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ABSTRACT

The application of centrosymmetric matrix on engineering takes their part, particularly about
determinant rule. This basic rule needs a computational process for determining the appropriate
algorithm. Therefore, the algorithm of the determinant kind of Hessenberg matrix is used for
computing the determinant of the centrosymmetric matrix more efficiently. This paper shows
the algorithm of lower Hessenberg and sparse Hessenberg matrix to construct the efficient
algorithm of the determinant of a centrosymmetric matrix. Using the special structure of a
centrosymmetric matrix, the algorithm of this determinant is useful for their characteristics.
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INTRODUCTION

One of the widely used studies in the use of centrosymmetric matrices is how to get
determinant from centrosymmetric matrices. Besides this special matrix has some
applications [1], it also has some properties used for determinant purpose [2]. Special
characteristic centrosymmetric at this entry is evaluated at [3] resulting in the algorithm
of centrosymmetric matrix at determinant. Due to sparse structure of this entry, the
evaluation of the determinant matrix has simpler operations than full matrix entries.

One special sparse matrix having rules on numerical analysis and arise at
centrosymmetric the determinant matrix is the Hessenberg matrix. The role of
Hessenberg matrix decomposition is the important role of computing the eigenvalue
matrix. In the discussion, the recursive algorithm is explained to compute the n-per-n
determinant of the Hessenberg matrix [4]. This study is the evaluation of some
researches before about the determinant Hessenberg matrix [5,6].

The rule of the Hessenberg matrix for computing the determinant of general
centrosymmetric matrix based on block matrix has been done by [7]. Moreover, this
study continued by [8] on evaluating the previous work and shows only lower
Hessenbeg matrix as block centrosymmetric matrix can use this algorithm. Then
necessary and sufficient condition for this algorithm is constructed also that can be
evaluated for the determinant process [9]. A Numerical example also shows for more
understanding at a special centrosymmetric matrix on its block.

Furthermore, the determinant of sparse Hessenberg matrix is also constructed for
resulting in the new algorithm for a pentadiagonal matrix[10]. Some studies are also

Submitted: July 14, 2020 Reviewed: October 13, 2020 Accepted: November 10, 2020
DOI: http://dx.doi.org/10.18860/ca.v6i3.9939



http://dx.doi.org/10.18860/ca.v6i3.9939

The Rule of Hessenberg Matrix for Computing the Determinant of Centrosymmetric Matrices

focussing on the determinant algorithm for computational process [11-17]. Based on the
previous study, we propose a new form of pentadiagonal matrix with construction
entries based on a centrosymmetric matrix called pentadiagonal centrosymmetric
matrix. We then continue applying the previous algorithm to compute our new form of
pentadiagonal centrosymmetric matrix for determinant purpose. Finally, this paper
shows two algorithms of centrosymmetric matrix determinant by using the algorithm of
the determinant of the Hessenberg matrix.

PRELIMINARIES

Before we discuss the main result, let introduce some definitions and properties used
to explain the determinant of centrosymmetric matrix using Hessenberg’s determinant.

Definition 1 [3] The form of n-by-n lower Hessenberg matrix is written as the matrix
with the entries as follow

h, h, 0 0 0
h21 hz,z hz,s 0 0
hn-1,1 hn—1,2 e hn—l,n—l hn—l,n

hn,l hn,2 e h h

n,n-1 n,n

Definition 2 [10] The sparse Hessenberg matrix with order n is the matrix with
construction as

h11 h1,2 h1,3
h21 h2,2 h2,3 h2,4

S= : (2)
. . ' n-2,n
hn—l,n—2 hn—l,n—l n-1,n
h h

n,n-1 n,n—

Definition 3 [2] Let A= (aij )nxn € R™ be a centrosymmetric matrix, if the entries of the

matrix satisfy a; = a, for 1<i<n,l<j<nor

—i+L,n—j+1

a; 8, - A,
Ay p &y,
A=l 1 (3)
o v 8y 8y
&n v Ay Ay
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Definition 4 [7] The centrosymmetric matrix has a special structure that can be
constructed as J,AJ,, =A, where J = (en,en_l,---,el) and e, is the unit vector with the
i-th element 1 and others 0.

