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1. Introduction

In 1970, Levine [11] introduced the generalized closed sets and after that many
authors introduced and studied many types of generalized closed sets in topological
spaces. In the continuity, locally closedness was done by Bourbaki [4]. He defined a set
A to be locally closed if it is the intersection of an open set and a closed set. In literature
many general topologists introduced the studies of locally closed sets. Extensive
research on locally closedness and generalizing locally closedness were done in recent
years. Stone [16] used the term FG for a locally closed set. Ganster and Reilly used
locally closed sets in [6] to define LC-continuity and LC-irresoluteness. Balachandran et
al [3] introduced the concept of generalized locally closed sets. Veera Kumar [18]
(Sheik John [15]) introduced g-locally closed sets (@ -locally closed sets) respectively.

In this paper, we introduce the new notions called 8-J-locally closed sets, 8-7-locally
closed sets and 8-9-closed functions and investigated their properties and also we have
studied their relations to the other types of locally closed sets with suitable examples.
Finally we introduce the notion @-J-submaximal spaces and also investigated the
properties with examples.

2. Preliminaries

An ideal J on a topological space (briefly, TPS) (X, 1) is a nonempty collection of
subsets of X which satisfies

(1) AeJ and BcA=BeJ and

(2) AeJ and BEg=AUBEJ.

Given a topological space (X, t) with an ideal J on X if o(X) is the set of all subsets of
X, a set operator ( *)*: p(X)— (X), called a local function [10] of A with respect to t
and J is defined as follows: for A X, A*(J, 1)={ x € X : UNA ¢J forevery U € 1(x)}
where ©(x)={U € t : x € U}. A Kuratowski closure operator cl*( *) for a topology
(J, 1), called the x-topology and finer than t, is defined by cl*(A) = A UA*(J, 1) [10].
We will simply write A*for A*(J, t) and t for t*(J, t). If J is an ideal on X, then (X, 1,
J) is called an ideal topological space(briefly, ITPS). A subset A of an ideal topological
space (X, t, J) is x-closed (briefly, x-cld) [10] if A*CA. The interior of a subset A in (X,
( J)) is denoted by int*(A).

Definition 2.1 A subset K of a TPS X is called:

M semi-open set [9] if Kc cl(int(K));

(i)  a-open set [9] if K < int(cl(int(K)));

(i) regular open set [12] if K = int(cl(K));

The complements of the above mentioned open sets are called their respective closed
sets.

Definition 2.2 A subset K of a TPS X is called

(1) g -closed set (briefly, g -cld) [11] if cl(K) < V whenever K < V and V is open.
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(i) semi-generalized closed (briefly, sg-cld)[7] if scl(K) <V whenever KcV and V
IS semi-open.

(iii)  generalized semi-closed (briefly, gs-cld)[18] if scl(K) <V whenever KcV and V
is open.

(iv)  g-closed set [18] (w-cld set [18]) if cl(K) < V whenever K — V and V is semi-
open in X.

The complements of the above mentioned closed sets are called their respective open
sets.

Definition 2.3 A subset K of a ITPS X is called

(i) Jq-closed (briefly, Jq-cld) set [9] if K* < V whenever K < V and V is open.

The complements of the above mentioned closed sets are called their respective open
sets.

Definition 2.4 A subset K of a space X is called a regular generalized closed (briefly,
rg-closed) set [12] if cl(K) <V whenever KcV and V is regular open in X. The
complement of rg-closed set is called rg-open set;

Remark 2.5
The collection of all rg-closed sets in X is denoted by RG C(X).
The collection of all rg-open sets in X is denoted by RG O(X).

Definition 2.6 A subset K of a space X is called
i. generalized locally closed (briefly, glc) [2] if A =V~ F, where V is g-open and F is
g-closed in X.
ii. semi-generalized locally closed (briefly, sglc) [13] if K =V~ F, where V is sg-open
and F is sg-closed in X.
iii. regular-generalized locally closed (briefly, rg-Ic) [1] if K=V~ F, where V is rg-open
and F is rg-closed in X.
iv. generalized locally semi-closed (briefly, glsc) [8] if K=V F, where V is g-open and
F is semi-closed in X.
v. locally semi-closed (briefly, Isc) [8] if K = VA F, where V is open and F is semi-
closed in X.
vi.« -locally closed (briefly, « -Ic) [8] if K =V F, where V is « -open and F is « -
closed in X.
vii. @ -locally closed (briefly, @-Ic) [15] if K =V F, where V is @-open and F is @ -
closed in X.
The class of all generalized locally closed (resp. generalized locally semi-closed, locally
semi-closed, w -locally closed) sets in X is denoted by GLC (X) (resp.GLSC (X), LSC
(X), @-LC(X)).

