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W e s h o w t h a t in a n y s u b s e t o f ve r t ic e s o f t h e n-d im e n s io n a l c u b e wh ic h c o n t a in s a t le a s t
2 n¡1+1 ve r t ic e s ( n ¸ 4 ) , t h e r e a r e fo u r ve r t ic e s t h a t in d u c e a c la w, o r t h e r e a r e e ig h t ve r t ic e s
t h a t in d u c e t h e c yc le o f le n g t h e ig h t .

W e c o n s id e r ¯ n it e g r a p h s G = ( V; E ) wit h ve r t e x s e t V a n d e d g e s e t E. Th e g r a p h s
c o n t a in n o m u lt ip le e d g e s o r lo o p s . Th e n-d im e n s io n a l c u b e is d e n o t e d b y Qn, a n d a c la w is
t h e c o m p le t e b ip a r t it e g r a p h K1;3. Mo r e o ve r , t h e ve r t e x o f a d e g r e e t h r e e in a c la w is c a lle d
a c la w-c e n t e r . N o n -d e ¯ n e d t e r m s a n d c o n c e p t s c a n b e fo u n d in [1 ].

Th e m a in r e s u lt o f t h e p a p e r is t h e fo llo win g :

T heor em 1. L et n ¸ 4 and let V 0 µ V ( Qn ) . If jV 0j ¸ 2 n¡1 + 1 , then at least one of the
following two conditions holds:

(a) there are four vertices in V 0 that induce a claw;

(b) there are eight vertices in V 0 that induce a simple cycle.

P r oof. Ou r p r o o f is b y in d u c t io n o n n. S u p p o s e t h a t n = 4 . Cle a r ly, wit h o u t lo s s o f
g e n e r a lit y, we c a n a s s u m e t h a t jV 0j = 9 . Co n s id e r t h e fo llo win g p a r t it io n o f t h e ve r t ic e s o f
Q4:

V1 = f( 0 ; ®2; ®3; ®4 ) : ®i 2 f0 ; 1 g; 2 · i · 4 g; V2 = f( 1 ; ®2; ®3; ®4 ) : ®i 2 f0 ; 1 g; 2 · i · 4 g:

Cle a r ly, t h e s u b g r a p h s o f Q4 in d u c e d b y V1 a n d V2 a r e is o m o r p h ic t o Q3. D e ¯ n e :

V 0
1 = V1 \ V 0; V 0

2 = V2 \ V 0:

W e s h a ll a s s u m e t h a t jV 0
1 j ¸ jV 0

2 j. W e s h a ll c o m p le t e t h e p r o o f o f t h e b a s e o f in d u c t io n b y
c o n s id e r in g t h e fo llo win g c a s e s :

Ca s e 1 : jV 0
1 j = 8 a n d jV 0

2 j = 1 . Cle a r ly, a n y ve r t e x fr o m V 0
1 is a c la w-c e n t e r .

Ca s e 2 : jV 0
1 j = 7 a n d jV 0

2 j = 2 . It is n o t h a r d t o s e e t h a t V 0
1 c o n t a in s a c la w-c e n t e r .

Ca s e 3 : jV 0
1 j = 6 a n d jV 0

2 j = 3 . A g a in , it is a m a t t e r o f d ir e c t ve r ī c a t io n t h a t V 0 c o n t a in s
a c la w-c e n t e r .

Ca s e 4 : jV 0
1 j = 5 a n d jV 0

2 j = 4 . Co n s id e r t h e s u b g r a p h G1 o f Q4 in d u c e d b y V 0
1 . Cle a r ly, if

G1 c o n t a in s a ve r t e x o f a d e g r e e t h r e e , t h e n t h is ve r t e x is a c la w-c e n t e r . Th e r e fo r e , wit h o u t
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lo s s o f g e n e r a lit y, we c a n a s s u m e t h a t a n y ve r t e x in G1 h a s a d e g r e e a t m o s t t wo . It is n o t
h a r d t o s e e t h a t t h is im p lie s t h a t G1 c o n t a in s n o is o la t e d ve r t e x. Mo r e o ve r , s in c e jV 0

1 j = 5 ,
we c a n c o n c lu d e t h a t G1 is a c o n n e c t e d g r a p h , a n d , c o n s e qu e n t ly, it is t h e p a t h o f le n g t h
fo u r .

N o w, le t a1; a2; a3 b e t h e in t e r n a l ve r t ic e s o f G1, a n d le t b1; b2 b e t h e e n d -ve r t ic e s o f G1.
Cle a r ly, we c a n a s s u m e t h a t n e it h e r o f a1; a2; a3 h a s a n e ig h b o u r in V 0

2 . S in c e jV2j = 8 a n d
jV 0

2 j = 4 , we h a ve t h a t t h e r e a r e ¯ ve p o s s ib ilit ie s fo r V 0
2 . W e in vit e t h e r e a d e r t o c h e c k t h a t

in fo u r o f t h e s e c a s e s o n e c a n ¯ n d a c la w-c e n t e r in V 0
2 , a n d in t h e ¯ n a l c a s e V 0 h a s a ve r t e x

z s u c h t h a t V 0nfzg in d u c e s a s im p le c yc le .
N o w, le t u s a s s u m e t h a t t h e s t a t e m e n t is t r u e fo r n ¡ 1 , a n d a s u b s e t V 0 o f t h e ve r t ic e s

o f Qn s a t is ¯ e s t h e in e qu a lit y jV 0j ¸ 2 n¡1 + 1 . Co n s id e r t h e fo llo win g p a r t it io n o f t h e ve r t ic e s
o f Qn:

V1 = f( 0 ; ®2; :::; ®n ) : ®i 2 f0 ; 1 g; 2 · i · ng; V2 = f( 1 ; ®2; :::; ®n ) : ®i 2 f0 ; 1 g; 2 · i · ng:

Cle a r ly, t h e s u b g r a p h s o f Qn in d u c e d b y V1 a n d V2 a r e is o m o r p h ic t o Qn¡1. Mo r e o ve r , it is
n o t h a r d t o s e e t h a t a t le a s t o n e o f t h e fo llo win g t wo in e qu a lit ie s is t r u e : jV1\V 0j ¸ 2 n¡2 + 1
a n d jV2 \ V 0j ¸ 2 n¡2 + 1 . Th u s t h e p r o o f fo llo ws fr o m t h e in d u c t io n h yp o t h e s is .

Fo r t h e c a s e o f n = 3 we h a ve :

P r oposition 1. L et V 0 µ V ( Q3 ) and let jV 0j ¸ 6 . Then at least one of the following two
conditions holds:

² there are four vertices in V 0 that induce a claw;

² there are six vertices in V 0 that induce a simple cycle.
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