Jurnal Matematika MANTIK
Vol. 7, No. 1, May 2021, pp. 9-19

ISSN: 2527-3159 (print) 2527-3167 (online)

A New Computational Method Based on Integral Transform for
Solving Linear and Nonlinear Fractional Systems

Diyar Hashim Malo?, Rogash Younis Masiha?, Muhammad Amin Sadiq

Murad?, Sadeq Taha Abdulazeez*

13Department of Mathematics, College of Sciences, University of Duhok, Duhok, Iraq
2Department of Statistics, Van Yiiziincii Y1l Universitesi, Van, Turkey
“Department of Mathematics, College of Basic Education, University of Duhok, Duhok, Iraq

Article history:
Received Mar 16, 2021
Revised, Apr 30, 2021
Accepted, May 24, 2021

Kata Kunci:

Sistem fraksional stiff,
Persamaan diferensial,
EHPM, Metode Kernel
Hilbert space, Solusi
aproksimasi

Keywords:

Fractional stiff systems,
Differential equations,
Elzaki homotopy
perturbation methods,
Kernel Hilbert space
method, Approximate
solutions

Abstrak. Pada artikel ini, Metode Elzaki homotopy perturbation
(EHPM) diterapkan untuk menyelesaikan sistem fraksional stiff.
Metode EHPM adalah kombinasi dari modifikasi transformasi
integral Laplace yang disebut transformasi Elzaki dan metode
gangguan homotopi. Metode yang diusulkan telah diterapkan pada
beberapa contoh sistem fraksional stiff linier dan nonlinier. Hasil yang
diperoleh dengan metode ini dibandingkan dengan hasil yang
diperoleh dengan metode Kernel Hilbert space (KHSM)
menunjukkan bahwa metode EHPM merupakan metode yang efektif
dan akurat untuk menyelesaikan sistem persamaan diferensial orde
fraksional.

Abstract. In this article, the Elzaki homotopy perturbation method is
applied to solve fractional stiff systems. The Elzaki homotopy
perturbation method (EHPM) is a combination of a modified Laplace
integral transform called the Elzaki transform and the homotopy
perturbation method. The proposed method is applied for some
examples of linear and nonlinear fractional stiff systems. The results
obtained by the current method were compared with the results
obtained by the kernel Hilbert space KHSM method. The obtained
result reveals that the Elzaki homotopy perturbation method is an
effective and accurate technique to solve the systems of differential
equations of fractional order.
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1. Introduction

Many scientific disciplines can be modeled by initial value problems of fractional
order which lead to a better understanding in characterizing the natural phenomena in
various fields of science such as engineering, biology, economy, computer science, and
physics. The exact and analytical solutions of fractional order differential equations are
difficult to be found, thus the numerical methods are used to investigate the solutions of
differential equations of fractional orders. The proposed system at first was highlighted by
Hirschfelder and Curtiss [1]. Then stiff systems were studied by many researchers in
different branches [2]-[4]. Several numerical methods have been developed to obtain the
analytical and approximate solutions of stiff systems of integer and fractional orders, such
as Adomian decomposition method [5], homotopy perturbation method [6], homotopy
analysis method [7], variation iteration method [8], rational homotopy perturbation
method[9], Block method [10], Laplace adomian decomposition method and modified
decomposition method [11], multistage Bernstein method[12], and fractional power series
method [13].

Homotopy perturbation method (HPM) is an important semi-analytic technique for
solving differential equations [14]-[16] and an efficient technique to study the different
types of nonlinear functional equations. VVolterra-Fredholm nonlinear systems were solved
by HPM [17], hyperbolic PDEs [18], Zakharov-Kuznetsov[19], and system of nonlinear
differential equations[20].

So far, many modified techniques have been described to solve linear and nonlinear
differential equations of integer and fractional orders. Those of which are Laplace
homotopy perturbation method, Laplace Adomian decomposition method, and recently,
Elzaki homotopy transformation perturbation method is used to solve a range of problems
such as a family of Fisher’s equation [21], spatial diffusion of Biological population [22],
nonlinear oscillators [23], system of linear and nonlinear PDEs of fractional orders [24],
time-fractional Navier—Stokes equations [25], and An algorithm for solving the Burgers—
Huxley equation using the Elzaki transform [26]

Elzaki integral transform is a modification of the Laplace and Sumudu transforms
which was invented by Tariq [27], Elzaki transformation is an efficient and powerful
technique that has found the exact solutions to several differential equations which cannot
be solved by Sumudu transform [28]. Elzaki integral equation is a powerful and efficient
technique that has been used to solve many differential equations of integer and fractional
orders [25][29]-[33].