Definition 5 [8] The centrosymmetric matrix with n order where n=2m is even number
order can be partitioned with the form

B|J,CJ,
A= ,
clJ BJ,

RESULTS AND DISCUSSION

(4)

This part shows the rule of the determinant of lower Hessenberg and sparse
Hessenberg matrix for determinant concept of the centrosymmetric matrix. Further
discussion is also given for explaining the result and deeper understanding.

Determinant Lower Hessenberg Matrix for Centrosymmetric Matrix’s Determinant

The algorithm of the determinant of lower Hessenberg is presented based on the
definition and properties of this matrix. The following is the Lemma of the determinant
of lower Hessenberg, which is constructed as a block matrix.

1 0 0 0
h,, h,, 0 0 0 0
T .
Lemma 6 [7] Let ¢ |9 |_ a ez h” 'O 0 is the partition
H e, : : . .. 0
hn—l,l hn—1,2 hn—l,n—l hn—l,n
hn,l hn,2 hn,n—l hn,n 1
1 0 0 0
o h,, 0 0 0 0
T .
matrix and {-|& 01 21 22 h.2’3 0 0 as the inverse matrix of
H e, : : . 0
hn—l,l hn—1,2 hn—l,n—l hn—l,n
hn,l hn,z hn,n—l hn,n 1

its matrix, then the determinant of this matrix is written as det(H)=(~1)"h- l_[i"ihi’i+l :

This algorithm is used for evaluating the algorithm of the determinant of
centrosymmetric matrix with lower Hessenberg as a block matrix. The algorithm of the
determinant of the centrosymmetric matrix with lower Hessenberg as block matrix can
be proposed as follow.

JmCJmJ

Input : Matrix A =
npu atrix ( 3. BJ.

C
Output : det(A)

B-J.C 0

1) Operate PTAP = — M0
0 B+J,C) (0 N
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~ (e 0
2) Construct M,N are Hessenberg matrices become M:(I\;I J,
e

N _ eI 0
N e
~ a L ~ a L
3) Letinverse matrices M =[ M ?Aj, N-t :( N f]
hM BM hN BN

4) Compute det(H)= det(P)-det[l\él :\)J-det(PT)z det(M). det(N)

5) det(H):(_l)m hM 'l_njgi,m '(_1)m hN 'l_nqum .

Or we can write this algorithm by the following theorem for computing the
determinant of centrosymmetric matrix with applying the algorithm of the determinant
of lower Hessenberg matrix. This algorithm is only applied on a specific
centrosymmetric matrix based on the special block matrix.

Theorem 7 [9] Let centrosymmetric matrix with its block matrix, lower Hessenberg
matrix, and its notation, such H,P,M,N,M™* N7, then the determinant of the
centrosymmetric matrix is written as

det(H) =hy -hy 'ﬁ(gi,m ’qi,i+1)' (5)

Proof. From the definition of the centrosymmetric matrix, this matrix can be formed as a

B|J,CJ, N I
block matrix A = . By the orthogonal matrix p_Y4| "m m |, this block
c|J,BJ, 2 \-J, Jn

) B-J.C 0 M ;
matrix can be constructed as P"HP = m = 0 . Based on this
0 B+J,C) (0 N

matrix, the determinant of centrosymmetric matrix only calculate on block matrices the
determinant. These block matrices M, N are Hessenberg form, therefore the algorithm

of determinant lower Hessenberg can be applied for this determinant. This step
becomes the main necessary for the next algorithm.

