1. It is also found that the magnitude of T" decreases with an increase in

the value of time t¢.
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Fig. 4. (a) Axial displacement u and (b) lateral deflection w versus axial distance x
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Fig. 5. (a) Volume fraction field ¢ and (b) temperature distribution 7" versus axial distance x
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7. Conclusions

In the present work, forced vibrations of an Euler-Bernoulli thermoelastic double porous micro-
beam, in context of Lord-Shulman theory of thermoelasticity, subjected to moving load has been
investigated. Effects of velocity and time parameters are shown graphically on axial displace-
ment, lateral deflection, volume fraction field and temperature distribution. All field quantities
are observed to be very sensitive towards the velocity as well as time parameters.

e It is observed that the amplitude of variation is higher near the application point of the
source while the values become almost stationary as moving away from the source due
to the effect of velocity. The values of axial displacement u and volume fraction field ¢
decrease with an increase in the velocity v near the application point of the source, whereas
an opposite trend of variation is noticed away from the source. The values of lateral
deflection w also decrease as the velocity parameter increases near the point of application
of the source and becomes stationary as moving away from the source. The magnitude of
temperature distribution 7' gets greater with an increase in the velocity parameter.

e Due to the effect of time parameter, the values of axial displacement v and volume frac-
tion field ¢ increase with an increase in the value of time t, whereas an opposite trend
and behavior of variation is observed in the case of lateral deflection w and temperature
distribution T, i.e. the values of w and T decrease as there is an increase in the value of
time ¢.

This type of study is useful due to its physical application in many fields of engineering like
civil, mechanical, aerospace and industrial sectors. The results obtained in this investigation
should prove to be beneficial for researchers working on the theory of thermoelasticity with the
double porosity structure. The introduction of the double porous parameter to the thermoelastic
medium represents a more realistic model for further studies.

Appendix I
age = s(1 + 7198) ag; = —s(1 + 198)ags ass = —s(1 + 198)asgs
agg = —s(1 + 198)agy asp = —lag1 + s(1 + 708)asgs]
ni = —(ag + aio + s°) ny = —(ag + ai1)
n3 = —(a1g + ai4) ny = — (a6 + a9 + 5°)
71 = a5ais — 7013 r2 = as(aisaso + n4) — aizng + niais — ar(aizaso + n3)

r3 = ni(aisazo + ng) + as(nsazg — azoaz) — ar(nzazg — azoazs) — n2(aizazy + n3)
+ aiz(aizagy — aisass)
r4 = ni(n4ago — aa29) + arz2(nzagy — naasg) + na(agpas — n3asp)

s = agais — araiy Te = ag(a15a3o + n4) - a?(a17a30 - a20a27) — Naay17 — a12a15a27
r7 = ag(n4a3o - azoazg) + a12(a176129 - n4a27) - nz(a17a3o - a206127)
rs = agaiz — asaiy g = ag(a13a3o + n3) —niair — a5(a17a30 - a20a27) — a12a100a27

0 = ag(nsazo — azpazg) — ni(agoair — azraz) + aiz(airass — naasy)
r1 = agr(asaiz + arai3)
T2 = ag(aizagy — a15a28) + as(nsasr — airasg) + azr(niais + gzaiz) — ar(airazs — nzazy)

ri3 = a9(n3a29 - n4a28) - n1(a17a29 - n4a27) - n2(a17a28 - n3a27)
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10.

11.

12.

ro 4 Qo5 — azrg — a4riy a1r18% + agrg — agro — agriz + 13
By = By =
1 1
2 2 2
a17138° + agry — asrig — aqr13 + 14 a1r3s a1748
B3 — B4 = — B5 =
r1 1 1
1 1
4 2 2 4 4 2 4 2
fi= —7F0(r136 + rostv? + r3s?vt 4 ry0) fo= ——7F0(r536 + rgs v7 + rvts”)
v v
1 1
4 2 49 4 2 4.2
f3= WFO(T856 +rgs v 4+ ripvs”) fa= —WFO(TMS6 + 712507 + 11307 57)

Appendix II

p 1"5m§3 + TGmf + mm? p
e — — 2 —
rlm? + rgmf + 1"3mz2 + 1y
6 4 2
. rum; + rigm; + rigm; .
g3, = — 6 p 2 1—1,2,...,5
rim; +rom; +r3m; + 1y

2

rgm? + 7“9m§l + riom;

rlm? + rgmf + 1"3mz2 + 1y
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