The objective of this paper is to expand the applications of EHPM and illustrate the
efficiency of the proposed method, thus we consider the stiff systems fractional ordinary
differential equations:

DHiz;(t) + Fi(t, z,.(1), 25 (8), ., 2, (1)) = £i (D), zi(to) = ajo, m—1<p; <m,mEe€N. 1)

2. Preliminaries

In this section, we introduce some definitions and properties of fractional calculus and
Elzaki transform which are used in this article.
Definition 2.1. [4] A real valued function g(y),y > 0 is belongs to the space C,, 0 € R if
there exists at least a real number d > o, such that g(y) = y¢g,(y) where g;(y) €
C(0, c0), and it is said to be in the space C% if g™ € R,,n € N.
Definition 2.2. [34] The function f(u) is called R-L fractional integral of order <= 0 if it
is defined as:

1 u

I f@ =r5fy  @=0f)dta>0,t>0.

In particular J°f (w) = f(w).
For 6 = 0 andd = —1, some properties of the operator J*
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Lo JY0fw) =J** f(w),
2. JY°fw) =J°Jf (W),
3. Je 9 — r@+1) a+9
r'(a+9+1)
Definition 2.3. [34] The function f € C™,;, n € N is called Caputo fractional derivative if
it is defined as

Df(u) = 7em a)fu (W=t (t)dt, n—1 < a < n.
Definition 2.4. [27] The Elzaki-transform of the function f(w) is defined as:
Ef @] =T@) =v [ fwedu u>0.
Suppose that f is piecewise continuous, then we can calculate E [Z_ﬂ as follows:
[af(xu)] f vev %du = %fooo vev flx,w)du = a—iT(x, V),
Similarly, we can have:

E 0%f(x,u)| _ d*T(x,u)
0x2 T dx?
Assume that Z—Z = h, then we have:

E [m —F [ah(x ”)] E[h(x,w)] — vh(x, 0)

ou?
?f(x,u) T(x u) af
E[ o —f(x 0)—v—(x 0)
By mathematical induction one can extend this result to the n”lpartlal derivative as follows:
" f(xu) T(x t) n— 2—n+i aif(x,O)
R e e @

3. Elzaki homotopy perturbation method analysis

Assume the following system of nonlinear differential equations

Mi(zi) + Ni(Zi) = gi(t)' t e A,l = 1,2, W, n (3)
where z; and g;(t) are sought and known functions respectively, M; and N; are linear and
nonlinear operators respectively, where:

Ni(z;) = Z Ak,

where A;;, represents the Adomian polynomial as follows:

[o¢]

A = 7-m z(z Zy T Z ZpkT™)

k=0
Now, we assume the following homotopy

W;(Yy,p) = (1 = p)(M;(Y;) — z;0) + p(M;(Y) + Ni(Yy) — g0),
or equivalently, W;(Yy,p) = Mi(Yy) — 20 + pzio + (N (Y) — 90), 4)
Since M;(Y;) —z;o = 0and M;(Y;) + N;(Y;) —g; = 0 which are equivalent to the
operator equations H;(z,0) =0 andH;(z,1) =0 respectively, also p € [0,1]is a
homotopy parameter, z; o are initial approximations and Y;: (t,p): 4 x [0,1] = R.
Now, we apply the Elzaki transform on (4), we obtain

E[M;(Y;) — zio + pzio + p(N;(Y) — g)] = 0

By differential property of of Elzaki transform, we get

1 _ o B o
WE[YL'] — V2 TRY g — v3TRY g — e — v uyg(l) )

= E|z;o — pzio + p(N:(Y;) — 9]
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Applying the inverse Elzaki transform, we obtain
Y, =E1 [UZYLO +3Y 0+ + v"“Y%_D] +E1 [v“E[zw —pzio+

p(N;(Y;) — gi)]]- (5)
By HPM, the following series represent the solution of equation (5), where p € [0,1].
Y (t) = }10 P]Yi,j, i=1,2,..,n (6)

Substituting (6) in (5), we obtain

Z p™Y;, = E1 [szi,O +v3Y o+ + vn“Yl%_l)]

n=0
Zio — PZio TP (Ni (Z pnYi,n> - gi)
n=0

Now, by comparing the coefficients of the same powers of the embedded parameter p ,
leads to

