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TRANSIENT DYNAMICS OF THE KIDNEY DISEASE EPIDEMIC AMONG

HIV-INFECTED INDIVIDUALS

DYLAN HULL-NYE*, BHAWNA MALIK*, RAVIKIRAN KESHAVAMURTHY*, AND ELISSA J. SCHWARTZ

Abstract. The prevalence of end stage kidney disease (ESKD) is rising among HIV-infected popula-

tions in several regions worldwide. We used an ordinary differential equation model of the dynamics

of the AIDS and HIV+ ESKD populations to investigate the effect of antiretroviral therapy (ART) on

the transient dynamics of the epidemic. We considered ART that blocks the entry to each population,

by preventing individuals from joining the AIDS population and by reducing the development from

AIDS to HIV+ ESKD, as well as the combined effects together. Numerical simulation of our model

revealed that at certain levels of ART below 100%, the prevalence of HIV+ ESKD drops, but then

increases again due to the recovery in the AIDS population. We then examined the dip in HIV+

ESKD seen with ART analytically by calculating the minimum HIV+ ESKD level and the length of

time to achieve this minimum. We also evaluated the minimum HIV+ ESKD level and its dependence

on ART parameters, both singly and in combination. We conclude that our model predicts that the

drop in HIV+ ESKD prevalence seen after increased ART will be followed by an increase, unless ART

is sufficiently high enough to eradicate HIV/AIDS.

1. Introduction

Acquired Immunodeficiency Syndrome (AIDS) is caused by Human Immunodeficiency Virus (HIV-

1), a retrovirus that affects the immune system by reducing CD4+ T cells, subsequently increasing the

risk of opportunistic infections. By 2018, 37.9 million people were living with HIV/AIDS worldwide and

more than 77 million people had died of the disease [28]. The black population is disproportionately

affected by HIV/AIDS. Africa has more than two-thirds of global HIV/AIDS cases and has seen seven

in ten deaths [14]. Similarly, African Americans, while comprising only 12% of the U.S. population,

accounted for 44% of new HIV diagnoses in 2016 [3].

Kidney damage or reduced renal function that persists for more than 3 months is called chronic

kidney disease (CKD) [7]. CKD is a significant non-infectious complication observed in HIV-infected

patients [1, 2]. Race is an important risk factor for CKD, which is more prevalent in black patients

with HIV [26]. The population of those living with HIV/AIDS is at risk of developing end stage renal

disease (ESRD, or also known as end stage kidney disease, ESKD), which is a result of impairment of

renal function and kidney failure. Studies have shown a high rate of African Americans among those

Received by the editors 30 June 2020; accepted 17 December 2020; published online 24 December 2020.

2000 Mathematics Subject Classification. Primary 92-08; Secondary 37N25.

Key words and phrases. continuous ODE epidemic model, transient dynamics.

Portions of this research were undertaken as part of the CIMPA Summer School in Mathematical Biology in Kath-

mandu, Nepal, June 2019 with support from the Centre International de Mathmatiques Pures et Appliques (CIMPA),

the International Centre for Theoretical Physics (ICTP) and the Society for Mathematical Biology (SMB).

*These authors contributed equally to this work.

373



374 DYLAN HULL-NYE, BHAWNA MALIK, RAVIKIRAN KESHAVAMURTHY, AND ELISSA J. SCHWARTZ

progressing from HIV+ to HIV+ ESKD [5]. The development of ESKD among individuals with AIDS

has been increasing in recent years, and about 90% of those affected are of African descent [15].

Figure 1. Flow diagram of AIDS and HIV+ ESKD dynamics. Individuals

with AIDS (A) progress to nephropathy (N), or HIV+ ESKD. This occurs at rate

(1−h)s, where h represents the effectiveness of antiretroviral therapy (ART) in blocking

progression to nephropathy. Recruitment to A occurs at rate (1−ε)b, where ε represents

the effectiveness of ART in blocking the development of AIDS.

