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ABSTRACT

To study the survival of a species in an ecosystem it is very important to consider the dynamics of
the species. A species can be categorized based on its reproductive strategy either semelparous or
iteroparous. In this paper, we examine the dynamics involving both categories of species in an
ecosystem. We focus on one semelparous and one iteroparous species influenced by density-
dependent and also by harvesting factors in which there are two age classes for each species. We
study two different models, i.e competitive and non-competitive models. We also consider two
type of competition, i.e intraspecific and interspecific competition. The approach that we use in
this research is the multispecies Leslie matrix model. In addition, we use M-Matrix theory to obtain
the locally stable asymptotically of the model. Our results show that the level of competition both
intraspecific and interspecific competition affect the co-existence equilibrium point and the
stability of the equilibrium point. We also present explicitly the conditions for all equilibrium
points to exist and to be locally stable asymptotically. This theory can be applied to study the
dynamics of natural resource models including the effects of different management to the growth
of the resources, such as in fisheries.
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INTRODUCTION

In an ecosystem, the survival of a species is an important thing to study. Species in
the same ecosystem have reciprocal relationships between one species and other. The
survival of each species can be affected by density-dependent, harvesting, competition,
predator-prey, and so on. Of course, the important thing to do is to ensure the survival of
these species to survive. The survival of a species can be studied with a system dynamics
approach. In some studies, species in an ecosystem can be categorized based on their
reproductive strategy, including species with semelparous and iteroparous strategy.
Research on semelparous species can be seen in [1]-[3]. Then, research on iteroparous
species can be seen in [4]-[6]. Semelparous species are species that reproduce only once
in their lifetime shortly before dying. Then, iteroparous species are species that reproduce
more than once in the lifetime of the species. Both species allow to live together and
interact in the same ecosystem. In this research, we focus on studying the growth of
multispecies cases consisting of one semelparous species and one iteroparous species
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using a dynamic system approach, especially using the Leslie matrix model. This model is
a population growth model based on age class which was introduced in 1945 by Leslie in
[7].

Research on studying the dynamics of population growth using the Leslie matrix
model has been carried out by several researchers. These studies can be in the form of
single species and multispecies cases. Several studies on single species cases include in
[3], [8], [9], and many more. Then, several multispecies studies examine the effect of
density-dependent on the Leslie matrix model which is one of the nonlinear models of the
Leslie matrix model. In 1968, Pennycuick et al. [10] focused on simulating the case of
single species and multispecies interacting in the form of competition and predator-prey
using the Leslie matrix. In 1980, Travis et al. [11] reviewed two competing species and
provided a case study on semelparous. In 2011, Kon [12] studied two semelparous species
with one species containing two age classes while the other species amounting to one age
class. In 2012, Kon [13] conducted a study on two semelparous species that have a
predator-prey relationship and observed the effect of coprime traits from the number of
age classes in both species. Coprime is a condition where two numbers have the greatest
common factor of one, in which case the number is the number of age classes of each
species. Then in 2017, Kon [1] examined the Leslie multispecies semelparous matrix
model which has an arbitrary number of age classes. Then, there are also studies on
multispecies but with other methods using the Rosenzweig-MacArthur model (See [14],
[15]), the Leslie-Gower model (See [16], [17]), and the Lotka-Volterra model (See [18]-
[20]).

Our aim in this paper is to study the growth dynamics of an ecosystem consisting
of one semelparous species and an iteroparous species with two age classes in each
species. In addition, we combined the density-dependent effect of the first age class for
the two species. Then, we consider the effect of harvesting that occurs in the second age
class in each species on the growth of each species. Next, we divide the case into two
models consisting of without competition and with competition. Both models were
analyzed and seen the influence of the level of intraspecific and interspecific competition
on the equilibrium point and locally stable asymptotically for each equilibrium point.

METHODS

Leslie's Matrix Model with One Iteroparous Species and One Semelparous Species
Without Competition

In this section, we present one of the models that we studied, namely the multispecies
Leslie matrix model with the case of one iteroparous species (x) and one semelparous
species (y) in this case each species has two age classes. In this first model, we assume
that the growth of both species is influenced by density-dependent occurrence in the first
age class and harvesting is carried out in the second age class. In this case, the density-
dependent problem used in the model uses the classical Beverton-Holt function which is
also used in Wikan's research [21]. This problem is presented in the following model and
we refer to as Model 1:

B0+ D = MO+ far
w1 = a0 ) ™

1+ x,(t) +y,(8)
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Y1t +1) = f5,¥,(t)
Syl(l - hyz)
1+ x,(t) +y,(2)

