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A STUDY ON THE MILD SOLUTION OF SPECIAL RANDOM IMPULSIVE
FRACTIONAL DIFFERENTIAL EQUATIONS

SAYOOJ ABY JOSE"2, VARUN BOSE C. S.3, BIJESH P. BIJU4, AND ABIN THOMAS®

ABSTRACT. In this article, we deal with mild solution of special random impulsive fractional differential
equations. Initially, we present the existence of the mild solution via Leray-Schauder fixed point
method. After that, we establish the exponential stability of the system. Finally, we give examples to
illustrate the effectiveness of the theoretical results.

1. INTRODUCTION

Impulsive differential Equations are very adaptive Mathematical model that replicate the evolution of
large classes of real process. Recently, in the fields of science and technology, we use fractional differential
equations and impulsive fractional differential equations as a great mathematical tool in modelling. The
stabilities like continuous dependence Mittag — Leffler Stability, Hyers Ulam stability and Hyers-Ulam-
Rassins stability for fractional differential equations and impulsive fractional differential equations made
curiosity in the mind of many researchers in the field of mathematics [10, 8, 14].

For impulsive differential systems, most researchers concentrate on the problems related to fixed time
impulses [5, 21, 29]. But the actual jumps happen mostly at random points. The solutions of the random
impulsive differential equations are a stochastic process. Now a day, the characteristics of solutions
to some integer order differential equations with random impulses have been analysed [25, 2, 15, 28].
Anguraj et al. [2] established the existence and exponential stability of semilinear functional differential
equations with random impulses under non-uniqueness. Yong and Wu [28] investigated the solutions
of stochastic differential equations with Random impulse using Lipschitz condition. Wu et al. [26, 27]
discussed the exponential stability and boundedness of differential equations with random impulses.
Sayooj et al.[17] have studied some characteristics of random integro differential equations with non
local conditions. In [16, 18, 19], the author found sufficient conditions for the existence as well as
stability of special random impulsive differential system with non local conditions using contraction
mapping principle and continuous dependence on initial conditions.

Now a days, fractional calculus has a lot of advanced research work has been done. And also it
have proved to be valuable tools in the modeling on many phenomina in various field of science and
engineering [4, 12, 13, 20, 22, 30]. The study about impulsive fractional differential equations have
a great attention, Akram Ben Alissa et al. [1] study the impulsive wave equation and analysis of
this problem from different angles to prove some results about impulsive controlability and obervability
without any geometrical condition on space €. In Many researchers studies about the existence, stability
and uniqueness of fractional differential equations without random impulses [5, 9]. In this paper we make
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a first attempt to study the existence and exponential stability results for special random impulsive
fractional differential systems by make use of the Leray — Schauder alternative fixed point theorem.
The main contributions of this work are given below:

— We substantiate sufficient conditions for the existence of solutions for special random impulsive
fractional differential equations entangling the Caputo fractional derivative.

— We prove the results on existence of solutions of special random impulsive fractional differential
equations by the use of the Leray — Schauder alternative fixed point theorem. This problem
helps to solve many complicated random impulsive fractional systems.

— We find exponential stability in the quadratic mean of special random impulsive fractional
differential equations.

— We provide examples of special random impulsive fractional differential systems as well as
random impulsive fractional differential systems. It helps to interpret the effectiveness of the
proposed results.

And the remaining work is constructed as follows: this paper consist of 4 sections. In Section 1 we
present few preliminaries, hypotheses results about fractional derivatives. Section 2 will be concerned
with existence and followed by exponential stability in the quadratic mean of special random impulsive
fractional differential equations in Section 3. The last section is allocated to examples illustrating the
applicability of the imposed conditions.

2. PRELIMINARIES

Consider a real separable Hilbert space X and a non empty set €2. Let gx be a random variable and gy
maps ) to Dy, where Dy = (0,dy) for every k € N ( collection of natural numbers ) and 0 < dj, < +o0.
Also for 4,5 = 1,2,... assume that if ¢ # j then p; and p; are independent with each other. Also
assume gy, follow Erlang distribution. Let o be a real constant, denote R, = [o, +00), RT = [0, +-00).

Consider the semilinear functional special random impulsive differential equations of the form

‘Dix(t) = Ax(t) + f(t, 2(t), Uz(t), V(l)) t# &yt > to,
z(&k) = br(ow)2(§y ), b =1,2,3,..., (2.1)
z(to) = oy,