The availability of antiretroviral therapy (ART) and scaling up of these lifesaving drugs against HIV-

1 infection over the past 20 years is heralded as one of the biggest public health achievements of the

century [8, 27]. ART reduces the HIV viral load by inhibiting viral replication, transforming a highly

fatal disease into a treatable, chronic infection [19]. According to the World Health Organization, in

2018, 62% of people living with HIV were receiving antiretroviral treatment [28]. Even though the

rollout of ART has remained a challenge in low and middle-income countries, including in sub-Saharan

Africa [27], it has substantially improved the prognosis of HIV-1 infection in recent years [24].

Relevant to kidney disease, ART has been associated with both short-term and long-term toxicities

including nephrotoxicity [12, 13]. However, when ART is employed along with the close monitoring of

kidney function, it has been shown to effectively manage HIV-associated kidney disease. Importantly,

studies have shown that effective treatment with ART decreases the morbidity and mortality in patients

with HIV-associated kidney diseases and also the progression to ESKD [9, 17, 20], though the exact

mechanisms by which ART ameliorates kidney disease are not yet clear [10], .

Here, we present a new epidemiological model of kidney disease development among HIV-infected

individuals. Our goal is to analyze the transient dynamics of the model in order to predict the short-

term prevalence of disease. Specifically, we aim to understand the effects of ART on the HIV-infected

population with kidney disease. Previous work [22] predicted that disease prevalence would rise due to

the increase in the HIV-infected population, but the model utilized did not allow for the possibility to

assess the effect of ART on this population. In this work, we add greater complexity to the population
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dynamics to permit this assessment. We also analyze the transient dynamics more closely, and we

determine which conditions affect them.

2. Model

The model of kidney disease dynamics among HIV-infected individuals tracks two populations, AIDS

(A) and AIDS Nephropathy (N) (also called HIV+ ESKD). The schematic diagram of the model is

shown in Figure 1, and the model equations are as follows:

dA

dt
= (1 − ε)b− (1 − h)sA− ρA− µAA (2.1)

dN

dt
= (1 − h)sA− δN − µNN, (2.2)

with A(0) = A0 and N(0) = N0.

Briefly, new individuals with AIDS enter the A population at a constant rate, b. These individuals

die due to AIDS at rate ρ, or due to non-AIDS causes at rate µA. Alternatively, they develop HIV+

ESKD at rate s. For now, we neglect individuals who develop HIV+ ESKD without developing AIDS.

Individuals with HIV+ ESKD die from the condition at rate δ or due to non-HIV+ ESKD causes at

rate µN . Antiretroviral therapy (ART) is the standard of care for all individuals with HIV/AIDS, so

we model its effects on populations A and N : ART that blocks individuals from developing AIDS is

modeled by ε; ART that blocks progression from AIDS to HIV+ ESKD is modeled by h. Both ε and h

assume values between 0 and 1 to indicate ART efficacy between 0% and 100%, respectively.

Our model improves upon the work of Schwartz et al. [22], in which populations grew without

bound. This expansion was accomplished by separating the AIDS growth term into distinct entry and

exit terms. We exclude the effects of ART on mortality in this study, in order to focus more specifically

on the dynamics revealed by ART affecting b and s. The list of model parameters is shown in Table 1,

along with the values for parameters and initial conditions used in numerical simulations. These values

have been taken from the literature or fitted to CDC data, as described.

3. Analytical Results

3.1. Analytical Solution. Solving the model equations yields

A(t) =
(1 − ε)b

k
+

(
A0 −

(1 − ε)b

k

)
e−kt, (3.1)

N(t) = N0e
−k′t +

(1 − h)s

k′ − k

(
e−kt − e−k

′t

)(
A0 −

(1 − ε)b

k

)
+

(1 − ε)b(1 − h)s

kk′

(
1 − e−k

′t

)
,(3.2)

where k = (1 − h)s+ ρ+ µA and k′ = δ + µN .

