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ABSTRACT

An An (a, d)-edge antimagic total labeling on (p, g)-graph G is a one-to-one map f from V(G) U
E(G) onto the integers 1,2,...,p + q with the property that the edge-weights, w(uv) =f(u) +
Sf(v) + fluv) where uv € E(G), form an arithmetic progression starting from a and having common
difference d. Such labeling is called super if the smallest possible labels appear on the vertices.
In this paper, we investigate the existence of super (a, d)-edge antimagic total labeling of
Firecracker Graph.
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INTRODUCTION

The first label appears in the middle of the year 1960 it started by a Ringel and Rosa
hypotheses [1]. In 1967 Rosa called this label as liberation 3-valuation from a graph with
e side, if there is the function that mapping one to one from the set of points V' (G) to set
of integers 0,1,2, ...., e, so every side XY in graph G gets a different label |f(x) — f(y)| for
every edges in graph G.

One type of graf liberation is super total labeling (a, d)-antimagic edge (SEATL),
where a smallest side dan d different value. This liberation introduced by Simanjutak,
Bertault and Miller in the year 2000 [1], [2], [3]. The entire release (a, d)-edge antimagic
is total labeling in some kinds of graf G that started by labeling all of the graphs first with
consecutive original numbers, then proceed with buying all sides of the map such that the
side weights form an arithmetic sequence with the first term and different d [4], [5].

The type of star graph, the super total labeling (a, d)-edge antimagic (SEATL) not
yet found one of which is a graph firecracker that hasn't been labelled previously. This
prompted the writer to examine how super total labeling (a d)-edge antimagic (SEATL)
on the firecracker graph (Fn, k). Some of the problems formulated are as follows: (1) The
upper limit d, so the firecracker graph has super total labeling (a, d)-edge antimagic? And
(2) How bijective function of super total labeling (a, d)-edge antimagic the firecracker
graph?

In order not to be widespread, this research needs to be done, and this research
needs to be done on total labeling (a, d)-edge antimagic the firecracker graph (Fn, k) with
n 2 2; k = 3. In this session, n and k are a provision of the definition firecracker graph.

Super Total Labeling (a, d)-Edge Antimagic.
A graph is said to have total labeling (a, d)-edge antimagic if there is a one-to-one mapping
of one V(G) U E(G) to integers. 1,2,3, ...,p + q so the set of side weight w(uv) = f(u) +
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f()+ f(uv) on all edge G is a,a + d, ...,a + (¢ — 1)d for a > 0 and d >0 both integers
[6]. The total labeling (a, d)-edge antimagic called super total labeling (a,d)- edge
antimagicif f(V) ={1,23,..,p} and f(E) ={p+ 1,p+ 2,p + 3, ...,p + q}. To search
upper limit different value d super total slowly (a,d)-edge antimagic can certain by
lemma [1], [7]:

Lemma 1 If a graph (p, q) is super total labeling (a,d)-edge antimagic sod > +a-3

q-1

Prove. f(V) ={1,23,..,p}and f(E) ={p+ 1L,p+2,p+3,...,p+q}

For example, graph (p,q) is super total labeling (a, d)-edge antimagic by mapping
f:V(G) VE(G) - {1,2,3,...,p + q}. The minimum value that possible from the smallest
weight side a(u) + a(uv) + a(v) =1+ (p+ 1) + 2 = p + 4 and can be written: p + 4 <
a. While on the other side, the maximum value that possible from the biggest weight
side gained by the sum of 2 smallest labels and biggest label or can be written (p — 1) +
(p+q)+p=3p+q— 1 Result:

a+(q@—-1)d<3p+q-1

dS3p+q—1—(p+4)
q-—1

2 —
j<2Pta-s
q—1
2p+q-5

The equation above has proved and got valued = from many kinds or graph

family.

Firecracker Graph

Firecracker graph is a graph that gets by star graph combination exactly one leaf of each
graph is connected [8], [9], [10], usually symbolized F,, , where n is the number of
merged star graphs, while k is the number of points of each connected star graph.