+ E"1|vHE

PO Yoo = E7 020 + 03 g0 + -+ YT 4 E[z]
p' Yy =E7! [U”E[Ni(yi,o) —Zjg — gi]]
P2 Yip = E7[oRE[N(Yi0,Yia)]|
p*: Yz =E"" [U“E[Ni(yi,o'Yi,l'Yi,Z)]]

p : Yo = ET VB[N (Yoo, Yin, Vi o Yot ]|

Assume that Yo = Bio, Y'io = Bi1r - Yi(g_l) = Pin—1 are the initial approximations,
where i = 1, 2, ..., n. Finally, the solution of (3) is obtained by the following series:

zi(©)=Y; =Y+ Yip + Yo+ +. (7
The convergence and uniqueness of the series (7) is discussed in [21].

4. Applications of Elzaki homotopy perturbation method

The numerical patterns are employed to confirm the efficiency and accuracy of the
Elzaki homotopy transform perturbation technique for solving the fractional stiff systems.
For this purpose, at the first example, the comparison of error analysis with the kernel
Hilbert space technique [13] [35] is made, at the second example, the exact solution of the
proposed problem is achieved where 8 = 1, and at the third example the comparison
between the proposed method and (ADM and MLDM [11]) is made.

Example 4.1 Consider the following linear stiff system of fractional order 0 < f < 1
DPz(t) = —z(t) + 95w(p), ®
DPw(t) = —z(t) — 97w(v),

with the initial conditions z(0) = 1,w(0) = 1. The exact solution of the system when g =
1is

95 48 48 1
— -2t __ —96t — —-96t __ -2t
z(t) 17 e 17 e ,  w(t) 17 e 27 et
To solve system (8) by the EHPM, we use the following homotopy

DP7(t) — zo(t) + p(20(t) + Z(t) —95W (£)) = 0

DEW (£) — wo () + p(wo() + Z(£) + 97W (1)) = 0.
Applying the Elzaki transform, we have
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EDfZ(6) - 20(t) + p(2(t) + Z(t) = 95W (1)) | = 0
E[DEW (©) = wo(t) + p(wo(t) + Z(6) + 97W(t))] = 0.
Using the differential property of Elzaki transform, we obtaln —E[Z(O)] = v?BZ,(t) +
E[zo(t) —p(z0(6) + Z(t) — 95W(t))]
l15[W(1:)] = v2FW, () + E[wo(8) — p(20(t) + Z(t) + 97W (1))].

vB
Applying inverse Elzaki transform, we have

Z(t) = E~1 [v?Zo(6) + vPE[20(t) — p(20(6) + Z(£) — 95W (0))]|

9
W () = B~ [v2Wo () + vBE[wo(6) — p(20(8) + Z(8) + 97W (1))] .
Here, the following form is the solution of equation (9):
Z(t) = Zo(t) + pZ1 () + p*Z, () + -, (10)

W (t) = Wo(t) + pWi(t) + p2Wp(0) + -,
Substituting (10) in to (9) and collecting the coefficients of equivalent powers of embedded
parameter p , we obtain the following:

O ¢ {Zo(t) = B [02Z5(0) + vPE[20(6)]], Wo () = E* [v2Wo(0) + vPE[w, (0)]],
b {Zy(0) = BT [P E[(20(6) + Zo(8) — 95Wo ()] |, Wi (©)
= B [—vPE[(20(6) + Zo(8) + 97W,o (1))]]
21 {Z,(t) = E? [—vﬁE[(zl(t) - 95W1(t))]],W2 (t) = E1 [—vﬁE[(zl(t)
+ 97W1(t))]],
3 {Zy(t) = E1 [—UBE[(ZZ(t) - 95W2(t))]],W3(t) —E1 [—vﬂE[(zz(t)
+ 97W2(t))]],

Here, we set Z,(0) = zy(t) = 1and W,(0) = wy(t) = 1. Thus, the above equations lead
to the foIIowing results:

Zo() =1+ r(ﬁ+1) o Wo(®) =1 +9F9(ﬁ+1) oo
tB 2p = — B _ 2B
A0 = s+ g O T et
= —227% 2B 2T 43P = 2B 3B
S L T ML
3p , 9035446 4p _ _ 912972 .35 903560 4p
Z3(t) = r3B+1) r@ag+y) -’ Ws(t) r(3ﬁ+1)t r(4ﬁ+1)t ’
Thus, the solution of system (8) using the series (7) is
94 9404 . 903544
z(t) =1+ th — t2 + —————¢3F
rig+1) rep+1) risp+1)
W) =18 g OMZ g5 903560

re+n" ‘rep+nt TTreE+Dt
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Figure 1. The behavior of EHPM solution of system (8) for different values of 5 and exact
solution.
Figure 1: illustrates the behavior of the EHPM solution of system (8) for different values of f and
exact solution. It can be seen that there is a good agreement between the exact solution and the
approximate solution using EHPM, especially when 8 = 1.