¢Dy¢ is the Caputo fractional derivative of order 0 < @ < 1. A is the infinitesimal generator of a
strongly continuous semi group of bounded linear operators T(¢), T € X. The function f : R, x X x
XxX — X, by : D - X foreach k € N; £, = tg and & = &1 + ok for each &k € N. Obviously
0<ty=¢& <& <& <& <& <...;2(&—) = limyqe, 2(t) according to their path with the norm
llz]] = supy,<y<¢ | (w) | for every ¢ satisfying t € [to, T
t
Ux(t)= | H(t,r)z(r)dr,# € C|Z,RT],
to
T
Va(t) = H(t,r)x(r)dr, 7 € C|Dy, R,
to
where 2 = {(t,r) € R? : to <r <t < T}, %y = {(t,r) € R? : tx < t,r < T}. Let {B:,t > 0} be the
simple counting process generated by {&,}, this implies {B; > t} = {{, < t}, also %#; is the notation
for the o— algebra generated by {B;,t > 0}. The probability space denoted as (Q, P,{%#;}). And the
Hilbert space of all {#; }— measurable square integrable random variables with values in X is denoted

as gg = $2(97 {ﬁt},X)
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Let % represent Banach space #([to, T],.%2), the family of all {.%;}- measurable random variable
1 with the norm

19 = sup By (t)|?

te(to, T

Definition 2.1. The fractional integral of the order a with the lower limit 0 for a function f is defined as

app o L) .
If(t)r(a)/o (t—r)l—“d’ t>0,a>0,

provided the right-hand side is pointwise defined on [0, 00), where T" is a gamma function.

Definition 2.2. The Riemann—Liouville derivative of order a with the lower limit 0 for a function
f:]0,00) = R can be written as

L d [ f)
Lpaf(t) = 77/ _fr) . |
1) [(n—a)dtm J, (t—r)eti-n dr, t>0,n <a<n

Definition 2.3. The Caputo derivative of order a for a function f : [0,00) — R can be written as
“D“f(t)zLD“{ Z f(k } t>0n—1<a<n.

Definition 2.4. A semigroup {T(t),t > o} is said to be uniformly bounded if ||T(¢)|| < W for all t > tg,
where W > 1 is some constant. If YW = 1, then the semigroup is said to be contraction semigroup.

Definition 2.5. For a given T € (tg, +00), a stochastic process {z(t) € £,0 < to <t < T} is called a
solution to the equation (2.1) in (Q, P, {%;}), if

(i) z(t) € £ is F- adapted,;

(i)

+
8

k
|:Hbl t — to)ﬂ?to

i=1

=
Il
o

—|— — Z H b;(05) / (t — )" Tt — ) f(r,z(r), Uz(r), Va(r))dr

’Lljl -1

1 t
F(a) / (t - T)a_lT(t - T)f(’l", .’L‘(’f'), ULU(?"), V.’L‘(T))d’f I[fk,§k+1)(t)? te [t07 T]7
k
n k
where T € (tg, +00), H =lasm> n,Hbj(Qj) = br(0k)br—1(0k—-1) - .- bi(0i), and
j=m j=i

I4(+) is the index function.

Remark: The proof of mild solution similar to [3, 23, 29], so we omit it.

Hypotheses. Some hypotheses which are used for proving the main results are given below;

(#A) There exist a continuous non-decreasing function H : R" — (0,00) and &, %, % €
L' (o, T],RT) so that

E|f(t.¢1, ¢ )| < LOH(E|G) + L) H (E|G])® + L) H(E|G)
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(H5) E{ max; {Hf_l l16; (o)l }} is uniformly bounded if,

E{ rr}’a]xcx{nj _; 1165 (g])|}} <©, foreach o; € D;,j € N,© >0 a constant

(A5) Define £, K* and H* such that,
£ = max{fl,fg,fg}

K*= sup /|Ji/tr)| dt < oo, and

te(to,T)

T
H* = sup / | (t,r)|?dt < oco.
t€(to, T

Our existence and exponential stability theorems are based on the succeeding theorem, which is a
version of the topological transversal theorem.

Lemma 2.1. Let F be a convex subset of a Banach space X, and assume that0 € E. Let F: E — E
be a completely continuous operator, and let

UF)={x € E:x=\Fx for some 0 < A < 1},

then either U(F') is unbounded or F has a fized point.

3. EXISTENCE

Here, we presents the results on existence of solutions of special random impulsive fractional differ-
ential equations by make use of the Leray — Schauder alternative fixed point theorem.

Theorem 3.1. Assume (), (54), and (74) hold, then the system (2.1) has mild solution x(t), defined
on [to, T, provided the following inequality is satisfied:

< dr
)d — 1
/ Z(r)dr < CHG) (3.1)
2a 1 *
where T' = 2W? max{1, @2}(T to) G- SF(K) AT Ly = = 2W2O2E|p||* and WO > %

Proof. Let ¥ be an operator from % to % and the arbitrary positive number T' € (tg, 00):

k i
H b;(o;) / (t =) Tt — 7) f(r,2(r), Uz(r), Va(r))dr

i=1 j=i -
1t L
V) /@ (t =) Tt =) f(r,2(r), U (r), Va(r))dr | L, g..1) (0), t € [to, T
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First we deduce the solution of the integral equation and assume A € (0,1):