There are several parameters in the Model 1. First, f,; > 0 and f,, > 0 are the birth rates
of the 1st and 2nd age classes of species x, respectively. Second, f,, > 0 is the birth rate
of the 2nd age classes of species y. Third, 0 < sy4, s; < 1 are the survival rates of the 1st
age classes of species x and y, respectively. Fourth, 0 < h,,, h,, <1 are the harvesting
rates of the 2nd age classes of species x and y, respectively. In addition, the variables x; (t),
and y; (t) represent the total population of each species x and y for the age class i = {1,2}.
Simply put, equation 1 in (1) means that the population of the first age class of species x
attime t + 1 is obtained by adding the number of newborn from the first age class and the
second class at time t. The newborn of first age class is affected by density-dependent
while the newborn of the second age class is not affected by density-dependent. Then,
equation 2 in (1) means that the number of population of the second age class of species
x at time t + 1 is obtained from the number of surviving populations which is influenced
by density-dependent of the first age class at time t. Equations 3 and 4 in (1) have the
same meaning as equations 1 and 2 in (1) but in species y there is no birth in the first age
class. Model 1 is constructed based on research conducted by Leslie [7], Travis et al. [11],
and Wikan [21]. In addition, Model 1 is adjusted based on the assumptions and
simplifications in this research.

y2(t+1) = y1(8)

Leslie Matrix Model with One Iteroparous Species and One Semelparous Species
with Competition Effect

In this section, we present a model which is an extension of the previous model. The
problems raised in this section involve the effect of competition between the same
species, also known as intraspecific competition, and competition between different
species, also known as interspecific competition. The following is an extension of the
Model 1 and we refer to it as Model 2.

_ fxl
G+ D) = T T O ek ®
_ le(]- - hxz)
AU Ak prapver s sy £210) @)
yi(t+1) = f,¥,(t)
a4 = — ") ) o

1+ bx,(t) + ay,(t)

The description of the parameters and variables in the Model 2 is the same as in Model 1
where the difference is only in parameters a > 0 and b > 0. In Model 2, to simplify the
problem, we assume that the level of competition between the first age class in species x
and species y has the same value, namely a. Then, the level of competition between the
first age class in species y against species x and vice versa has the same value, namely b.
The level of competition within the same species is referred to as intraspecific
competition (a) and the level of competition between different species is referred to as
interspecific competition (b). Details of Model 2 are the same as Model 1 but there are
differences in the first age class birth rate, first age class survival rate and second age class
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harvesting rate in species x which are influenced by density-dependent and competition.
Then, species y is only affected by density-dependent and competition on the survival rate
of the first age class and the level of harvesting of the second age class. Model 2 is
constructed based on research conducted by Leslie [7], Travis et al. [11], Wikan [21], and
Cushing [22]. In addition, Model 2 is adjusted based on the assumptions and
simplifications in this research.

Local Stability Criteria Using M-Matrix

In this section, we present the definition of M-matrix and the theorem that ensures a
matrix has absolute eigenvalues less than one to determine the locally stable
asymptotically of the model.

Definition 1. (See [11] or [23]) (M-Matrix)

A square matrix of size n, for example, M = (ml-j) (1 <i,j £n)is called an M-matrix
if it is satisfied that m;; < 0 Vi # j and if any of the following things are true:
1. All minor principals of the M matrix are positive
All eigenvalues of the M matrix have a positive real part
The matrix M is a non-singular matrix and M~1 is positive
There is a vector v > 0 so that it meets Mv > 0 or
There is a vector u > 0 s so that it satisfies MTu > 0

ok~ own

Theorem 1. (See [11])

Suppose a matrix J has the following form
] — [Amxm Bmxn]
C’l’lXTn D'l’lXTl
and the matrix G = I — §JS~! is an M-matrix with
S=1] ifBandC =0
or

Sz[lm O] ifBand C <0,
0 —I,

where [, I,,, and I,, are identity matrices with sizes m + n, m, and n, respectively, then
matrix J has a spectral radius of less than one. The spectral radius is the largest modulus
of all the eigenvalues.

Theorem 1 and Definition 1 are used to determine the locally stable asymptotically of
Model 1 and Model 2 in the Results and Discussion section.

RESULTS AND DISCUSSION

In the previous section, we have presented Model 1, Model 2, Definition 1 and Theorem
1. In this section, the two models, definition, and theorem will then be used to analyze the
equilibrium point and the locally stable asymptotically of each equilibrium point.