Table 1. The Absolute Error of kernel Hilbert space method KHSM and EHPM of (8)

t z(£)EHPM z(£)KHSM w(t)EHPM w(t)KHSM

0.00 0 0 0 0
0.5 3.0163443 x 1071° 476706570 x 10™*  3.0163483 x 10715 4.44439990 x 10~*

0.1 5.0178941 x 10™**  4.11985309 X 10™>  3.4785609 x 107'3  1.37132721 x 1075
0.15 6.4189477 x 10711 2.37714435x 107> 1.1162905x 1071%  4.49704615 x 1077

0.2 7.3684661 x 107° 1.99138385 x 107° 1.2169510 x 107° 2.1210257 x 1077
0.25 3.4096780 x 1077 1.67357026 x 107> 3.6738962 x 1077 1.76192995 x 1077

Table 1: shows the comparison between the absolute errors of the approximate solution of the
proposed technique at different values of t when g =1 for 20 order approximation and the
approximate solution of KHSM. The results illustrate that the proposed technique is superior to
KHSM and an efficient method for investigating the solution of proposed fractional systems.
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Example 4.2: Consider the following non-linear stiff system of fractional order
sz(t) =—(p 1+ 2)z(t) + p~w?(t), 0 < B <1, (1)
DPw(t) = z(t) — w(t) — w2(t), t €[0,2]
with the initial conditions z(0) = 1,w(0) = 1. The exact solution of the system when 8 =
1is

z(t) =e7 %, w(t) = et
To solve system (11) by the EHPM, we use the following homotopy
DEZ(t) = 20(8) + p(20(6) + (p71 + 2)Z(6) = pIW(1)) = 0
DPW (£) — wo () + p(wo(t) — Z(t) + W(t) + W2(t)) = .
Applying the Elzaki transform, we have
E[DEZ(t) = 20(6) + p(z0(t) + (07" +2)Z(t) — p7' W2 ()| = 0

E[DEW (£) — wo(®) + p(wo(6) = Z(&) + W(&) + W2(®))] = 0.
Using the differential property of Elzaki transform, we obtain uiﬁ E[Z(t)] = v¥BZy(t) +
) E[z0(t) = p(20(t) + (p™" + 2)Z(t) — p7'W?(0))]
—FEW®] = vEPWL(E) + E[wo () — p(wo () — Z() + W(t) + W2(1))].
Applying inverse Elzaki transform, we have

Z(t) = E~ [0220(6) + vPE[20(t) = p(20(6) + (0™ + 2)Z(t) — p~'W2(®))]|

12
W () = B~ [v2Wo () + vBE[wo(t) — p(wo() — Z(8) + W () + W2(0))]]. 4
Here, the following form is the solution of system (11):
Z(t) = Zo(t) + pZ1(t) + p*Z,(t) + -+, (13)

W () = Wo(6) +pWi () + p?W () + ---.
Substituting (13) in to (12) and collecting the coefficients of equivalent powers of
embedded parameter p , we obtain the following:

p° : {Zo(6) = 7 [v220(0) + vPE[20(6)]], Wo(t) = E~* [v2W,(0) + vPE[wo (0)]],
P+ {Zy(0) = B [<vPE[zo(6) + (071 +2)Zo(6) — p T WE (O], Wa(0)
= B [—vPEwo(t) = Zo(6) + W (&) + Wo ()],

p’:{Z,(t)

=E | —vPE|(p7t + 2)Z;_1 ()
j-1

—P_lz M/j(t)Vlel(t)] ) W,(t) = E7*|—vPE |—Z;_1(t)
=0

j-1
+Wj_1(t)+z m(t)m_l_l(t)], =23,
=0

Here, we set Z,(0) = zo(t) = 1and W,(0) = wy(t) = 1. Thus, the above equations lead
the following results.
tB

Zo(t) =1 +m,
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¢B
Wo() =1 +1“(,6’ T
L h L PR+ D
Zl(t)__3m+(p l_z)r(2ﬁ+1) r2(ﬁ+1)1"(3ﬁ+1)’
5 +2B rep +1)e3#