Definition 2.7 A topological space X is called
i.submaximal [5, 18] if every dense subset is open.
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Ii.g (or @ )-submaximal [15, 18] if every dense subset is @ -open.
iii.g-submaximal [2] if every dense subset is g-open.
iv.rg-submaximal [12] if every dense subset is rg-open.

Theorem 2.8 Let X be a topological space

i.If X is submaximal, then X is g-submaximal.
i.If X is g-submaximal, then X is g-submaximal.

IILIf X is g-submaximal, then X is rg-submaximal.

3. 8-F-Locally Closed Sets

We introduce the following definition.

Definition 3.1 A subset K of X is called

(i)  6-7-closed (briefly, 8-7-cld) if K* — V whenever K — V and V is sg-open.

The complement of 8-7-cld is called 8-7-open.

The family of all 8-7-cld in X is denoted by §-7C(X).

(ii)  G-3-locally closed (briefly, 8-7-Ic) if K =S n G, where S is §-7-open and G is
g-7-cld.

(iii)  Afunction f: (X, 1, 7) = (Y, o) is called 8-7-continuous if the inverse

image of every closed set in Y is 6-7-cld set in X.

The class of all 8-7-locally closed sets in X is denoted by 8-7-LC(X).

Proposition 3.2 Every 8-J-cld (resp. 8-J-open) set is 8-J-Ic set but not conversely.
Proof
It follows from Definition 3.1 (i) and (ii).

Example 3.3 Let X = {p, q, r} and © = {¢, {q}, X} with 7 = {¢}. Then the set {q} is 0-

J-Ic set but it is not 8-F-closed and the set {p, r} is 8-7-Ic set but it is not 8-7-open in
X.

Proposition 3.4 Every Ic set is 8-3-Ic set but not conversely.
Proof
It follows from Proposition 3.2.

Example 3.5 Let X = {p, q, r} and t = {¢, {q, r}, X} with 7 = {d}. Then the set {q} is
0-7-Ic set but it is not Ic set in X.

Proposition 3.6 Every 8-7-Ic set is a (i) w-Ic set, (ii) glc set and (iii) sglc set. However
the separate converses are not true.
Proof
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It is obviously.

Example 3.7 Let X = {p, q, r} and = = {¢, {p}, X} with 7 = {¢}. Then the set {b} is glc
set but it is not 8-7-Ic set in X. Moreover, the set {r} is sglc set but it is not 8-3-Ic set in
X.

Example 3.8 Let X = {p, q, r} and t = {d, {q}, {p, r}, X} with 7 = {¢}. Then the set
{p}is w-Ic set but it is not 8-7-Ic set in X.

Remark 3.9 The concepts of « -lc sets and 8-7-Ic sets are independent of each other.

Example 3.10 The set {qg, r} in Example 3.3 is « -Ic set but it is not a 8-J-Ic set in X
and the set {p, g} in Example 3.5 is 8-J-Ic set but it is not an « -lc set in X.

Remark 3.11 The concepts of Isc sets and 8-3-Ic sets are independent of each other.

Example 3.12 The set {p} in Example 3.3 is Isc set but it is not a 8-7-Ic set in X and the
set {p, q} in Example 3.5 is 8-7-Ic set but it is not a Isc set in X.

Remark 3.13 The concepts of 8-3-Ic sets and glsc sets are independent of each other.

Example 3.14 The set {q, r} in Example 3.3 is glsc set but it is not a 8-3-Ic set in X and
the set {p, q} in Example 3.5 is 8-J-Ic set but it is not a glsc set in X.

Remark 3.15 The concepts of 8-3-Ic sets and sglc” sets are independent of each other.

