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Abstract

Aim of this paper, the new notions of introduéeopen sets in ideal
nano topological spaces and investigate some of their properties. A
comparison between these types of ideal nano continuity will be dis-
cussed. Finally, we introduce application examples in ideal nano
topological spaces.
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1 Introduction

An ideal I (16) on a spacéX, ) is a non-empty collection of subsets &f
which satisfies the following conditions.
1. Ae¢ ITandB C Aimply B € I and
2. AclTandBelimply AUB € I.

Given a spacéX, 7) with an ideall on X if p(X) is the set of all subsets of
X, a set operatof.)* : p(X) — p(X), called a local function ofA with respect
to 7 and! is defined as follows: fod € X, A*(I,7) ={zr e X : UNA¢I
for everyU € 7(z)} wherer(z) = {U € 7 : x € U} (2). The closure operator
defined bycl*(A) = AU A*(I,7) (15) is a Kuratowski closure operator which
generates a topology* (1, ) called thex-topology which is finer them. We
will simply write A* for A*(1,7) andr* for 7*(I,7). If I is an ideal onX, then
(X, 7,1)is called an ideal topological space or an ideal space.

Rajasekaran and Nethaji, introduced preopen sets and-n/-open sets in
the concept of ideal nano topological spaces.

In this paper, we introduce the notionsd@bpen sets in ideal nano topologi-
cal spaces and investigate some of their properties. A comparison between these
types of ideal nano continuity will be discussed. Finally, we introduce application
examples in ideal nano topological spaces.

2 Preliminaries

Definition 2.1. (9) Let U be a non-empty finite set of objects called the universe
and R be an equivalence relation on U named as the indiscernibility relation.
Elements belonging to the same equivalence class are said to be indiscernible
with one another. The pair (U, R) is said to be the approximation space. Let
X CU.

1. The lower approximation of X with respect to R is the set of all objects, which
can be for certain classified as X with respect to R and it is denotdd:loy ).
Thatis,Lr(X) = U,y {R(z) : R(xz) € X}, where R(x) denotes the equiva-
lence class determined by x.

2. The upper approximation of X with respect to R is the set of all objects, which
can be possibly classified as X with respect to R and it is denotéd; bY ).
Thatis,Ur(X) = U,y {R(2) : R(z) N X # ¢}.

3. The boundary region of X with respect to R is the set of all objects, which can
be classified neither as X nor as not - X with respect to R and it is denoted by
BR(X) That |S,BR(X) = UR(X) — LR(X)
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Definition 2.2. (3) Let U be the universe, R be an equivalence relation on U and
Tr(X) ={U, ¢, Lr(X),Ur(X), Br(X)} whereX C U. Then R(X) satisfies the
following axioms:

1. Uandg € m(X),
2. The union of the elements of any sub collectiorz¢X ) is in 7r(X),

3. The intersection of the elements of any finite subcollectiorz0X) is in
TR(X).

ThusTz(X) is a topology onUU called the nano topology with respect to X
and (U, (X)) is called the nano topological space. The elements;0K ) are
called nano-open sets (briefly n-open sets). The complement-afpen set is
calledn-closed.

In the rest of the paper, we denote a nano topological spad&h¥/’), where
N = 7x(X). The nano-interior and nano-closure of a subSetf U are denoted
by I,,(O) andC,,(O), respectively.

A nano topological spac@/, N') with an ideall on U is called (6) an ideal
nano topological space and is denotedByN, I). G, (z) = {G, |z € G, G,, €
N}, denotes (6) the family of nano open sets containing

In future an ideal nano topological spacés.N, I) is referred as a space.

Definition 2.3. (6) Let (U, N, I) be a space with an idedlonU. Let(.); be a
set operator fromp(U) to p(U) (p(U) is the set of all subsets 6f).

For a subsetO C U, OX(I,N) = {z € U : G, N O ¢ I, for every
G, € G,(x)} is called the nano local function (briefly, n-local function) of A
with respect tal and V. We will simply writeO}; for O (1, N).

Theorem 2.1.(6) Let(U, NV, I) be a space and and B be subsets dfl. Then

.0C B= 0 C B,

. OF = C,(0r) C C,(0) (O is an-closed subset af,(0)),
- (On)n € 07,

. (OUB); = 0xUB;,
VeN=VNOr=VN{IVNO)C(VNO),

L Jel=(0UJ)=0"=(0-J)y.

a b~ wWN Pk

(o3}

Theorem 2.2.(6) Let (U, N, ) be a space with an idedl andO C Oy, then
O = C,(0r) = C,(0).