AZ{Hb (0)T(t — to)zs,

k=0"-1i=1

1 k k &i
a—1
") ;Ebﬂ'(gﬂ')/&l(t ) (= ) f(r, 2 (r), Un(r), Va(r))dr
+ / (t =) Tt — ) f(r, 2(r), Uz(r), Va(r))dr Tigy i) (1), t € [to, T]
(a) &k

Hence by (J4), (3) and (/)

POIESS [:f[

k

Hbi<9i)
Z

IT(E = to)lllls, |

Hb (¢5)

/ (t — ) YTt — ) f(r,z(r), Uz(r), Va(r))|dr

i=1 " j=1
1t - ,
+ F(a)/k(tr) 1|']T(tT)f(r,:E(T),U:r(r),Vx(r))Hdr} I[fk,§k+1)(t):|
+o0 k
<[ 3| TIsteo] e oo ]
k=0
oo k

23wy > Hb )

1 t .
+ @ /k (t — ) YTt — ) f(r,z(r), Uz(r), Vx(r))”dr} I[§k1§k+1)(t):|

/ (= )T — 1) (), Ua(r), V() dr

2

2

< 2W2O?| |2y, 2+2W2 max{1,0 }(()(;(;)2;111)/ f(ryx(r), Ux(r), Va(r))|| dr,
22 < 21202, +2w2max{1,@2}(FT(a;(§;)_a_1)/t £ 2 (), Uz(r), Va@)| dr,

and
(T —to)**!
I'(a)(2a — 1)

_ 2a—1 t
< 2e2E gl + 2wt maxtr 0% W [ (BL)])

Bla@)|* < 2Ww?*0*E[lle|*] + 2W? max{1,0%} /t B[ f(r,a(r),Uz(r), Va(r))|*]dr

+ gQ(T')H(E”UQC(T) ||2) + fg(r)H(E||Vw(r)||2)] dr

sup Elz(v)|* < 2W*0%E|o||?
to<v<t
(T _ tO)Qa—l t

+2W? max{1,0%} —— L ——
{ }F(a)(Qafl) to

L1+ K"+ H*)H( sup E||x(v)|2> dr

to<v<r

< 2V?O°E|g|?

2a—1 * *
+2W2max{1,®2}(T tO) (1+ K"+ HY) /.z

2a—1
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where
w(t) = sup E[Hx(v)”z}, t € [to, T).

to<v<t

Moreover, for any t € [to, T,

(Tt O+ K H) [ p o

w(t) < 2W?O%E[||¢|*] + 2W? max{1,07%} T(a)(2a - 1) to

Represent by the right hand side of the above inequality as ¥/(t), then

w(t) < ¥(t) for tety, T, Y (to) = 2W?O%E|p|> = m

and

(T7t0)2a71(1+K* +H*)

¥ (t) = 2W? max{1, 0} O L) H(w(t))
) oy (T —t0)?* Y1+ K* + H*)
< 2W? max{1,0%} Or(a)@a_l) LOH(w(t),  te[to,T)
Then
I% < 2W? max{1,0?%} (T - tO)P:;)((QZtIS + H*)E(t), t € [to, T

Apply the change of variable and integrate the previous inequality from ¢y to t,
we get

V() dr (T ¢ )20.71(1 + K* + H*) t
< 2W? 1,02 0 z
[\, diy <2V matt 0 S ridr
2 oy (T —to)** 'L+ K* + H*) /
< 2W-max{1,0°} (@) (2a = 1) ZL(r

- < odr / o dr

v H) Sy Hr)
By the mean value theorem and the above inequality, there is a constant T such that ¥(¢) < 7T,
and therefore w(t) < T. Where as sup, <,<7 Ellz(v)[|* = w(t) hold for each ¢ € [to,T], we have
supy, <p<r Ell2(v)||? < T, where T depends on the function . and H and on T, therefore

Elz(t)|* = sup L Ellz(v <
to<v<

In the following steps, we will show that ¥ is continuous and completely continuous.

Step 1: We show that ¥ is continuous.
For every t € [to,T] and consider {z,} be a convergent sequence of elements of z € %, then

W, (t —Z[Hb (0:)T(t — t0)(0)
k=0
]_ k k &
T ZU%(&')/L l(t—?“)“*lT(t—r)f(nxn(r),an(r),Vxn(r))dr

i=1j=i i

+ Fl /5 (t =) Tt —r) f(r, 2n(r), Uzy(r), Va, (r))dr Tiey o) (1)
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&i
bilen) [ (6= 1T = 1) | £ ), Ua0), V()

% i=

— flryz(r),Uz(r), Vx(r))- dr

+L/ (t—r)“_lT(t—r) [f(n:rn(r),Ux(r),Vx(r))

—fku»Uﬂﬂw%uﬁdﬂq&@“xm

and

(T —to)> ' [
()2a—1) J,
— f(ry2(r), Uz(r), Va(r))||*dr.