3.2. Stability Analysis. There is one endemic equilibrium point (A∗, N∗),

A∗ =
(1 − ε)b

[(1 − h)s+ ρ+ µA]
(3.3)

N∗ =
(1 − h)s(1 − ε)b

[δ + µN ][(1 − h)s+ ρ+ µA]
. (3.4)
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Table 1. Model Parameters

Variables Description Initial Conditions Source

A(t) Population with AIDS 31500 [4, 22]

N(t) Population with AIDS

Nephropathy (HIV+

ESKD)

166 [22]

Parameters Description Values (year−1) Source

ε ART effectiveness on b Between 0 and 1 Varies

s Rate of progression from

AIDS to HIV+ ESKD

0.01 [22]

h ART effectiveness on s Between 0 and 1 Varies

b Rate of entry to AIDS

population

21970 Fitteda

ρ Rate of death due to

AIDS

1/6 Based upon a 6 year lifespan

after AIDS diagnosis without

treatment [6, 11, 23]b

δ Rate of death due to

HIV+ ESKD

0.67 Based upon a 1.5 year lifespan

after diagnosis with AIDS and

HIV+ ESKD with no treat-

ment [25]

µA Natural mortality rate,

AIDS population

1/55 Based upon a 55 year lifespan

after infection [16]

µN Natural mortality rate,

HIV+ ESKD population

1/5 Based upon a 5 year lifespan

after ESKD diagnosis [18, 21]c

a Fitted from the equation A(t) and data [4] using other model values under the condition of no therapy.
b After AIDS diagnosis, individuals with no therapy survive approximately 6 years [6, 11], with survival generally lower

among black individuals [23].

c Average life expectancy on dialysis is 5-10 years; the lower bound was taken due to the additional condition of HIV

infection and higher mortality seen in black individuals [18, 21].

The model has no basic reproductive number because there is no disease-free equilibrium. Eigenvalues

of the Jacobian matrix are

λ1 = −
(

(1 − h)s+ ρ+ µA

)
(3.5)

λ2 = −
(
δ + µN

)
. (3.6)

Since the eigenvalues are negative, the equilibrium (A∗, N∗) is stable. Moreover, for any initial condi-

tions, the analytical solution approaches the equilibrium

lim
t→∞

A(t) = A∗

lim
t→∞

N(t) = N∗,

which gives us that (A∗, N∗) is a globally asymptotically stable equilibrium point.
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3.3. Calculation of Nmin and tmin. Some ART efficacy values give rise to declining numbers in HIV+

ESKD followed by recovery to a steady state. We calculate the minimum value reached, Nmin, as well

as the length of time in which this minimum is reached, tmin. This is accomplished by taking the

derivative of the analytical solution for N(t) (Equation 3.2), setting it to 0, and solving, yielding

tmin =
ln (M)

k − k′
M =

(1 − h)s(A0k − b(1 − ε))

A0k′s(1 − h) +N0k′(k − k′) − bs(1 − ε)(1 − h)
(3.7)

Nmin = M
k′

k′−k

(
s(1 − h)

k − k′

(
A0 −

b(1 − ε)

k

)
− sb(1 − ε)(1 − h)

kk′
+N0

)
+

M
k

k′−k

(
s(1 − h)

k′ − k

(
A0 −

b(1 − ε)

k

))
+
sb(1 − ε)(1 − h)

kk′
.

4. Numerical Results

We performed numerical simulations of the epidemic trajectories under conditions representing vari-

ous efficacies of antiretroviral therapy (ART). Values for parameters and initial conditions are shown in

Table 1. First we show the epidemic trajectories with various levels of ART that decrease the progression

from AIDS to HIV+ ESKD.