METHODS

This research uses axiomatic descriptive method, which is by decreasing the existing
axioms or theorems [11], [12], then applied in super total labeling (a, d)-edge antimagic
on the firecracker graph F,, ;. In addition, some systematic research techniques are as
follows: (1) Count the number of points v and side e on the firecracker graph F,, ;; (2)
Determine the upper limit of the different d values in the firecracker graph F,  in
accordance with the Lemma 1; (3) determine or find EAVL label (edge-antimagic vertex
labeling) or labeling points (a,d)- edge antimagic of the firecracker graph F,;; (4)
determine the algorithm of the functional function EAVL f (x;;) on the firecracker graph
F,, , by looking at the labeling pattern on the graph firecracker F, ; which has been found
then grouping the numbers on the label of points that form arithmetic rows ; (5)
determine the algorithm for the functional function of side weights EAVL (w) on the
firecracker graph F, , by looking at the firecracker graph labeling pattern;(6) label the
sides of the firecracker graph F,, , with SEATL (Super Edge Antimagic Total Labeling) or
super total labeling (a, d)-edge antimagic for each corresponding different value d;(7)
Determine the bijective function on the firecracker graph F, ,; and (8) Write a
conclusion.
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RESULTS AND DISCUSSION

The first step in determining the labeling of super total (a, d)-edge antimagic
is to determine the number of points and the number of edges on the graph under
study, in this case, firecracker graph. After that, select the value of d in the labeling that
will be examined using lemma 1. The labeling pattern can be determined by detecting the
way (pattern recognition) after labeling a specific firecracker graph. Next, to determine
patterns in general, the objective function is found by using the principle of an arithmetic
sequence. The following will be presented lemma and theorems that have been found.
Lemma 2. There is a point labeling (a, 1)- edge antimagic onthe firecracker graph F,, ; if
nodd, n= 2, and k = 3.

Prove. First defined x;; is the pointin the graph component of the firecracker F,, ;,where
1<i=<snand 0=<1< k- 1.Based on research results,if a: V(Fn,k) - {1,2,..,nk} so «
labelation can be written as follow:

( i; ifiodd (1 <i<n),
and [=0
(n+10); ifieven(2<i<n-—1),
and [=0
i; ifieven(12<i<n-1),
and [=1
(d%0=< (n+0); :;§g¥1313n)
n(l+1)—i_71; ifiodd (1<i<n),
and(2<Il<k-1)
(ln + n_l_l) +1; ifieven(2<i<n-1),

\ and (2 <1< k—1)

From the equation above a:(xl-,l) is an objective function that maps V(Fn,k) =
{v1,v,, V3, ..., Upi } to the set of integers {1,2, ..., nk}. If w, is defindes as the weight edge of
the labeling point a, so w,, is formulated:

Wal(xi,lxi,o) = (n+ 2i) ;1<i<nandl=1
Waz(xi,lxiﬂ,l) =(n+2i+1) ;1<i<n-1,andl=1

Wa3(xl-,lxl-,0) ={+Dn+ (121) ;ifiodd,1<i<n,and2<I[<k-1
Waa(xixi0) = L+ Dn+ 82 Sifjeven 1 <i<n—land 2< 1<k -1

Theorem 1. There is super total labeling (2nk +n + 1,0)-edge antimagic on the
firecracker graph F,, , ifnodd, n > 2,and k = 3.

Prove. First define the edge label f,:E(Fpny) = {e1, €2 ..., enk_1} = {nk + 1,nk +
2, ...,2nk — 1}, so the edge label f,, for super total labeling (a, 0)- edge antimagic on the
graph F,, , can be formulated as follows:

far(Xi1%i0) = 2(nk — i) + 1 ;1<i<nandl=1
faz(xi,lxi+1,l) = 2(nk — 1) . ;1<i<n—1andl=1
fus(xiaxio) = @k —Dn+ 2 ifiodd,1<i<nand2<i<k-1

fas(xiaxio) = @k —Dn + 2229 ifjeven, 2 < i <n—Tland2 < I <k —1

Next, if there is Wqg even that defined as weight of super total labeling
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a(xiy), a(xi1xi0), and a(x;;x;11,), S0 Wg can be obtained by adding up the edge weight
formula EAVL w, and the formula of edge label f,with the terms of boundaries i and [
which correspond and can be stated as follows:

Wy = Wal(xi,lxi,o) + fal(xi,lxi,o) ;1<i<nandl=1
Weaz = Waa(xi1%i0) + faz(xiixi0) 1<i<n-—1l,andl=1
Wz = Was(xi1%i411) + faz (XiiXi41,) s ifiodd, 1 < i<nand2<I<k-1
Wy = Wa3(xl-,lxi+1,l) + fa3 (xillxl-ﬂll) sifieven,2 <i<n—1land2<I[<k-1
By substituting the equation above is obtained:
Wy =m+20)+2nk—-i)+1
=2nk+n+1
Wy = 2mk =0+ (n+2i+1)
=2nk+n+1
W(Z3 = (Zk l)n +
=2nk+n+1
Wa4 = (Zk l) +
=2nk+n+1