Wa(t) = -2 r(g ¥ ‘T@F+D T2F+DIGE+ 1) ,
~ t2 1 . ApTir2p+1) t3
Z*”:(G‘p”r@ﬁ+n_<?*4pl+ P2+ 1) ">r8ﬂ+n
1 L, A4pTIrBR+DI(B+1) r2p+1) t*
- <;? tApT T2(28 + 1) )I“Z(,B T DI(4B + 1)
207 (2B + DI (4p + 1) t5°
rB3R+0Dr@Ep+urGp+1)y

2B ~ 4ar(2 +1) t3B
<p1+4+r%ﬁ+n>raﬂ+n

Wo) = 35505+

) 4Ar(3p+1) 4B
+ <2p Ot Gy Dr s + 1)) T8 + 1)
2 (2B + Dr4p + 1)t38
rB3+0Dr@Ep+nrGg+1y

Thus, the solution of system (11) using the séries (7)is
2(t) = Zo(t) + Z1(t) + Z(t) + -,
w(t) = Wo(t) + Wi (t) + Wa () + -,
4 2tP 4¢2B p~Ir(2p +1) t3#
2O =1 D T rep D T PG+ DIGE+ D
4p7r(28 + 1)
rzg+1) >

t3B
riap+1)
1 -1 4p7r3p+ Dr(g +1) r2p +1) t*#
_<?+ Pt T2(28 + 1) >r2(3+1)r(4ﬁ+1)
207 (2B + DI (4B + 1) t5F

TBB+DIEE+HIGE+1)
th t2B rep + 13k

WO =l D Y Tep D PG+ DGR+ D
( 9 4r(2p + 1)) t3F
+(pt+4+

1 -1
— /?+4p +

rzie+1) Jr3g+1)
. Ar(3p+1) 4B
+ <2p Ot Gy Dr s + 1)) T8 + 1)
2 (2B + Dr4p + 1)t38

r3(B+0Dr@g+rGp+1)
Here, setting B = 1 and follow the above solution, the following results are obtained:

Zy(t) =1+t Wo(t) =1+t
_ -1 t2  2p71¢d _ 5 2t3
Zi(t)=-3t+(p ' — Z)Z+T' Wi(t) =—-2t—2t 30
Zy(t) = (6 ‘1)1:2 <1+4 -1 48p1 4)t3 (2+20 -1)t4 20t
2 =07 p Iy T (2 TP p 31 \pz TP ) T T s
t? t3 3\ t* 28
=3—+(p1+12)— (2 -1 —)— —
Wa®) =37+ ™ +1D 3+ (207 + 7 )57 + 75
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One can express the above values in a series after finding the other terms of the solution

had k(_1\k
Z(t)=1—2(t—t2)—§t3_ﬁt4+...zz @) (=1 — 2t

6 k!
k=0
D=1—t+———+— :z o e
w(t) 278 " 4 k! ¢

which is the exact solution of system (11).

Table 2. The Absolute Error of kernel Hilbert space method KHSM and EHPM of (8)

t z(H)EHPM Z(H)KHSM w(t)EHPM w(t)KHSM
0.00 0 0 0 1.2 x 1076
0.4 5.55 x 10717 120 x 1076 0 247 X 1072
08 5.55 x 10716 1.28 x 1076 0 1.19 x 101
1.2 1.70 x 10712 9.10 x 1077 5.55 x 1017 2.62x 107
1.6 6.90 x 10710 5.59 x 1077 0 438 x 1071
2.0 7.30 X 1078 3.18 x 1077 5.56 X 10716 1.2 x 1076

Table 2: illustrates the comparison between the absolute errors of the numerical solution of the
proposed technique at different values of t where g = 1 for 20 terms iterations and the solution
obtained by KHSM. It is clear that the EHPM technique is more accurate and converges faster than
the KHSM technique.

5. Conclusions

In this work, a new computational technique namely Elzaki homotopy perturbation
method are constructed to solve linear and nonlinear systems of differential equation of
fractional order. The construction scheme of the current method is discussed and
implemented to show the performance of the computational method for this problem. The
results obtained showed that the proposed method is a powerful and efficient method for
solving linear and nonlinear stiff systems of fractional orders and compared the obtained
results of the current method with the results obtained by the other methods. Table 1 and
table 2 observed that the suggested technique is superior to kernel Hilbert space method
KHSM.
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