E| ¥z, — Uz|? <W?max{1, 6%} E|f(ryzn(r),Uzy(r), Va,(r))

So V¥ is continuous.

Step 2: We show that ¥ is completely continuous operator.
Represent

On=1{eec? | [o?<m)

where m > 0.

Step 2.1: We prove that ¥ maps to ©,, into an equicontinuous family.

Let t1,t2 € [to,T] and x € O,,. Whenever tg < t; <ty < T, by (JA), (74), (#3) and condition (3.1),
we obtain

+oo k
\I/af(tg) — \Ifﬂf(tl) = l:H bi(gl)T(tQ — to)xto
k=0 -i=1
1 k k 13
) ;jl;[szgj) / (- ) VT by — 1) f(r, 2(r), Un(r), Va(r))dr
L [" t “=IT(¢ Uz(r), Va(r))dr| t
+ I‘(a) Ak ( 2 T) ( 2 —T)f(T,ZE(’/’), 17(7’) x(r)) T [£k>£k+1)( 2)

bi(0:)T(t1 — to)xs,

b
Il
=)

I
+
8

@
Il
-

i
) [ 0= = ) £ (o), Ua(r), V) dr

_|_
—
/g —
=
Q@‘
5

s
I

-

.
Il
=

(t1 — r)a_l’IF(tl —r)f(r,z(r),Ux(r), Va(r))dr I[gk,gk+1)(t1)

+
=
g)—‘

o

(
+oo
- [Hm@ww—mmo
k=0 -i=1
1 kK 3
) Zl:[b](gj)/‘ (2 =) YT(ty — r) f(r,2(r), U(r), Va(r))dr
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t2

(ta — 1) 1T(t2 =) f(r,a(r), Uz(r), Va(r))dr [I[Ekvkarl)(tz) - I[fkékﬂ)(tlﬂ

_|_
—
=~
T

+oo k
+ [Hbi(gl) [T(ts — to) — T(t1 — to)]zs,
k=0 Li=1
1 k &
) > 11I0bies) / [t =TIt =) = (01 = ) TR = )] f (), Use(r), V() dr
+ 1 /t1 [(t — ) T (ty — 1) — (8 — )Tt —r)}f(r Tn(r), Ux(r), Va(r))dr
T(a) /e, 2 2 1 1 , TnlT), )
+ I‘(la) /tlz(tg - r)“_l’]l‘(tg =) f(r,x(r),Ux(r), Va(r))dr| L, ¢ (t1)-
Moreover
B|[Wa(ty) — Wa(t)|* < 2B||LJ° + 2B 12|,
where

1 k k & i
T ;gbﬂ@a) / (2= T2 = ) (2 (r), Ua(r), V()
+ F(la) /fk (t2 r)a 1']1‘(t2 — T)f( ( ) Ux(r),Vx( ))d’l’ [I[fk §k+1)(t2) I[Ek Ek+1)(t1)}
and
+o00
L=, [Hbi(Qz)[T(t2 —to) — T(t1 — to)] 4,
k=0 ~i=1

! ! ot -Tr)— —r)*t -r r,x(r x(r x(r))dr
) /E (b2 = )" T((t2 = 7) = (b = )" (2 = )] f(r, 2(r), Ua(r), Vae(r))d
+ I‘(la) /t1 (ta —1)* "T(ta — r) f(r,z(r), Uz(r), Va(r))dr | I, e, 1) (t1)
Besides,

i(@) [T (2 = to)l[[| |

E||Il||2<E[+Z:{ﬁ
opo

+ (0 /Ek (ty — ) Y| T (te — ||| f(r, 2(r), Uz(r), Va(r))|dr [I[Ek’§k+l)(t2) - I[sk,gkﬂ)(tl)}

S21/VQ@2E||$750 ‘QE(I[&«,&H) <t2) - I[fka§k+1) (tl))

bj(e; II/ (ta = )" T(t2 = r)[[If (r, 2(r), Uz (r), Va(r)) |dr

2
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(T_tO)%lE/tz [T(t2 — )| f (r,z(r), Uz(r), Va(r))|ldr
I'(a)(2a—1) " Jy,
X E(Iigy g4 (t2) = Lig 0 0) (1))
SOWV?O%El|wr, P B (lig, 111 (t2) — Tigy 01) (1)
A / OB
X B(Iig, e1) (t2) = Tigy 604y (1)
OW?OPE ||y, IPE (g, 60y (t2) — Ik Eut1) (t1))

(T —to)** 11+ K*+ H*) -
T@@a—1) /'f

+ 2max{1,0?%}

+ 2W? max{1, 0%}

+ 2W? max{1, 0%}

dTE( [k, Ek+1)(t2) - I[Ek’fk-kl)(tl))

—)0, as t1 — to.
where £* = sup {Z(t) : t € [to, T]}.