Equilibrium Point of Model 1

The equilibrium point of Model 1 can be obtained by expressing the variables x and y
to the left of the Model 1 depending on time t. The equilibrium Model 1 is obtained as
follows:
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o
xl(t) 1+ xl(t) n y1(t) x1(t) + fr2x2(t)
xo(e) = —ad ) @)

1+ x.(0) +y.(8)
y1(t) = f2¥2(t)

Syl(1 - hyz)
1+ x,(8) +y,(8)

Then by determining the solution of equation (3), the equilibrium point of the Model
1 is obtained as follows:
1. The equilibrium point with both species going extinct is

Xq 0
_1*2] _ |0
Eo =1y, [ = lo|
V2 0

2. The equilibrium point with species x exists while species y is extinct, i.e

y2(t) = y1(8)

R,—1
x [ x ]
x; | (Ry — 1)Sx1(1 = hyy) |
V2 [ 0 J
0

The condition E, exists ifitis fulfilled R, = f;25,1(1 — hyy) + fi1 > 1. Ry is referred
to as the expected number of offspring per individual per lifetime when density-
dependent effects are neglected on harvest-influenced growth of species x.

3. The equilibrium point with species y exists while species x is extinct, i.e

0
w1 | o |
E, = X2 =|Ry—1|.

R,—1
Y2 [ 4 J
fy2
The condition E, exists if it is fulfilled R,, = fyzsyl(l - hyz) > 1. R, is referred to as

the expected number of offspring per individual per lifetime when density-
dependent effects are neglected on harvest-influenced growth of species y.

It can be seen that in the model (1) there is no equilibrium point where the two species
survive or co-existence equilibrium point.

Locally Stable Asymptotically at the Equilibrium Point of Model 1

In this section, we perform a locally stable asymptotically analysis of the Model 1. The
equilibrium pointis said to be asymptotically stable if it is satisfied that the spectral radius
of the Jacobian matrix at the equilibrium point is less than one. The locally stable
asymptotically of each equilibrium point of the Model 1 is stated in the following theorem.
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Theorem 2. (Locally Stable Asymptotically at the Equilibrium Point Model 1)

For the Leslie multispecies matrix model with the case of one iteroparous species and one
semelparous species in which there are two classes each whose growth is influenced by
density-dependent, harvesting and without the influence of competition described in the
Model 1, among others:

1. The equilibrium point E|, is locally stable asymptotically if R, < 1and R,, < 1.

2. The equilibrium point E is locally stable asymptotically if R, > R, and R, > 1.

3. The equilibrium point E,, is locally stable asymptotically if R, > R, and R, > 1.
Proof:
In determining the stability of all equilibrium points of the Model 1, it can be obtained by
determining the linearization of the Model 1, namely

N [ fa(1+y1) f, — fax1 0|
xl I (1+x;, +y)% 7% (1+x; +y1)? I
@& =J [, |=| BQ+y) 0 —Puxy U I C)
Vo | 0 0 0 fyZ |
|l  -Pn 0  Bd+x) 0]
where
p — Sx1(1 — hyy) and P. = Syl(l - hyz)

T (14 x4 y)? YT (4 x +y)?

The reason for using the M-Matrix theory in this study is due to the complexity of
determining the spectral radius matrix / (E) at the corresponding equilibrium point E. The
use of Definition 1 and Theorem 1 guarantee that the spectral radius value of the J(E)
matrix at the corresponding equilibrium is less than one.

Based on the J(E) matrix in (4) the elements of rows 1-2 columns 3-4 and rows 3-4
columns 1-2 are non-positive because the elements of the equilibrium point are
guaranteed to be zero or positive. Theorem 1 says matrix S for matrix J(E) is

1 0 O 0
_10 1 0 0
*=lo o -1 o
0 0 0 -1
The next step is to substitute all the equilibrium points in (4) and analyze their stability
one by one.
1. The Jacobian matrix for the equilibrium point E; is
[ fxl fo 0 0
Sx1(1 — hy2) 0 0 0
J(Eo) = [ 0 0 0 fsz-
0 0 sy (1—hy) O

Next, determine the matrix G = I — .S‘(](EO))S‘1 and examine the element g;; for
i # j that is non-positive and that all minor principals of G are positive. If these
conditions are met, then the G matrix is an M-Matrix so that the spectral radius
J(E,) is less than one. As a result, the equilibrium point E, is locally stable
asymptotically. Here we present the obtained matrix

1-fa —fx2 0 0

~ [—sx1(1 —hy) 1 0 0
= l 0 0 1 - fy2|

0 0 —s,;(1—hy) 1

and all minor principals of G obtained are
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_ 911 G1z) _ ,
PMy=lgul=1~fu, PMy=[g} o?|=1-R,
911 Y1z Y13
PM; = |921 922 Y23| =1—Ry,and PM, = |G| = (1 - R)(1—R,).
931 Y3z Ys3