Definition 2.4. (8) A subset A of a spadé/, NV, I) is nx-dense in itself (resp.
nx-perfect andhx-closed) ifO C O} (resp.O = O, O C O).
The complement of @x-closed set is said to bex-open.
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Definition 2.5. (5) A subse® of U in a nano topological spacg/, \V) is called
nano-codense (briefly-codense) it/ — O is n-dense.

Theorem 2.3.(6) Let(U, N, I) be an ideal nano space. ThenZss n-codense
<= O C O~ for everyn-open seD.

Definition 2.6. (6) Let (U, N, I) be a space. The set operatof; called a nano
*-Closure is defined bg:(O) = OU O} forO C U.
It can be easily observed that (O) C C,(0O).

Theorem 2.4.(7) In a space(U, N, I), if O and B are subsets of/, then the
following results are true for the set operato+cl*.

1. O C Cx0),

Ch(¢) = ¢andCi(U) = U,
IfO cC B, thenC(0) C Cx(B),
Cr(O)UCx(B) = C:(OUB).
Ch(C(0)) = C(0).

abkrowbd

Definition 2.7. A subse® of a nano spac¢U, V), is called a

1. nano pre-open (respp-open) set (3) iD C ,(C,(0)).

2. nano semi-open (resps-open) set (3) iD C C, (1 (O)).

3. nanos-open (respne-open) set (13) if,,(C,(0)) C C,(1,(O ).
4. nano nowhere dense (respnowhere dense) (4)§,(C,(0)) =

Definition 2.8. A subseD of an ideal nano spacg/, N, I), is called a

1. nano pref-open (resppre-nI-open) (10) ifO C I,,(C*(0)).
2. nano semi-open (resp. semid-open) (10) ifO C Cx(1,,(0)).

3. nanoa-I-open (respa-nl-open) (10) ifO C 1,(C%(1,(0))).

4. strongly nang3-l1-open (respS3-nl-open) (11) ifO C Cx((1,(Cx(0))).

Theorem 2.5.(10) In a nano spac€U, N, I), if O is a-nI-open, therO is semi-
nl-open.

Definition 2.9. (1) A functionf : (U,N,I) — (V,N") is said to be

1. a-nI-continuous iff ~*(H) is a-nI-open set iU, N, I) for everyn-open set
Hin (V,N").

2. presI-continuous iff 7' (H) is pren-open set iU, N, I) for everyn-open
setH in (V,N').

3. seminl-continuous iff ~!(H) is semin-open setifU, N, I') for everyn-open
setH in (V,N").

188



OnJj-open sets in ideal nano topological spaces

3 On-open sets in ideal nano space

Definition 3.1. A subsetO of an ideal nano spacé€lU, N/, I), is called a nano
Is-open (respnls-open) setifl,(C%(0)) C Cx(1,(0)).

Example 3.1.LetU = {Al, A, As, A4} with U/R = {{A2}7 {A4}, {Ah Ag}}
and X = {A3,A4}.
Then the nano topology = {, { A4}, {A1, A3}, {A1, A3, Ay}, U} and

I ={¢,{As}}. Clearthat{¢, { Az}, {As}, {As}, {A1, As}, { A2, As}, { A2, Ay},
{Al, AQ, Ag}, {Ala Ag, 144}7 U} iS TLL;'Open.

Proposition 3.1. Let (U, N, I) be an ideal nano space. Then a subset/of
seminl-open < ifitis bothnls-open andS3-nl-open.

Proof.

Necessity Let O be a semir/-open, then we hav® C Cx(1,(0)) C
C*(I,(Cx(0))). This show thav is S3-nI-open.

Moreover,I,,(Cx(0)) C Cx(0O) C CH(C:(1,(0))) = Cx(1,(0)). Therefore
O isnls-open.

Sufficiency.Let O benls-open andSg-nl-open, then we havg,(C*(0)) C
C*(I,(0)). Thus we obtain that’s (1,,(Cx(0))) C Cx(Cx(1,,(0))) = C:(1,(0)).
SinceO is §3-nI-open, we have® C C*(I,(C*(0))) C C*(1,(0)) andO C
C*(1,(0)). HenceO is seminI-open. O

Proposition 3.2. Let (U, N, I) be an ideal nano space. Then a subset/of
a-nl-open < ifitis bothnls;-open and pre:I-open.

Proof.

Necessity Let O be aa-nI-open, since everg-nl-open set is semi-/-open
(10), by Proposition 3.0 is anls;-open set. Now we prove thét C I1,,(Cx(0)).
SinceO is a-nI-open set, we hav® C I,,(Cx(1,(0))) C I,,(Cx(0)). HenceO
is a prenl-open set.