') k

Ak SE[Z [H (Tt — to) — T(t1 — to) e |

k
ZHHb @Jn/ ((t — )" T (b2 — 1)

'Llj'L

= (to = r)* Tt = )l f(r, 2(r), Uz(r), Va(r))lldr

1 ’ ot —r) = (tr =)t —r ryx(r), Uz(r), Va(r))||dr
+1“(a)/£k [(ta =) Ttz = 7) = (1 = )" Tt = ) f(ry 2(r), Uz(r), Va(r))|d
1 2

ol 12 = 1T = (). U0, vxm)drn} I[gk,gkm(tl)}

<302||T(ta — to) — Tty — to)||>El|xs, |2
1 f
1 2 _ E _ a_lT _
+ 3max{1, 0 }(t; tO)iI‘(a) /to [(t2 —7) (t2 =)

= (t1 = )"t = )P £ 2(r), Un(r), Va(r) | *dr
% - r,T\T xr\r r\r 2 T
T(a)(2a — 1)E . 1f(r,z(r), Uz(r), Va(r)||d

<302||T(ty — to) — T(t1 — to)|| 2B, ||

+3nW?

+ 3max{1,0%}(t; — to)ﬁ/t 1 |(t2 — ) T (ty — r)
—(ty =) Tty — 7)||2ZL* H (m)dr

_ 2a—1 * * to
(=) MU Kol [
I'(a)(2a — 1) t
— 0 as tp — ta.

+3W?

So, ¥ maps ©,, into an equicontinuous family of functions.

Step 2.2: We prove that ¥O,, is uniformly bounded.
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By (3.1), [|=[|* < m, (/4), (#2) and (H3), we get

+o0o k

1w(t)|? < [Z [H 15:Ce 1T — to)lllzeo |
k=0 ~i=1
k k &
(=T = 1 r0). V(e V()
1 K a—1 2
i /1_1<t—r> mr(t—r)u|f<r,x<r>,Ux(r>,Vx<r>>|dr]f[gk,wa)] .

_ 2a—1 t
(T’ fo) | (ro2(r), Uz (), V(o)) |Pdr.

< 202 2 2 2
< V2O pO)] + 2 max{1, 0%} o 5

Thus,

(T —t0)* ™ e ) Ualr). Vel 2dr
T(a)(2a — 1) tOEHf( L (r), Uz(r), Va(r))|*dr.

(T —to)**(1+ K* + H*)
I'(a)(2a — 1)

Therefore {(Vz(t)), ||z||*> < m} is uniformly bounded, so does {¥©,,}. Then by the Arzela — Ascoli
theorem, ¥ maps ©,, into a precompact set in X.

E|wz(t)]? < 2W?02%E|p(0)||> 4+ 2W? max{1, 0%}

< 2W2O%E|p(0)||* + 2W? max{1, 0%}

||bmHL~

Step 2.3: We prove that VO, is compact. Let t € (to,T] be fixed, and let € be a real number such
that € € (0,t — tp) for z € ©,,, we establish

+oo
(Ve Z {Hbj 2;)T to)a,
k=0
1 k _k &
+ () ZHbg(@j)/ (t — ) YTt — ) f(r,2(r), Uz(r), Va(r))d
1 t—e o
+ a) / (t—r)* Tt —7)f(r,z(r), Ux(r),Vx(r))dr} I[gk,5k+1)(t)7 t € (tg,t —e€).

Being T(¢) is a compact operator, the set
H(t) ={(Tex)(t) : z € O}

is precompact in X for each € € (0,t — tg). Furthermore, for each z € ©,,, we attain

— 1 ! a—1
() (t) — (Pex)(t) = kzzo {F(a) /5k (=) T(t—r)f(r,x(r), Uz(r), Vx(r))dr} It e

-y E
= L@
By making use of (4 ), (%), (#4), condtion 4.1, and ||z(%)||?> < m, we obtain

_t0)2a71(1 + K* +H*) t .
(@) (2a = 1) tieﬁ H(m)dr.

L = ) VI — ) 2 (), Us(r), Vx(r))dr} Ty e ().

(W) (t) — (W) @)2 < WL

Hence, there exist precompact sets arbitrarily close to the set {(¥x)(¢) : © € ©,,} is precompact in X.
So, ¥ is completely continuous operator.
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Furthermore, the set U(¥) = {z € # : © = AUz for some 0 < A < 1} is bounded. Hence, by lemma
2.1, the operator ¥ has a fixed point in . So, system (2.1) has a mild solution. |

4. EXPONENTIAL STABILITY IN THE QUADRATIC MEAN

This section, we establish the exponential stability of a second moment of mild solution of system.
For an F; - adapted process, U(t) : [0,00) — R is almost continuous in ¢. In order to attain the stability,
we suppose that f(¢,0) = 0 for any ¢ < ¢y thus the system (2.1) accept a trivial solution. Furthermore,
E||¥||? = 0 as t — oo.