In this paper, we define PM; (i = 1,2,3,4) as the i-th minor principal of the matrix
G for each equilibrium point under consideration. It is clear that the element g;; <
0 for i #j in the G matrix is nonpositive by recalling the previously defined
parameters. Then, PM, and PM, will be positive if met R, < 1. In addition, R, < 1
implicitly results in f,; < 1 so that PM; > 0. Furthermore, PM, is positive if R, <
1 because it must be fulfilled that R,, < 1. Therefore, G is an M-Matrix, that is if it is
filled with R, <1 and R,, < 1. Hence, according to Theorem 1, the equilibrium

point E is locally stable asymptotically if R, < 1and R, < 1.
2. The Jacobian matrix for the equilibrium point E,, is

fa1 fi1—Ry) 0 |
R_;Zc fo RJ%
le(]- - hxz) le(l - hxz)(l - Rx)
J(Ex) = R% R%
0 0 0 fy2
0 Syl(l hys) 0
i R, |
Next, determine the matrix G =1 — S(](Ex))S_1 and make sure the matrix G is an
M-Matrix. Here we present the obtained matrix
RZ—fx1 _ JS1(1—Ry) 0 T
Rjzc fo R}z{
—Sx1(1—hx2) 1 Sx1(1=hy)(1=Ry) 0
G = R% R}
0 0 1 —fy2
0 0 _ Syl(l‘hyZ) 1
! Ry _
and all minor principals of G obtained are
_ _ x— fa 1911 G1z2| _ 1-—Ry
M; =gl = RZ PMz—|g21 922|_ R,
i1 Y12 Y13
1-R 1-R)H)(R,—R
PM; = (921 922 G23| = — R x,andPM4=|G|=—( x)R( al y).
931 Y32 Y33 x x

Based on the previously defined parameters, the element g;; for i # j will be non-
positive if R, > 1 is satisfied. Because of R, > 1, consequently PM, and PM; are
positive. Besides that, PM, is also positive but with the additional condition that is
Ry > Ry. Then, it is clear that fi; < R = (fy2521(1 — hyp) + fr1)? so that PM; >
0. Therefore G is an M-Matrix, if it is fulfilled R, > R, and R, > 1. Hence,
according to Theorem 1, the equilibrium point E, is locally stable asymptotically
if Ry >Ry, andR, > 1.
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3. The Jacobian matrix for the equilibrium point E, is

— f -
Riyl fe 0 0
s,1(1—h
xl( xz) 0 0 0
](Ey) = Ry

0 0 0 fyz
_ Sy1(1 = hy2)(Ry — 1) 0 1 0
! R} faRy

Next, determine the matrix G =1 —§ (] (Ey)) $~! and make sure the matrix G is
an M-Matrix. Here we present the obtained matrix

Ry —f,
y x1
_ —f2 0 0
R, x
—s,1(1—nh
xl( xz) 1 0 0
0 0 1 —fy2
Sy1(1 —hy2)(1—R,) 0 B 1 1
i R3 faRy
and all minor principals of G obtained are
R, —f, g g R,—R
= =2 = [ diz| Ty
PMy=loul ===,  PM; lg2: g20) R,
gi1 Y912 Y13 R. —R 1=RR. —R
PM; =921 Y922 923 =u,andPM4=|G|=( y)R( X y).
931 Y32 Y33 y y

Note that all elements g;; for i # j are nonpositive except for g,,. Then, g,; will be
negative if R, > 1. Next, focus on the minor principal terms of the G matrix. PM,
and PM; are positive if R, > R,. Because of R, > 1 and R,, > R,, consequently
PM, are positive. Then, since R, > R, where R, = fyzsyl(l - hyz) and R, =
fr2Sx1(1 = hyz) + fyq it follows that PM, is positive because R, > f,;. Hence, G is
an M-Matrix and the equilibrium point E, is locally stable asymptotically if R, >
Ryand R, > 1.