Example 3.16 The set {q, r} in Example 3.3 is sglc” set but it is not a 8-J-Ic set in X
and the set {p, g} in Example 3.5 is 8-J-Ic set but it is not a sglc” set in X.

Theorem 3.17 For a T@-J-space X, the following properties hold

(i)  8-3-LC(X) = LC (X).

(i)  G-9-LC(X) =GLC (X).

(iii)  6-7-LC(X) < GLSC (X).

(iv)  8-7-LC(X) cw-LC (X).

Proof

(i)  Since every 8-7-open set is open and every 6-7-closed set is closed in (X, 1), 6-
7-LC(X) c LC (X) and hence 8-7-LC(X) = LC (X).

(i1), (i) and (iv) follows from (i), since for any space X, LC (X) cGLC (X), LC (X) c
GLSC (X) and LC (X) cw-LC (X).

Corollary 3.18 If G O(X) = 1, then 8-J-LC(X) = GLSC (X) c LSC (X).
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Proof

G O(X) = t implies that X is a T#-7-space and hence by Theorem 3.17, 8-7-LC(X) <
GLSC (X). Let Ke GLSC (X). Then K=V F, where V is g-open and F is semi-closed.
By hypothesis, V is open and hence K is a Isc-set and so Ke LSC (X).

Definition 3.19 A subset K of a space X is called:

(i)  8-3-1c” setif K=S n G, where S is 8-7-open in X and G is closed in X.

(i)  G-9-1c™ setif K= S~ G, where S is open in X and G is 8-7-closed in X.

The class of all 6-7-Ic* (resp. 8-7-1c™*) sets in a ideal topological space X is denoted by
6-7-LC*(X) (resp. 6-I-LC**(X)).

Proposition 3.20 Every lc-set is 8-7-1c*set but not conversely.
Proof
It follows from Definition 3.19 (i) and Definition of locally closed set.

Example 3.21 The set {q} in Example 3.5 is 8-J-Ic*set but it is not a Ic set in X.

Proposition 3.22 Every Ic-set is 8-J-Ic** set but not conversely.
Proof
It follows from Definition 3.19 (ii) and Definition of locally closed set.

Example 3.23 The set {p, r} in Example 3.5 is 8-J-Ic* set but it is not a Ic set in X.

Proposition 3.24 Every 8-7-1c"set is 8-J-Ic set but not conversely.
Proof
It follows from Definitions 3.1 and 3.19 (i).

Example 3.25 The set {p, q} in Example 3.5 is 8-7-Ic set but it is not a 8-J-Ic" set in
X.

Proposition 3.26 Every 8-7-1c* set is 8-7-Ic set but not conversely.
Proof
It follows from Definitions 3.1 and 3.19 (ii).

Remark 3.27 The concepts of 8-3-Ic*sets and Isc sets are independent of each other.

Example 3.28 The set {r} in Example 3.5 is 8-3-Ic* set but it is not a Isc set in X and
the set {p} in Example 3.3 is Isc set but it is nota 8-7-1c*set in X.

Remark 3.29 The concepts of 8-J-1c* sets and « -lc sets are independent of each
other.
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Example 3.30 The set {p, q} in Example 3.5 is 8-7-Ic* set but it is not a « -Ic set in X
and the set {p, g} in Example 3.3 is « -Ic set butitis nota 8-7-1c™ set in X.

Remark 3.31 From the above discussions we have the following implications where A
— B (resp. A #— B) represents A implies B but not conversely (resp. A and B are

independent of each other).

0-I-1c* le

f-I-1c**

/

Ise { 6-I-lc ‘—-'—o a-le

glsc glé sgle w-le sgle*

Figure 1: Relations between some of generalized closed sets

Proposition 3.32 If G O(X) =1, then 8-J-LC(X) = 8-7-LC*(X) = 8-J-LC**(X).
Proof

For any space (X, 1), 1<6-7-O(X)c G O(X). Therefore by hypothesis, 8-7-O(X)
=1.i.e., (X, 1) is a TH-Jspace and hence -7-LC(X) = §-7-LC*(X) = §-7-LC**(X).