Definition 4.1. System (2.1) is said to be exponentially stable in the quadratic mean if there exist
positive constants K; > 0 and v > 0 such that

Elz(t)| < KiEllp|?e70), ¢ >t

Now we introduce the following hypothesis used in our discussion:

() pH () < H(uyp) for all ¢ € RY, where p > 1.
() |T(t)[| < Wetl=to) ¢ > 1.

Theorem 4.1. Assume that the hypothesis of Theorem 2.1 and () — (56) hold. If the following
inequality is satisfied, then the system (2.1) is exponentially stable in the quadratic mean:

F*/Tx( )d </oo—dr (4.1)
r)dr ) .
to Y2 H(T)

where T* = 2W? max{1, @2}(T_t°);z;)l((22t]f;+H*),72 = 2W?O%E|p|?, and WO > %

Proof. Let ¥ be defined in Theorem 2.1. Making use of hypotheses (J#]) — (J4), we get

+oo k
z()]* < A2 <Zl [T 0i o) [ IT(t = to) [, |
k=0 i=1
1 - - . a—1
) ; Ebj(gj) /Eil(t — ) YT = ) f(r,2(r), Uz(r), Va(r))||dr
1 ' a—1 _ 2
+m /Ek (t—r)* T —r)f(r,z(r), Uz(r), Vx(r))”dr} I[ﬁk,ﬁkﬂ)(t))

+oo
<2y [
k=0

k
Hbi(Qi)
i=1

2
e 2Rt |, QI[sk,ng)(t)]

&
/ (t =) M We S f (2 (r), Us(r), Va(r)||dr

i—

t 2
— 1) W2 (2 (r), U (r), Va(r)) || dr
0 /fk(t I If (r,2(r), U (r), Va(r))lld } f[sk,sw)(t))
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2
k
<2 {m,sx { I1 ||bj<gj>||2}] W2 |2

=i

lmax{ Imte |}]

1
o) kzo/t (t =) We S| f(r, a(r), Un(r), Va(r))|ldr - I, ¢ ()

< 2W2O2%e k() |, |12
(T — tg)2e—! t ottt ,
T@@a=1) J, © (.2 (r), U(r), Va(r)) |*dr,
(1) < 2W2@%e 2t |2
T — ¢ 2a—1 t B .
oy [ a0, Ust0). V)P,
2E||x(t)|? < 2W20% 2Kt | 2
T —tg)2 "(1+ K*+ H*) ' e
+ 2W? max{1, ©2 ( 0 /e2§(t " 2V H (Ellz ()12 dr
0o e 5 (1) H (E|2(r)?)
— 2W2@2672£(t7t0)E||g0”2

) o0 (T —t0)?* (1 4+ K* + H*) _Qk(t_to)/t 2 (r—to) 02
+ 2W* max{1,©°} T(a)(2a — 1) e e X(T)H(EHx(T)H ) dr

+ 2W? max{1, ©?}

+ 2W? max{1, ©?}

to

Thus,
O Bl (t))?

T — 2a—1 1 K* H* t
< 2WV2O2E||p||? 4+ 2W? max{1, @2}( fo) (1+ + H) / ezf(t_r)f(r)H(EHx(r)||2)2dr
I'(a)(2a —1) to

Furhtermore,

sup e Bl (1))
to<v<t

<V'OE|p|?

T — to)2=L(1 + K* + H*) )
+ 2W? max{1, ©2 ( / ZL(r sup e B|z(r)|? ) dr
{1,07} (@) (2a = 1) togvpgt [[(r)|l

Take

wi(t) = sup e~ E||z|2, t € [to, T
toS’USt

Also, for any t € [tg, T], we have

(T —to)** '(1+ K* + H) /g (1)) dr

wi(t) < 2W?O2%E|p|* + max{1, 0%} (@) (20— 1)
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Denote the right hand side of the above inequality ¥ (t), we obtain
wi(t) < (), L€ [to,T],
Yi(to) = 2W*OEljg* = 7o

and

(T7t0)2a71(1+K* +H*)

7 (t) < 2W? max{1,0?%} ()20 = 1) ZL(t)H (w1(t))
g2mﬁnmgjxﬂ}a“‘“¥2;§;%f;+IF)£«QH(%QD, £ € [to, T].
That is,
() 2 2y (T —to)** (1 + K* + H*)
m < 2W* max{1, ©°} ()20 = 1) Z(t), t € fto, ).

Apply the change of variable and integrate the previous inequality from tg to t, we get

7 dr (T —to)** '(1+ K*+ H*) [*
< 2W? max{1, 02 0 ZL(r)dr
[mo) H(r) ~ 11,67 I'(a)(2a - 1) o r)
T—t )2@—1(1+K*+H*) T
< 2 2 ( 0
< 2W? max{1,0°} (@) (2a — 1) \ Z(r)dr
< dr /°° dr
< — = —— tet,T)
o HO) i HO) o]

By the mean value theorem and above inequality there exist a constant YT; such that #1(t) < Yy,
and therefore wy () < T1. Whereas sup, <, < e2(=1) B||z||2 = w; (t) holds for each t € [tg, T, we have
SUPy, <<y €2V E||z]|2 < Ky, where T depends on the function . and H.