‘0 1st age class of species x 2nd age class of spedies x

xy(t)
x2(t)

y1(t)
ya(t)

10 20 0 0 50 0 10 20 E « 50
t t

Figure 1. Population growth graph for each age class of each species x and y in case i Model 1
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Equilibrium Point of Model 2

With the same treatment as determining the equilibrium point in the Model 1, the
equilibrium Model 2 is obtained as follows:

) fu
xl(t) 1+ axl(t) n byl(t) x1(t) + fr2x2(t)
ot = —all Zha) )

1+ ax,(t) + by, (t)
y1(t) = f2¥2(0)

Syl(l - hyz)
1+ bx,(t) + ay,(t)

Then, there are four equilibrium points from the Model 2, namely
1. The equilibrium point with both species going extinct is

Xq 0
_1*2] _ |0
Eo =1y, [ = lo|
V2 0

2. The equilibrium point with species x exists while species y is extinct, i.e

y2(t) = y1(8)

R,—1
X1 a
E. = X2 — (Rx - 1)Sx1(1 - hxz)
o aR, '
Y2 0
0

The condition E,, exists if it is fulfilled R, = fy25:1 (1 — hyy) + fi1 > 1.

3. The equilibrium point with species y exists while species x is extinct, i.e

X1 0
o x| _ R, -1
Y 1 a
V2 Ry -1
| afyz i

The condition E|, exists if it is fulfilled R, = fyzsyl(l - hyz) > 1.

4. The equilibrium point with species x and y exists if one of them is satisfied, namely
a’?>b%*ora>b,a(R,—1) > b(R,—1),anda(R, — 1) > b(R, — 1),0ra® < b?or
a<hbh, a(Ry — 1) <b(R,—1),anda(R, —1) < b(Ry — 1) with
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a(R, —1) —b(R, — 1)
(a* —b?)
1 |51 = i) (a(Ry = 1) = b(R, - 1))
E., = 2| = (a2 — bR,
S a(R, —1) = b(R, — 1)
Y2 @ —b?)
a(Ry—1) = b(Ry — 1)
(az - bz)fyz

In this second model, we obtain four equilibrium points where an equilibrium point
appears with all species existing or a co-existence equilibrium point. The level of
competition in both species affects the existence of a co-existence equilibrium point.

1st age class of species x 2nd age class of species x

x1(t)

0 10 20 30 40 50 0 10 20
t t
1st age class of species y

30 4 50

2nd age class of species y

yal(t)

02

00 T 00 L

0 10 20 30 40 50 0 10
t

0 30 40 50
t

Figure 2. Population growth graph for each age class of each species x and y in case ii Model 1

Locally Stable Asymptotically at the Equilibrium Point of Model 2

This section discusses the locally stable asymptotically of Model 2 which is presented
in Theorem 3 below.

Theorem 3. (Locally Stable Asymptotically at the Equilibrium Point of Model 2)

For the system in the case of one iteroparous species and one semelparous species, each

of which consists of two classes whose growth is affected by density-dependent,

harvesting and competition which is specifically described in the Model 2, among others:
1. The equilibrium point Ej, is locally stable asymptotically if R, < 1,and R, < 1.

2. The equilibrium point E, is locally stable asymptotically if R, > 1 and a(Ry — 1) <

b(R, — 1).
3. The equilibrium point E,, is locally stable asymptotically if R, > 1 and a(R, — 1) <
b(R, —1).

4. The equilibrium point E,,, is locally stable asymptotically if a > b, a(Ry — 1) >
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b(R, —1),a(Ry—1) >b(R,—1), and fyi(ala—b)—b(bR, —aRy)) < (a® —
b?)R2.
Proof:
The steps to determine the stability of all equilibrium points of the Model 2 can be carried
out as in Model 1. Linearization of the Model 2, namely

fx1 (1 + by1) fo, — fr1%1b 0
il (1+ax, +by)?2 "**  (1+ax; + by,)?
J(E) =] yj =| P.(1+by) 0 —P,bx; 0 (6)
o 0 0 0 fy2
| -pby, 0 P, (1 + bxy) 0]
with
le(l - hxz) Syl(l - hyz)

P, = dP, = .
*  (1+ax, +by,)? andty (1 + bx; + ay,)?

The elements of rows 1-2 columns 3-4 and rows 3-4 columns 1-2 in (6) are non-positive
because the elements of the equilibrium point are guaranteed to be zero or positive, so
Theorem 1 says matrix S for matrix J(E) is

1 0 O 0
101 0 0
S= 0 0 -1 O
O 0 0 -1
The next step is to substitute all the equilibrium points in (6) and analyze its stability one
by one.
1. The Jacobian matrix for the equilibrium point E; is
fxl fxz O 0 ]
Sy1(1—hyy) O 0 0
J(Eo) = l 0 0 0 fyz"
O 0 Syl(l - hyz) 0

Next, determine the matrix G = I — S(J(E,))S~! and make sure the matrix G is an
M-Matrix. Here we present the obtained matrix