~ (e] 0
By the algorithm of lower Hessenberg matrix, let’'s form M=[I\; J ,
em

N
~ (e 0 ~ a, L ~ a, L
N=|""* , and assume M7= ™ M NT=| " T where ay,,, Ly
N e, hy  Bwm hy By ' '
B\n are matrices with the size of nx1, nxn, nx1 respectively and h,,  is scalar. By

analytical process at lower Hessenberg algorithm, then we find h,, #0 and hy #0.

Finally, the determinant of the centrosymmetric matrix based on lower Hessenberg form
is

det(H) = det(P)- det[l\él f\)l] -det(PT) = det(M)- det(N).m (6)
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Determinant Sparse Hessenberg Matrix for Centrosymmetric Matrix’s Determinant

Based on the previous study, [10] shows the efficient algorithm general
pentadiagonal matrix. Then, this paper gives a specific discussion on the determinant of
pentadiagonal centrosymmetric matrix by applying a pentadiagonal determinant matrix.
There are some basic definitions for further study on the determinant of pentadiagonal
centrosymmetric matrix.

Definition [17,18] Let D=(d,

ij )]si,js

which the entry d; =0 for |i - j| > 2or it can be constructed as

_is called nxn general pentadiagonal matrix

d 11 d 12 d 13
d 21 d 22 d 23 d 24
31 32 33 34 d 35
dyzn
dn—l,n—3 dn—l,n—2 dn—l,n—l n-1n
dino  dona iy

This performance of the general pentadiagonal matrix has been described, and
moreover, the algorithm of determinant general pentadiagonal is also evaluated [10].
This paper will give a different point of view from a general structure pentadigonal
matrix, which can be constructed as a centrosymmetric matrix. This work combines the
general pentadiagonal matrix’s definition, which has a centrosymmetric matrix
structure, then we call the pentadiagonal centrosymmetric matrix.

Therefore, we construct the algorithm of the pentadiagonal centrosymmetric matrix
based on the algorithm of the determinant of the general pentadiagonal matrix. The
algorithm has the following steps.

1. Construct pentadiagonal centrosymmetric matrix

Based on the definition of pentadiagonal and centrosymmetric matrix, then the
pentadiagonal centrosymmetric matrix is written as

d, d, dy
d, dy, dy d,,
d 31 d 32 d 33 d 34 d 35
D= - . " -
n-2,n
dn—l,n—3 dn—l,n—z dn—l,n—l dn—l,n
dn,n—Z dn,n—l dn,n

where the entries have a centrosymmetric structure a, =a for 1<i<n,1<j<n.

n—i+1,n—j+1
2. Transform into sperse Hessenberg matrix
According to the form of sparse Hessenberg matrix, then the construction of sparse
Hessenberg matrix D = (d i )Ki i<n is written as
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dll dlZ d13
d 21 d 22 d 23 d 24
d 32 33 34 d 35
H= . (8)
dn—l,n—2 dn—l,n—l dn—l,n
dona  dig

The form of (8) matrix is resulted by choosing . ,. from the matrix of

i+1,i

Ay = . (9)

For instance, let pentadiagonal centrosymmetric matrix with the size 8x8 and choose

Agp = —& for transforming matrix as follows.
21
1 1 d 11 d 12 d 13
d31 d 21 d 22 d 23 d 24
_d_2’1 1 dy, dg dg dy dy
)\.3D= Y 1 d42 d43 d44 d45 d56
1 d53 d54 d55 d56 d57
]_ d 64 d 65 d 66 d 67 d 68
1 d75 d76 d77 d78
1 d 86 d 87 d 88
dll dlZ d13
d 21 (122 d 23 d 24
d32 d 33 d 34 d 35
— d 42 d 43 d 44 d 45 d 56
d 53 d 54 d 55 d 56 d 57

d 64 d 65 d 66 d 67 68

d 75 d 76 d 77 d 78

d 86 d 87 d 88

: d42 d86 :
By the same way, taking 4,, = _d_32 vy Agy = —: and the process will have the

following Hessenberg matrix as follow.
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hghohg--h D = 43 5 . (10)

\,
3
o9
~
[ee]

digin .. =
i = ——=— with d,, =d,,.