Therefore,

X E|z)? = sup 2T E||z)2 < Ty
to<v<T

As in the previous theorem, we will prove that ¥ is completely continuous operator through the follow-
ing steps.

Step 1: We show that ¥ is continuous.

For every t € [tg,T] and consider {z,} be a convegent sequence of element of x € &, we obtain

B||Way,(t) - Ta(t)]?

5 9 (T—Tfo)Qa_1 —2k(t—to) ! 2¢(r—to)
<W max{1,0%} ————"——e e E|f(r,an(r), Uzn(r), Vin(r))

I'(a)(2a —1) to
— f(ry2(r),Uz(r), Va(r))||*dr
— 0, as n — oo.

So W is continuous.
Step 2: We show that ¥ is completely continuous operator.

Represent
O, ={r e | |zl <mi}
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where mq > 0.
Step 2.1: We prove that ¥ maps ©,,, into an equicontinuous family.

Let x € ©,,, and t1,t2 € [to,T]. If to < t1 < to < T, then by making use of (J4) — (J4) and
condition (3) and pursuing the similar process of Step 2.1 of Theorem 3.1, we obtain

E||Wx(ty) — Wa(t)||* =0 as to —ti.
So, ¥ maps to ©,,, into an equicontinuous family of functions.

Step 2.2: We prove that VO,,, is uniformly bounded.
By the condition (3.1) and (74) — (7), we get

k

(o < 2| mc { TT ¢

J=

o)

+oo it
(g 2 | (€= 0 e D (), Vo), V) dr Ty 0

(a) k=0"to

||2 }:| W2e—2k(t—t0) ||$t0 HQ

So

E|[Va(t)]? < 2207 20 Bllay, |1

(T —to)**'(1+ K* + H") o~ 2k(t—to)
I'(a)(2a — 1)

+ 2W? max{1, 0%}

t
X / ng(T_tO)E*H(m)dr,

to

where Z* = sup{.Z(t) : t € [to, T]}. Being e~2¥(¢=%) — 0, the right hand side of the previous inequality
tends to 0 as t — oo. ie,

[(Tz)]|*> =0 t— oo.
Therefore {(Vx(t)), ||z]|% < ma} is uniformly bounded, thus {¥©,,, } is uniformly bounded.
Step 2.3: We prove that ¥O,,, is compact.

Let ¢ € (t, T] be fixed and € be a real number such that € € (0,¢ — ty), for z € ©,,,, we establish
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1

+ F(a)/k (tfr)“fl’ﬂ‘(tfr)f(r,z(r),Ux(r),Vz(r))dr I[fk7fk+1)(t)? t € (to,t —e).

Being T(t) is a compact operator, the set

H.(t) ={(Tex)(t) : x € Op, }
is precompact in X for each € € (0, — tg).

Using (J#) — (%), condition (3), and |z||*> < my, we obtain
B[ W, (t) — Wa(t)]?

< W2 (T - t0)2a71 efzk(t*to) /t QQE(TftO)Z*H(EHI(T)||2)d7’.
- T(a)(2a—-1) t—e

Hence, there exist precompact sets arbitrarily close to the set {(¥x)(t) : * € ©,,,}. Thus the set

{(Tx)(t) : © € Oy, } is precompact in X. So, ¥ is a completely continuous operator.

Furthermore, the set U(V) = {z € B : z = AUz for some 0 < X\ < 1} is bounded. Hence,
by Lemma 2.1, the operator ¥ has a fixed point in #4. So the system 2.1 has a mild solution and
E||¥(t)||*> = 0 as t — oo. Hence the proof. O

5. APPLICATIONS

Ezample 5.1. Consider random impulsive fractional differential equations,

CD?Z(t,.I) = Zfz(m,t) +F1(t,z(t,:c)) 3 7& o t2>0

z(x, &) = q(k)orz(z,&; ) asz €N (5.1)
z(¢,0) =z(t,m)=0
2(to, ) = zo(x), = € oA

Consider A C R" be a bounded domain with smooth boundary 88, X = LQ(A), ok be random variable
defined on Dy, = (0,dy) for k € N, dj, € (0,400) . Also assume that g follow Erlang distribution and
if 4 # j then g; and p; are independent with each other for ¢, = 1,2,.... Here q is a function of k,
&h=E&_1+ o, for keN, tg e RT.