1-fa —fx2 0 0
_ —Sx1(1 = hyz) 1 0 0
- l 0 0 1 —fsz
0 0 —Sy1(1 — hy) 1
and all minor principals of G obtained are
_ _ 1 _ 1911 G1z| _ .,
PM; = [g11l =1 — fr1, PM, = 921 g22|— R,,
911 Y12 Y13
PM; = |921 922 Y23| =1—Ry,and PM, = |G| = (1 - R,)(1—R,).
931 Y3z Y33

By considering the matrix G, it is clear that the values of all g;; for i # j are
nonpositive. Next is focus on determining the conditions for PM; > 0 (i = 1,2,3,4).
PM, and PM; are positive if R, < 1 is satisfied. Because of R, < 1 so that PM; is
positive and an additional condition for PM, to be positive is R,, < 1. Therefore, G
is an M-matrix, and the equilibrium point Ej, is locally stable asymptotically if R, <
landR, < 1.
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2. The Jacobian matrix for the equilibrium point E, is

fxa bfi(1—Ry)

R_% frz aRJ% 0
le(l - hxz) 0 bel(1 - hxz)(l - Rx)
](Ex) = RJZC aRazc .
0 0 0 fy2
0 asyl(l - hyz) 0
a+b(R,—1)

Next, determine the matrix G = I — S(J(E,))S™* and make sure the matrix G is an
M-Matrix. Here we present the obtained matrix

R? — fu _f bfi(1—R,) 0 |
RZ 2 aRZ
—Sx1 (1 - hxz) 1 bel(]- - hxz)(l - Rx) 0
G = RZ aR?
0 0 1 _fyZ
0 0 3 asyl(l - hyz) 1
i a+b(R,—1) |
and all minor principals of G obtained are
R% — f 911 Y12 1—-R,
PM; = lglll_—R,% ) PM2—|g21 g22|—_ R, '
g G2 9u| g _p (1- Ry (a(R, - 1) = b(R, — 1)
PMs =921 922 923 = —— ,and PM, = |G| = bR, — 1) .
931 Y932 Y33 x @ x

In the matrix G, it can be seen that all g;; for i # j are non-positive because R, > 1
which is a condition for E, to exist. Therefore, the next step is to focus on
determining the positive terms of the minor principal of the ¢ matrix. It is clear
that PM, and PM; are positive because R, > 1. Then, it is clear that PM, is positive
because in fact f;.; < RZ = (fi2551(1 — hyy) + fr1)?. Since R, > 1, PM, is positive
if a(R, —1) —b(R,—1) <0 or a(R, — 1) < b(R, — 1). Therefore, G is an M-
matrix, and the equilibrium point E, is locally stable asymptotically if R, > 1 and
a(R, —1) < b(R, — 1).
3. The Jacobian matrix for the equilibrium point E, is

afx1 |
0 0
a+ b(Ry - 1) I
anl(l - hxz) 0 0 0
J(E,)=| a+b(R,—1) .
0 0 0 fy2
bsy1(1—hy,)(1-Ry) 0 1 0
aR32, faRy

Next, determine the matrix G =1 — S (](Ey )S‘l and make sure the matrix G is
an M-Matrix. Here we present the obtained matrix
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[ a —-1)—-b(R,—1
. (fxl ) ( y ) _fxz 0 0
a+b(R,—1)
—as, (1 —nh
xl( xz) 1 0 0
G = a+b(R,—1)
0 0 1 _fyz
bsy1(1 = hy,)(1 —R,) B 1 1
| aR} faRy
and all minor principals of G obtained are
a(fyra—1) —b(R, — 1
PM; = |gul = - = ( § ),
a+b(R,—1)
911 Y12 a(Ry — 1) — b(Ry — 1)
PM, = | = — )
921 Y922 a+ b(Ry — 1)
~ 911 912 Y13 _a(Ry—1) - b(Ry -1)
PM3; = (921 Y922 Y23 =— )
931 932 Y33 a+ b(Ry B 1)

and
(a(Ry = 1) = b(Ry — 1)) (1 = Ry)
a+b(R,—1) '
The equilibrium point of E,, is exist if R, > 1 consequently all elements of g;; for

i # j are non-positive. Next is the focus on determining the conditions so that all
the principal minor matrices G are positive. Since R, > 1, so we have PM,, PMj,

and PM, are positive if a(R, —1) — b(Ry — 1) <OQora(R,—1)< b(Ry — 1). In
addition, a(R, — 1) < b(Ry — 1) the result is satisfied a(f,,; — 1) — b(Ry — 1) <0
or a(fy;y — 1) < b(Ry — 1). Then, because of R, > 1 and a(fy; —1) < b(Ry —
1) so that P M is fulfilled with a positive value. Therefore, G is an M-matrix and the
equilibrium point E,, is locally stable asymptotically if R, > 1 and a(R, — 1) <