-1

Remembering that, V =4 4, ---4; is the matrix which formed by A matrix, having the

Generally, the formula of the value of A _,. is defined as 4

i+1,i

form of VD = H. Consequently,
det(D) = det(V)- det(D) = det(VD) = det(H), where det(V)

1 (11)

By the entries of D which integer numbers or d;;e Z, then it can use the following

matrix

Iifl

1
A= . (12)

i+1 T
- di+1,i—1 di,i—l

Furthermore, to compute the determinant of the pentadiagonal centrosymmetric
matrix is only on computing the determinant of the Hessenberg matrix. Then, the next
step is how to compute the Hessenberg matrix.

3. Compute the Hessenberg Matrix
By applying the previous algorithm, this determinant is constructed by using the
two-term recurrence. This step takes the following explanation.

Pn—l q n-1

Let nxn matrix Z, =| ;
Mot S

], where the size of block matrices is Z, ; has

(n-1)x(n-1), g, ,,S, are the scalar and r"s has 1x(n —1). Then the determinant of
Z, recursively is written as :

f,=1

fi=af,, where @, =d,, 0, =5, -1 ,"Z;, " q;,
Then, the determinant of Z, matrix is det(Z, )=f,, where i =1,2,---,n.

Now, we apply the previous algorithm for our sparse Hessenberg matrix, and we
have the following recursive.

T -1
a,=d,, —h, eTnaHa(d, 5., +d0 1 .ens)

nn-1
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a, =d _dn,n—l(d eTn—lHiln—lenfz+dn71’neTn—lHiln—1enfl), where e is a

nn n-2,n

vector unit.

f
By substituting the equations eTn1iH e, , = —1:”—‘3dnflvnf2 and
n-1
T -1 fn—2
e niH " nae, , =— then become
n-1
fn—3 fn72 . . .
a,=d,  —-d f_dn—l,n—zdn—Z,n 3 d,, |- Then, by multiply the equation with
n-1 n-1

f., we have
fn = anfn—l = fn—ldn,n + dn,n—l (fn—Sdn—l,n—Zdn—Z,n _fn—zdn—l,n )

4. Construct the Algorithm of Determinant Pentadiagonal Centrosymmetric Matrix
f,=d,
f,=fd,,-d,d,
fa=1,d; + dsz(d21d13 _fld23)
for i=4,5,---,n
f="f.d; +di,i—l(fi—Sdi—l,i—Zdi—Z,i - fi—zdi—l,i)
end
det(D)=f, .
This algorithm shows the rule of the determinant of Hessenberg matrix can be
contructed for the general determinant of the pentadiagonal centrosymmetric matrix.

Based on two different algorithms above, the rule of determinant Hesseberg matrix
can evaluate the determinant of the centrosymmetric matrix. For efficient algorithm, the
first algorithm evaluates the determinant of centrosymmetric matrix applying the
algorithm of the determinant of the lower Hessenberg matrix. It happens caused by the
lower Hessenberg matrix appear as its block matrix, then the algorithm of
centrosymmetric matrix only a half working. On the next algorithm, the algorithm of the
sparse Hessenberg matrix is applied to construct the algorithm of determinant general
pentadiagonal centrosymmetric matrix. This algorithm is used caused by the same
structure of the main matrix is a sparse Hessenberg matrix, therefore is applicable.

CONCLUSIONS

The different cases of the application of determinant Hesseberg matrix are applied to
a different form of a centrosymmetric matrix . It is necessary to identify the form of the
main general centrosymmetric from the beginning. This part determines the best
algorithm for the computational process more efficient. This paper shows the different
Hessenberg appearance on a centrosymmetric matrix results different algorithms of the
computing of the determinant.
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