Sufficiency.Let O be anls-open and prerI-open. Then we havg,(C*(0)) C
C*(I,(0)) and hencd,,(Cx(0)) C I,(Cx(I,(0))). SinceO is prenl-open, we
haveO C I,(C*(0O)). Therefore we obtain thab C 7,,(C*(I,(0))) and hence
O iaa-nl-open. n

Remark 3.1. In (U, N, I) ideal nano space.

1. SB-nI-open anduls-open are independent.
2. prenl-open andhls-open are independent.

Example 3.2.1n Example 3.1,
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1. the sef{ A, } is S@-nI-open set but natls-open.

2. the sef{ A,} is notSB-nl-open but/s-open.

3. the sef{ A;, A} is presnI-open but not/s-open.
4. the sef Ay, A3} is not prenl-open but/s-open.

Proposition 3.3. Let O, P be subsets of an ideal nano spaéé N, I). If O C
P C Cx(0) and O isnIs-open, therP is nls-open.

Proof.

Suppose thad C P C C*(O) andO isnls-open. Then, sinc® is nls-open,
we haverl,,(C*(0)) C C*(I,(0)). Since,0 C P, CX(I,(0)) C Cx(I(P)) and
I,(Cx(0)) C Cx(I,(P)). SinceP C C*(0), we haveC*(P) C Cx(C*(0)) =
C*(0) and I,(Cx(P)) C I,(Cx(0O)). Therefore, we obtain that,(C:(P)) C
C*(1,(P)). This show that” is anls-open. O

Proposition 3.4. let O, P and @ be subsets of an ideal nano spaée N, I). If
O is nls-open, therD = P U @, whereP is a-nI-open,I,(Cx(Q)) = ¢ and
PNQ = .

Proof.

Suppose thaO is nls-open. Then we havé,(C*(0O)) C C*(I,(0)) and
1,(C}(0)) € 1(Ch(1,0))).

Now we haveO = (I,(C3(0)) N O) U (O — L,(C%(0))). Now, we set
P=1,(C:x0O))n O and@ = O — I,(Cx(0)).

We first show that” is a-nl-open, thatisp C I,(C*(I,(P)). Now we have
Ln(Ch(In(P)) = In(C}(In(In(CF(0)) N 0))) = L(C(1(C7(0)) N 1,(0))) =
I,(Cx(1,(0))). SinceO isnls-open,l,(Cx(1,(0))) 2 I,(Cx(0)) 2 P and thus
P is a-nI-open.

Next we show thaf,,(C*(Q)) = ¢. SinceN' C N*, C*(K) C C,(K) for any
subsetk” of U. Therefore, we havg, (Cx(Q)) = 1,(CH(ON(U—-1,(C:(0))))) C
L(C2(0) N L(C4(U — 1,(C3(0)))) € L(CA(0)) N [i(Ca(U —1,(C(0))))
I,(C3(0) N (U = L,(C3(0))) = ¢

It is obvious thatP N Q = (1,(C:(0)) N O) N (O — 1,(Cx(0))) = ¢.

O

Remark 3.2. In an ideal nano spacéU, N, I), ne-open andnls-open sets are
independent.

Example 3.3.1n Example 3.1,

1. the sef{ A, A,} is ne-open but nok/s-open.
2. the sef{ A3} is notne-open butr;-open.
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Proposition 3.5. Let (U, N, I) be an ideal nano space ar@d C U. If O is both
nls-open andhs-closed, therD is ans-open.

Proof.
SinceO is ns-closed,z,(C,(0)) € O and hencd,,(

Cn
[,(Cn(0)) € 1,(0) € 1,(C3(0)) € Cr(1,(0 )) [,(O)V

0)) = 1,(0). Thus,
I

n (In(0))5- (In(0));, €
C,(I,(0)) and hence we obtaif},(C,,(0)) C C,(I,(0)). This show thav is
ne-open. [

Proposition 3.6. Let (U, NV, I) be an ideal nano space. Lét= {¢} or I = H,
whereH is the ideal of.--nowhere dense. Then a sub&edf U is nls-open <—-
O is ane-open.

Proof.