PM, = |G| =

b(R, —1).
4. The Jacobian matrix for the equilibrium point E,, is
[ Axfaa f _ Bybf1 0 1
CR2 x2 CRZ
Sx1(1 - hxz)Ax _ bsxl(1 - hxz)Bx 0
J(Exy) = CR? CR?
0 0 0 fya
__bB, A, .
L CRyfyZ nyzRy -
Next is the G matrix for the equilibrium point E,,, is
Axfxl Bxbfxl
1- CRZ ~fx2 TTCRZ 0
Axsxl(hxz - 1) _ bsxl(l - th)Bx 0
G = CR2 CRZ
0 0 1 ~fya
L 4y "
CRyfy, CRyfy,

and the principal minor of the matrix G are
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Axfr1 g1 9 aB
PMy = lgul =1~ PM; = gi g;2| =R,
X X
911 Y12 Y13 aB, BB,
PM; = (921 922 923 =R and PM, = |G| = CR.R
931 932 933 x Yy
where

A, = (a(a—b) — b(bR, — aR,)), A, = (a(a —b) - b(bR, — aRx))

B, = (a(Rx -1) —b(R, - 1)),By = (a(Ry —1) = b(R, — 1)),and C = (a® - b?).
In this case, the conditions that meet the requirements will be determined so that
G is called the M-Matrix. First focus on PM, is positive. Because of E,, exists if
By, By, C > 0or By, B,,C < 0.However, PM, is positive if it is fulfilled By, B, C > 0.
Because By, By, C > 0 consequently fulfilled g,3, 923,931 < 0, and PM,, PM3 > 0.
Then, PM, is positive if f,; A, < CRZ. Finally, all the conditions for G to be called
an M-matrix have been fulfilled. Therefore, G is an M-matrix, and the equilibrium

point E,, is locally stable asymptotically if fy, (a(a —b) — b(bRy - aRx)) <
(a®> = b*)RZ a(R,— 1) > b(R, — 1), a(R, — 1) > b(R, — 1), and a* > b* or a >
b.

]
Numerical Simulations of Model 1 and Model 2

In the previous subsection, an analysis of the existing condition and local stability
asymptotically from each equilibrium point has been carried out on Model 1 and Model 2.
In this section, we perform a numerical simulation of the results from the analysis of
Model 1 and Model 2. In this case, we divide the two models into two cases and each case
is divided into as many subcases as the asymptotically local stability conditions of
Theorem 2 and Theorem 3.
In the simulation of Model 1, we assume for all subcases of the Model 1 case, including:
1. sy; = 0.6 and s,,; = 0.4 respectively that if there are 10 individuals in the first age
class of species x and y then only 6 individuals and 4 individuals are able to survive
from species x and y.

2. hy, = 0.5and h,, = 0.3 respectively that if there are 10 individuals in the first age
class of species x and y then there are only 5 individuals and 3 individuals
harvested from species x and y.

s 1st age class of species x s 2nd age class of species x

04 04

03 03

x(t)

b 20 0 40 50 [ 10 0 0 L 50
t t

1st age class of species y , 2nd age class of species y

ya(t)

200

ya(t)

175

150

125

100 00 T T
0 0 20 £ 40 50 [ 10 20 0 40 50
t t

Figure 3. Population growth graph for each age class of each species x and y in case iii Model 1
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Then, the birth rate for the simulation in the Model 1 case is divided into 3 subcases based
on Theorem 1, including:
L fy1 =07, firz = 0.9, and f,, = 3 consequently R, = 0.97 < landR, = 0.84 < 1.
ii. fx1 =1, fx, =5 and fy, = 3 consequently R, = 2.5 > 1and R, = 0.84 <R,.
iii.  fy1 =0.7, fx2 =0.9,and f,, = 10 consequently R, = 0.97 < 1and R, = 2.8 > R,.

The results of the Model 1 simulation for each subcase i-iii are presented in Figure 1-
3. Figures 1-3 respectively for the parameters given in each subcase i-iii of the Model 1
simulation show that the locally stable asymptotically towards the equilibrium point E, =
[0,0,0,0]", E, = [1.5,0.18,0,0]", and E,, = [0,0,1.8,0.18]".