(1 i) (l+ 1)

+(+Dn+—==

(-2n- l+6) (n+L+1)

+ (+Dn+—=

Based on the equation above, the set of total labeling edge weights can be written
as W, = {Wyq1, Wy, Wy3, Wy} It can also be seen that W, = Wy, = - = Wy, = 2nk +
n + 1 or can be written as follows: U‘t*=1 Wyu={2nk+n+12nk+n+1,..,2nk+n+
1}. From this it can be concluded that the firecracker graph F,, ; have Super (2nk +n +
1,0)- edge antimagic if n odd, n = 2, and k = 3.

Theorem 2. There are super total labeling ((k + 1)n + 3,2)-edge antimagic on the graph
firecracker F,, , if nodd (n = 2), and k = 3.

Prove. First define the edge label f,:E(F,x) ={ey, €z, ..., €nx_1} = {nk + 1,nk +
2, ...,2nk — 1}, so edge label f, for super total labeling (a, 2)- edge antimagic on the
graph F,, ; can be formulated as follows:

fal(xi,lxi,o) =k +2i—-1) ;1<i<nandl=1

faa(xiiXiv11) = (nk + 20) i1<i<n—-1andl=1

fus(xio) = e+ Dn+E2 ifiodd, 1<i<nand2<i<k-1
(n+l 1)

faa(xiixi0) = (k+ Dn+~—— ;ifieven,2<i<n-1l,and2<I[<k-1
Next, Wq defined as Welght of super total labeling edge a(xi,l),a(xi,lxi,o), and
a(xi,lxi+1,l)
Wy = Wal(xl-'lxi,o) + fal(xi,lxi,o) ;1<i<nandl=1
Wy, = Waz(xi,lxi,o) + faz(xi,lxi,o) ;1<i<n-1andl=1
Weys = Wag(xi,lxiﬂ,l) + fa3 (xi,lxl-ﬂll) ;ifiodd, 1<i<nand2<I[<k-1
Weaa = Was(xi1%i411) + faz (Xi1Xig1,) sifieven,2 <i<n—1land2<I<k-1
By substituting the equation above is obtained:
Wyu=m+20)+nk+2i—1)
=k+1n+4i-1
(n+2i+1) + (nk + 2i)
=(k+Dn+4i+1
(1+1)
Wy =0+ 1n+ +(k+Dn+

We

(i- 1)

uhari 136
J



Super Total Labeling (a,d)-Edge Antimagic on the Firecracker Graph

=(k+2l+1)n+i
(
(l 1) (n+L+1)

=(k+21+2)n+l
Based on the equation above, the set of total labeling edge weights can be written
as W, = {(Wyq, Wyo, Wys, Wou}. It can also be seen that Wy, = Wy = -+ = Wy, = 2nk +
n+ lor can be written as follows: Ufe; Wy ={(k+ Dn+3,(k+ 1n+5,.., Bk +
1)n — 1}. From this it can be concluded that the firecracker graph F, , have Super
((k + 1)n + 3,2)- edge antimagic if n odd, n = 2, and k = 3.

(n+L 1)

W +(k+Dn+—

Theorem 3. There is super total labeling (2nk + 1,1)-edge antimagic on the graph
firecracker F,,  if neven (n = 2), and k = 3.
Prove. To determine the total super labeling (a,1)-edge antimagic, defined first
farE(Fny) = {ey, €3, -, €ng_1} = {nk + 1,nk + 2, ...,2nk — 1}which is the labeling edge
label and can be formulated:
fur (xi1%10) = (2nk — 4i + 2) ;1<i<nandl=1
faz(xl-,lxiﬂ,l) = (2nk — 4i) ;1<i<n—1andl=1
fas(xiixi0) = Qk—=Dn+3n—i ;ifiodd,1<i<nand2<i<k-1
faa(xiixi0) = Qk—Dn+2n—1 ;ifieven,2<i<n-1l,and2<I[<k-1
If W, defined as the total labeling edge weight a(x;;), a(x;;x;0), and a(x;12;41,)-
Wy = Wal(xi,lxi,o) + fal(xi,lxi,o) ;1<i<nandl=1
Wy, = Waz(xi,lxi,o) + faz(xi,lxi,o) ;1<i<n-1,andl=1
Wys = Wa3(xl-,lxi+1,l) + fa3 (xi,lx”l,l) ;ifiodd,1<i<n,and2<I[<k-1
Wys = Wa3(xl-,lxi+1,l) + fa3 (xi,lx”l,l) ;ifieven,2 <i<n—1land2<I[<k-1
By substituting the equation above is obtained:
Wy =+ 2i)+ (2nk —4i+2)
=(2nk+n—-2i+2)
Wy, = 2nk —4i))+(n+2i+1)
=(2nk+n-2i+1)