2

Let A be an operator on X by Az = % with the domain
i

D(A) —{z € X |zand % are absolutely continuous,
x

0%z ~
83JQGX,ZzOonaA}

Thus A generates a strongly continuous semigroup S(¢) which is self adjoint,compact and analytic.
Furthermore the operator A can be represented by

Az = Zn2 < Z,2n > Zn, 2 € D(A)
n=1

Here z,(¢) = \/gSin(n(), n=1,2,..., forms the orthonormal set of eigenvectors of A. Also for every
€ X,5(t)z =300, e < 2z, > z,, which holds ||S(#)]] < e (t=00)) ¢ > t,. Therefore S(t) is
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a semigroup.
Consider that the following assumptions:

(i) f: R, x X — X, is a continuous function defined by
and also 3 a continuous non-decreasing function H : T — (0,00)X and . € L([o, T],RT)

therefore

E||f(t,2)|* < 2 () H (E|2[*)

(ii) E{ max; {Hf_Z l16; (o)l }} is uniformly bounded
if,

)

E{ max {Hf:Z ||bj(gj)||}} <0, foreachp; € D;,j€N,0>0a constant

(iii)
T oo
dr
F/ ZL(r)dr < / — (5.2)
to Y1 H(T)
where I' = 2?2 max{l,@ﬂ%,% = 2W?20?E|p||* and WO > %

Assume that assumptions (i),(ii) and (iii) are satisfied, then the problem (5.1) becomes a random

impulsive fractional differential equation. From all the above facts, in view of Theorem 3.1, we conclude
that (5.1) has a mild solution.

Remark 5.2. Let the conditions of Example 5.1 along with () — (%) be hold. If the following
inequality is satisfied,
°° dr

T
F*/t L(r)dr < i)'

where T* = 22 max{1,02} T=10)™ _ . — 9)/202E|o||?, and WO > - Then the mild soluti
- ) T(a)(2a—1)° 12 = |7, an > 5+ Then the mild solution 2

of the Example 5.1 is exponentially stable in the quadratic mean.

(5.3)

Y2

Example 5.3. Consider special random impulsive fractional differential equations,

DIz (t,x) = zpo(w,t) + Fi(t,2(t,2)) + [ Fal8, z(tsind, x))d6 t # &, t > o

22, &) =qk)orz(z,&;) as r € & (5.4)
2(t,0) =z(t,m)=0 .
2(to, x) =zo(x), z € oA

Consider A C R be a bounded domain with smooth boundary 6&, X = Lz(ﬁ), ok be random variable
defined on Dy, = (0,dy) for k € N, dj, € (0,4+00) . Also assume that g follow Erlang distribution and
if i # j then g; and g; are independent with each other for ¢, = 1,2,.... Here g is a function of k,
Ep=Ep_1+op for keN, tg e RT.

2

0
Let A be an operator on X by Az = 8—2 with the domain
x

D(A) :{z € X | zand % are absolutely continuous,
x

0%z ~
WEX,ZOOH@A}
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Thus A generates a strongly continuous semigroup S(¢) which is self adjoint, compact and analytic.
Furthermore the operator A can be represented as

Az = an < Z,2n > Zn, 2 € D(A)
n=1
Here z,(¢) = \/gSin(nC), n=1,2,..., forms the orthonormal set of eigenvectors of A. Also for every

€ X,5(t)z =320 e < 2 2, > z,, which holds ||S(t)]| < e~ (t=t0)) ¢ > t,. Therefore S(t) is
a semigroup.

Consider that the following assumptions:

@) fR,xX =X, f1: R, x X — X is a continuous function defined by

ft,2)(x) = Fi(t,z(x) to <t<T,0<z<m
T
f1(9,$(t+9))d9=/0 F5(0, z(tsind, xz))do

and also function f and f; satisfies the Lipschitz condition.
(ii) E{ max; {Hf_l l16; (o)l }} is uniformly bounded
if,

E{ max {Hf_Z ||bJ(gJ)||}} <, foreachg; € D;,jeN,0>0a constant
(i)
T

| Z(r)dr< /

to Y1

> dr

oL (5.5)

Teto)20= 1 (14 K+ H*
where I' = 22 max{1, 92} to)(za_l();f(a) A 4y = 2W2O2E|¢||? and WO > %
Assume that assumptions (i), (ii) and (iii) are satisfied, then the problem (5.1) becomes a random
impulsive fractional differential equation. From all the above facts, in view of Theorem 3.1, we conclude

that 5.4 has a mild solution.

Remark 5.4. Let the conditions of Example 5.3 along with (%) — (%) be hold. If the following
inequality is satisfied,

°° dr
H(r)’

T / " g < (5.6)

Y2

where T'* = 2WW? max{1, ©?} (Tfto);;;)l(éttlf)wH*) ;Y2 = 2W202E([||¢|?], and WO > % Then the mild
solution z of the Example 5.3 is exponentially stable in the quadratic mean.

6. CONCLUSION

In this article we mainly focused on the existence and stability of the random impulsive fractional
differential equations via Leray-Schauder fixed point method. Firstly, we established the existence of
mild solution and continued to prove the exponential stability of the system. Finally, we provided an
application to assist of our theory. In future, we will study controllability of random impulsive fractional
differential system via fixed point approach.
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