We investigated how much HIV+ ESKD (N) would decrease initially, and then at steady state, with

ART that decreased the progression from AIDS to HIV+ ESKD (h) by 0%, 70%, 80%, 90%, or 100%

(Figure 2). In the absence of ART (h = 0), both populations, AIDS (A) and HIV+ ESKD (N), show

epidemic trajectories that steeply grow and then level off to a plateau. When ART completely blocks

the progression from AIDS to HIV+ ESKD, h = 1. In this case, the AIDS (A) population is unaffected

(not shown), while the HIV+ ESKD (N) population decreases to 0. When the degree to which ART

prevents progression is 70% (h = 0.7), HIV+ ESKD decreases below 150 individuals in under 1 year,

but then rises again to a steady state of 400 individuals by year 30. With 80% effective ART (h = 0.8),

HIV+ ESKD decreases to 120 individuals in 1.5 years, and then rises again to a steady state of 270

individuals by year 15. Therefore, just 10% more effective therapy can reduce the steady state level by

2/3. When preventing progression is 90% effective (h = 0.9), HIV+ ESKD decreases to a minimum

just under 75 individuals in 2.5 years, rising to a steady state of 135 individuals. Thus, when ART

effectiveness increases from 70% to 90%, the steady state level of HIV+ ESKD decreases to 1/3 of its

previous level.

We observed that the level of HIV+ ESKD (N) decreased when ART was initially given, but then

N recovered and grew to a new steady state. This resurgence was due to the increase in the AIDS

(A) population, which fuels the HIV+ ESKD population (see inset, which shows the AIDS population

increasing as the HIV+ ESKD population decreases). In other words, ART can block the development

of HIV+ ESKD from AIDS, but this effect is not sustained if the risk pool that drives the HIV+ ESKD

epidemic (i.e., AIDS population (A)), is sufficient.

Thus, we next examined the effect of driving down the steady state of HIV+ ESKD by reducing

the risk pool (AIDS) with ART that blocks the AIDS entry rate (i.e., ε). We simulated a block to

the AIDS entry rate (ε) by 0%, 40%, 60%, 70%, or 100% (Figure 2). In the absence of ART (ε = 0),

both populations, AIDS (A) on the top right and HIV+ ESKD (N) on the bottom left, show epidemic

trajectories that grow and then level off to a plateau. When ART completely blocks the entry to AIDS,
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Figure 2. Model simulations showing the effects of antiretroviral therapy (ART). Top

left: N over time with h = 0 (red), h = 0.7 (green), h = 0.8 (black), h = 0.9 (blue),

and h = 1 (cyan). Other values are given in Table 1 with ε = 0. Inset: When h = 0.9,

N is shown in blue and A is shown in pink. Top right: A over time with ε = 0 (black),

ε = 0.4 (blue), ε = 0.6 (cyan), ε = 0.7 (red), ε = 1 (green). Other values are given in

Table 1 with h = 0. Bottom left: N over time with ε = 0 (red), ε = 0.4 (green), ε = 0.6

(black), ε = 0.7 (blue), ε = 1 (cyan). Other values are given in Table 1 with h = 0.

Bottom right: N over time with h = ε = 0 (red), h = ε = 0.2 (green), h = 0.7 and

ε = 0.1 (black), h = 0.7 and ε = 0.4 (blue), h = 0.9 and ε = 0.7 (cyan). Other values

are given in Table 1.

ε = 1. In this case, both the AIDS (A) population and the HIV+ ESKD (N) population decrease to

0. Interestingly, even with 100% effective ART (ε = 1), the HIV+ ESKD (N) population increases

transiently before declining. With intermediate ε values, AIDS and HIV+ ESKD increase less but still

maintain positive steady states.

We then examined the potential effect on HIV+ ESKD if ART blocks not only progression from

AIDS to HIV+ ESKD (h > 0), but simultaneously also blocks entry into the AIDS population (ε > 0).

The combined effect of ART acting at multiple points in the epidemic dynamics is seen here: When

blocking progression is 90% (h = 0.9) and blocking entry to AIDS is 70% (ε = 0.7), the steady state



TRANSIENT DYNAMICS OF HIV-INFECTED KIDNEY DISEASE EPIDEMIC 379

level of HIV+ ESKD is reduced to approximately 40 individuals (Figure 2, bottom right). Thus, in

lieu of stronger therapy that effectively blocks a single mechanism, strong gains can be achieved when

ART can simultaneously reduce entry into the AIDS population as well as reduce progression to HIV+

ESKD, even if its effectiveness at either is lower.