Wy =QRk—Dn+3n—i+(+1n+— (t+1)
= (2nk +4n +(‘+1))

W= Qk—Dn+2n—i+ (I+1n _|_(n+1+1)
— (2 k+7n+1 l)

Based on the equation above, the set of total labeling edge weights can be witten with
Wy = {Wyq, Waa, Wys, Wes}. It can also be seen that the smalest edge lies in W,, and the
biggest edge weights lies in W4, can be stated that W, forming arithmetic lines with initial
term 2nk + 1 and different 1 (one), or can be written Uf.; W, = {2nk + 1,2nk +
2,2nk + 3, ...,((3nk — 1) + i)}. So, can be conclude that the firecracker graph F, ;have
Super (2nk + 1,1)-EAT; neven (n = 2), and k > 3.
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Theorem 4. There is super total labeling {nk +n + 4,3} -edge antimagic on the
combination of firecracker graph mF,, if m > 2,neven (n > 2), andn > 3.
Prove. To determine the total super labeling (a,1)-edge antimagic, defined first
far E(Fny) = {ey, €3, ., €ng—1} = {nk + 1,nk + 2, ...,2nk — 1} which is the edge label and
can be formulated:
far(xi1xi0) = (nk + 4i — 2) ;1<i<nandl=1
faz(Xi1%i11,) = (nk + 41) ;1<i<n—-1andl=1
fa3(xi,lxi‘0) =QRk-Dn+i—-1 ;ifiodd,1<i<nand2<I[<k-1
fa4(xi,lxi‘0) =QRk—-Dn+n+i—-1;ifieven,2<i<n-—-land2<I<k-1
If W, defined as the total edge labeling weights a(x;; ), a(x;;%:0), and a(x;;%;11,)-

Wear = waa(xi1%i0) + far(xiixi0)  1<i<nandl=1
Wy, = Waz(xi,lxi,o) + faz(xi,lxi,o) ;1<i<n-1,andl=1
Wys = Wa3(xl-,lxi+1,l) + fa3 (xi,lxl-ﬂll) sifiodd,1<i<nand2<[<k-1
Wea = Was(xi1%i411) + faz (XiiXi41,) sifieven,2 <i<n—1land2<I1<k-1
By substituting the equation above is obtained:
Woi=m+20)+ nk+4i+2)

=(nk+n+6i+2)
Wy, = (nk + 2i + 1) + (nk + 4i)

=(2nk+n+6i+1)

Wes = U+ Dn+ 524+ 2k —Dn+i-1

=(2nk +n+ (12;0)
Weo = @k—Dn+n—i+1+ I+ Dn+22

_ (an + 5n+22i—1)
Based on the equation above, the set of total labeling edge weights can be written with
W, = {Wyq, Waa, Wys, Wys}. It can also be seen that the smalest edge lies in W,; and the
biggest edge weights lies in W,,, can be stated that W, forming arithmetic lines with initial
term nk + n + 4 and different 3 (one), or can be written Uf—; W, = {nk + n+ 4,nk +
n+7,nk +n+10,..,((3nk + 1)n +i)}. So, can be conclude that the firecracker graph
F, xhave Super (2nk + 1,1)-EAT; neven (n = 2), and k > 3.

CONCLUSIONS

Based on the result, can be concluded that firecracker graph F,, , have super total labeling
(a, d)-edge antimagic, with d € {0,1,2,3} and bijective function in some of Lemma and
Theorem show about super complete labeling (a, d)-edge antimagic on the firecracker
graph. The bijective function for each liberation with d different value have shown in
equation (1),(2),(3) until (10) above.

Open problem: super total labeling (a, d)-edge antimagic on the firecracker graph F, ;
for d=0 and d=2 where n even and k > 3; super total labeling d=1 and d=3 where n odd
and k > 3.
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