In the simulation of Model 2, we assume for all subcases of Model 2 for survival and
harvesting rates are equal to Model 1. Then, the levels of intraspecific and interspecific
competition are a = 0.2 and b = 0.1, respectively. Then, the birth rate for the simulation
in the Model 1 case is divided into 4 subcases based on Theorem 2, including:

i fx1 =05, fyz = 1,and f;, = 3 consequently R, = 0.8 and R, = 0.84.
ii.  fx1 =30, fx; = 20, and f,, = 60 consequently R, = 36 and R,, = 16.8.
iii.  fx1 =5, fxz =20, and f,,, = 100 consequently R, = 11 and R,, = 28.
iv.  fr1 =20, fy, = 20, and f,,, = 60 consequently R, = 26 and R, = 16.8.

1st age class of species x 2nd age class of species x
200 200
175 175
150 150
125 125
< 1m0 = 100
> *
075 0.75
050 050
025 025
0.00 T T 000 L~ - T r T -
0 10 20 0 L) 50 0 10 20 0 40 50
t t
1st age class of species y 2nd age class of species y
200 200
175 175
150 150
125 125
= 100 = 100
N >
075 075
0.50 050
025 025
0.00 T T r - T 000 r . " - - T
0 10 20 30 <0 50 0 10 20 30 40 50

t t

Figure 4. Population growth graph for each age class of each species x and y in case i Model 2

Arjun Hasibuan 459



Mathematical Model of Iteroparous and Semelparous Species Interaction

1st age class of species x 2nd age class of species x
300 9 P 200 g pe
7
%0 L7s
150
200
125
= =
E. 150 -E, 100
A0 075
050
50
025
o T T T 0.00 T T T T
0 10 20 30 40 50 0 10 20 30 40 50
t t
100 1st age class of species y s 2nd age class of species y
80 4
60 3
= =
- ~
-
40 = 2
’ 1 /\k
(1] T T T T T T 0 T T T T y T
0 10 0 30 0 50 0 10 20 30 L] 50
t t

Figure 5. Population growth graph for each age class of each species x and y in case ii Model 2

Figure 4-7 is the simulation result of Model 2 for each subcase i-iv. Figure 4-7 for each
parameter that satisfies Theorem 2 conditions in subcases i-iv of the Model 2 simulation
that sequentially locally stable asymptotically towards the equilibrium point E; =
[0,0,0,0]", E, = [175,1.46,0,0]", E,, = [0,0,135,1.35]" dan E,, = [114,1.32,22,0.36]".

" 1st age class of species x 200 2nd age class of species x
175
4
150
3 125
€ g 100
< =
: 075
050
1
025
01— T r T r T 0.00 i 7 - .
0 10 20 30 40 50 0 10 20 30 40 50
t t
w00 1st age class of species y . 2nd age class of species y
350
4
300
0 3
= =
=, 200 =
> >
150 2
100 f N~
1
50
0 T T T 0 T T T
0 10 20 30 40 50 0 10 20 30 40 50
t t

Figure 6. Population growth graph for each age class of each species x and y in case iii Model 2
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1st age class of species x 2nd age class of species x
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175 175
150 150
125 125
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~, 100 = 100
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50 050
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0 10 20 30 40 50 0 10 20 30 4 50
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100 1st age class of species y - 2nd age class of species y
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Figure 7. Population growth graph for each age class of each species x and y in case iv Model 2

CONCLUSIONS

In this paper, we compare two different models: Model 1 and Model 2. Our focus is to
compare the presence and absence of the influence of intraspesific and interspecific
competition in the equilibrium point and its local stability of Model 1 and Model 2.
Mathematically the conditions under which the positive/non-trivial equilibrium point
exists and the local stability of this equilibrium of the model is easy to interpret. However,
biologically only some conditions can be interpreted because of the complexity of
conditions. Simply put, the results of our study show that the level of competition has a
role in the equilibrium point and its local stability of the Model 1 and Model 2. Model 1
shows that there is no coexistence equilibrium point so model 1 is never locally stable at
the point where both species exist. In Model 2, one of the conditions that is easily
interpreted is that the coexistence equilibrium point occurs when a > b which means the
intensity of the intraspecific competition level is greater than the intensity of the
interspecific level competition. The inequality of a > b is one of the locally stable
asymptotically conditions of the co-existence equilibrium point in Model 2. The results of
this study can be applied to problems that have similarities mathematical structure to this
case. There still some limitation in this model to fit in a realistic real case, and hence we
think that this research should be further developed, for example by increasing. the
number of species, the number of classes, and so on, which is mathematically interesting
and realistically important. This theory can be applied to study the dynamics of natural
resource models including the effects of different management to the growth of the
resources, such as in fisheries.
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