0.5 0.6 0.7 0.8 0.9 1

 h

0

1

2

3

4

5

 t
m

in

0 1 2 3 4

 A
0

10
4

0

1

2

3

4

5

 t
m

in

100 200 300

 N
0

0

1

2

3

4

5

  
t
m

in

0.5 0.6 0.7 0.8 0.9 1

 h

0

50

100

150

200

  
N

m
in

1 2 3 4

 A
0

10
4

0

50

100

150

200

 N
m

in

100 200 300

 N
0

0

50

100

150

200

 N
m

in

Figure 3. tmin (top) and Nmin (bottom) as a function of h (left), A0 (middle), and

N0 (right). Left, ε = 0 and other values are as in Table 1. Middle, h = 0.9, ε = 0, and

other values are as in Table 1. Right, h = 0.9, ε = 0, and other values are as in Table

1.

We note that different values of h affect not only the steady state N∗ but also the values of tmin and

Nmin. The closer h is to 1, the lower the minimum value of N , as would be expected, and the greater

the minimum value of t. We show these minima across a range of values of h from 0.5 to 1 (Figure 3,

left). How the values of tmin and Nmin vary with initial conditions A0 and N0 are also shown (Figure

3, middle and right, respectively). The initial AIDS population, A0, has a negligible effect on tmin,

and a larger value of A0 gives a mildly higher Nmin. The larger the initial size of the HIV+ ESKD

population, N0, the later the tmin is reached, and modestly, the higher the Nmin. Therefore, low initial

N0 and h around 0.6 give the earliest tmin values. For Nmin, lowest levels are seen with low N0 values

and high h.

Finally, we investigated the effects of ART and initial conditions on Nmin more comprehensively.

Figure 4 shows Nmin given a range of values for h and A0 (top left), h and N0 (top right), and h and

ε (bottom left). The lowest Nmin values occur when h is high, particularly when N0 is low. For all

values across the surveyed ranges of A0 and ε, very high values of h are needed to lower Nmin. These

figures show that to achieve a low Nmin, h has a stronger effect than N0, A0, and also ε. In contrast,

when we examined the effect of h and ε on the steady state N∗, we found that h and ε have equivalent

efficacies on lowering N∗ (Figure 4, bottom right). Thus the differential effect of parameters h and ε

applies only to the transient dynamics.
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Figure 4. Nmin values (from 0 in blue to 160 in yellow) shown according to how they

vary with h and A0 (top left), h and N0 (top right), and h and ε (bottom left). N∗

values (from 0 in blue to 1200 in yellow) shown according to how it varies with h and

ε (bottom right).

5. Discussion

This study demonstrates that when ART lowers HIV+ ESKD by blocking the progression from AIDS

to HIV+ ESKD (via h), small improvements in h efficacy can result in large reductions in prevalence.

Blocking entry to AIDS with ART (via ε) lowers HIV+ ESKD prevalence as well, even though its effect

is indirect: it drives down HIV+ ESKD prevalence by reducing AIDS prevalence. The best outcomes

occur with ART that targets entry to AIDS and progression to HIV+ ESKD simultaneously, even if

the efficacy through each mechanism is lower.

Our simulations revealed that a dip in the prevalence of HIV+ ESKD is seen with some ART values

(e.g., h = 0.9), followed by a rise to a lowered steady state. The minimum occurs earliest with values of

h around 0.6 and low N0, and the smallest minima occur with high h and low N0. The value of h has a

stronger effect on the minimum N than N0, A0 or ε. However, practically speaking, it is important to

note that the prevalence will rise again (unless ART is sufficiently high); this dip should not be viewed

as an indication that the disease prevalence will continue to decrease, unless HIV/AIDS is eradicated.
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In future work, the model can be fitted with data sets from specific countries or regions affected

by HIV+ ESKD and used to estimate treatment levels needed to slow the increase of the epidemic

in that region. Also, the model can be expanded to include additional complexity in the population

dynamics, such as the early stages of HIV infection and the effects of ART on mortality rates. Finally,

a complete uncertainty and sensitivity analysis would be useful for making predictions on future trends

given variation in all parameters.
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