1. Let] = {¢}. Then for every subsed of U, O} = C,(0) andC}(0) =
OUO; =0UC,(0) = C,(0). Therefore, the statement holds obviously.
2. Let] = H, we haveO} = C,(1,(C,(0))).
First, letO be ane-open. Then/,,(C,(0)) C C,(1,
1,(07U0) € I(Cr(0)U0) = I(Cr(0)) € Cr(In(
(1n(0));, € C(1n(0)).
ThereforeO isnls-open set. Next, 1D be anls-open set. Thelﬁn(C*( ) C
C(1,(0)). We havel, (C,(0)) = 1,(Co(1n(C.(0)))) = 1,(0) C L, (O} U
0) = I,(C3(0)) € C;(1,(0)) = (1n(0));, U 1n(0) = Cn(1n(C(1n(0)))) U
I,(0) = C,(1,(0)). Thereforeps-open. N

(0)) andf (CH(0)) =
0)) = Cu(In(Cn(1:(0)))) =

4 On semid-nl-continuous
Definition 4.1. A functionf : (U,N,I) — (V,N") is called a

1. semié-nl-continuous if everyl € N, f~*(H) € nls-open.
2. strongB-nI-continuous (respS3-nI-continuous) ifeveryd € N7, f~1(H) €
SpB-nI-open.

Theorem 4.1. For a functionf : (U,N,I) — (V,N’), the following properties
are equivalent.

1. fis semin/-continuous.
2. fis §B-nI-continuous and sendi-n/-continuous.

Proof.
The proof is obvious by Propositidhl. ]
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Theorem 4.2. For a functionf : (U,N,I) — (V,N’), the following properties
are equivalent.

1. fis a-nI-continuous.
2. fis prenl-continuous and semi{-continuous.
3. fis prenl-continuous and sendi-n/-continuous.

Proof.
The proof is obvious by Proposition 3.1 and Proposiiah ]

5 Conclusion

Because of the spaces is stripped of the geometric form and its is used to mea-
sure thing that are difficult to measure, such as intelligence, beauty and goodness.
In this paper, different type of ideal nano continuity and ideal nano closed sets are
introduced and studied. Also, we introduce an applications example in ideal nano
topology. Some applications on them are given in some real life branches such as
medicine and physics.

References

[1] V. Inthumathi, R. Abinprakash and M. Parveen BaSome weaker form of
continuous and irresolute mapping in nano ideal topological spabms;nal
of new results in science, 8(1)(2019), 14-25.

[2] K. Kuratowski, Topology Vol I. Academic Press (New York) 1966.

[3] M. Lellis Thivagar and Carmel Richar@n nano forms of weakly open sets
International Journal of Mathematics and Statistics Invention,1(1)(2013),
31-37.

[4] M. Lellis Thivagar, Saeid Safari and V. Sutha Dev®n new class
of contra continuity in nano topologyAvailable on researchgate in
https://www.researchgate.net/ publication /315892547.

[5] O. Nethaji, R. Asokan and |. Rajasekardtew generalized classes of an
ideal nano topological spaceBull. Int. Math. Virtual Inst., 9(3)(2019), 543-
552.

[6] M. Parimala, T. Noiri and S. Jafarhew types of nano topological spaces
via nano idealgto appear).

[7] M. Parimala and S. Jafarn some new notions in nano ideal topological
spacesinternational Balkan Journal of Mathematics(IBJM), 1(3)(2018), 85-
92.

192



OnJj-open sets in ideal nano topological spaces

[8] M. Parimala, S. Jafari and S. MuralNano ideal generalized closed sets
in nano ideal topological spaceg&nnales Univ. Sci. Budapest., 60(2017),
3-11.

[9] Z. Pawlak,Rough setsinternational journal of computer and Information
Sciences, 11(5)(1982), 341-356.

[10] I. Rajasekaran and O. Netha@jmple forms of nano open sets in an ideal
nano topological spacegournal of New Theory, 24(2018), 35-43.

[11] 1. RajasekaranWeak forms of strongly nano open sets in ideal nano topo-
logical spacesAsia Mathematika, 5(2)(2021), 96-102.

[12] I. Rajasekaran and O. Nethdjnified approach of several sets in ideal nan-
otopological spacesAsia Mathematika, 3(1)(2019), 70-78.

[13] I. Rajasekaran, M. Meharin and O. Neth&in new classes of some nano
open setsinternational Journal of Pure and Applied Mathematical Sciences,
10(2)(2017, 147-155.

[14] A. Revathy and G. llango, On nan@-open setsnt. Jr. of Engineering,
Contemporary Mathematics and SciencH2)2015, 1-6.

[15] R. Vaidyanathaswamjyfhe localization theory in set topologlyroc. Indian
Acad. Sci., 20(1945), 51-61.

[16] R. VaidyanathaswamySet topology Chelsea Publishing Company, New
York, 1946.

193