Remark 3.33 The converse of Proposition 3.32 need not be true.
For the ideal topological space X in Example 3.3. 8-7-LC(X) = 6-7-LC*(X) = -7-
LC**(X). However,G O(X) = {¢, {p}, {a}, {r} {p. a}. {a, r} X} =.

Proposition 3.34 Let X be an ideal topological space. If G O(X) cLC (X), then 6-3-
LC(X) = 8-3-LC**(X).

Proof

Let Ked-7-LC(X). Then K =S n G where S is 8-7-open and G is 8-7-closed. Since 8-
J-O(X)c G O(X) and by hypothesis G O(X) cLC (X), S is locally closed. Then S =P
M Q, where P is open and Q is *-closed. Therefore, K=P n (Q n G). We have, Q n G
is §-7-closed and hence Ke-7-LC**(X). i.e., 8-7-LC(X) <8-7-LC**(X). For any ideal
topological space, 8-7-LC**(X) c8-7-LC(X) and so 8-7-LC(X) = 8-7-LC**(X).

Remark 3.35 The converse of Proposition 3.34 need not be true in general.
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For the ideal topological space X in Example 3.3, then 6-7-LC(X) = 8-7-
LC**(X) = {¢, {a}, {p, r}, X}. But G O(X) = {¢, {p}, {a}, {r}, {p, a}, {a, 1}, X} <
LC (X) ={¢, {a}, {p. 1}, X}

Corollary 3.36 Let X be an ideal topological space. If @ O(X) cLC (X), then 6-7-
LC(X) = 8-3-LC**(X).
Proof

It follows from the fact that » O(X) <G O(X) and Proposition 3.34.

Remark 3.37 The converse of Corollary 3.36 need not be true in general.
For the ideal topological space X in Example 3.8, then 8-7-LC(X) = 6-7-

LC**(X) = {¢, {a}, {p., r}, X}. But @ O(X) = P(X) < LC (X) ={¢, {a}, {p, 1}, X}.
The following results are characterizations of -J-Ic sets, 8-7-1c*sets and 6-7-
Ic™ sets.

Theorem 3.38 Assume that 8-3-C(X) is closed under finite intersection. For a subset K
of X, the following statements are equivalent:

(i) Kef-7-LC(X).

(i) K =Snfd-7-cl(K) for some §-7-open set S.

(iii)  G-7-cl(K) —K is §-7-closed.

(iv)  Ku (8-7-cl(K))¢ is 8-7-open.

V) Kcd-g-int( KU (§-7-cI(K))°).

Proof

(i) = (ii). Let Kef-J-LC(X). Then K =S n G where S is 8-7-open and G is 6-7-
closed. Since Kc G, 8-7-cl(K) < G and so Sn8-7-cl(K) cK. Also Kc S and Kc6-7-
cl(K) implies K< S n-7-cl(K) and therefore K = Sng-7-cl(K).

(i) = (iii). K = Snd-7-cI(K) implies §-7-cI(K)—K = g-7-cI(K) ~ S¢ which is #-7-closed
since S¢is 8-7-closed and 8-7-cl(K) is -7-closed.

(i) = (iv). KU (8-7-cl(K))¢ = (8-7-cl(K)-K)¢ and by assumption, (6-7-cl(K) —K)® is 8-
J7-open and so is Ku (8-7-cl(K))C.

(iv) = (v). By assumption, Ku (8-7-cl(K))¢ = -7-int(Ku(8-7-cl(K))®) and hence K<6-
7-int(KU (G-7-cI(K))°).

(V)= (i). By assumption and since Kc-7-cl(K), K=8-7-int(Ku(8-7-cl(K))¢) nE-7-
cl(K). Therefore, Ked-7-LC(X).

Theorem 3.39 For a subset K of X, the following statements are equivalent:
i.Ked-7-LC*(X).
ii.K =S nK* for some §-7-open set S.
iii.K*—K is §-7-closed.
iv.KU (K*)¢ is §-7-open.
Proof
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(i) = (ii). Let Ked-7-LC*(X). There exist an -7-open set S and a *-closed set G such
that K =S n G. Since Kc S and KcK*, Kc S nK*. Also, since K*c G, SNK*c S N
G = K. Therefore K =S nK*,

(ii) = (i). Since S is -7-open and K* is a *-closed set, K = S nK*e8-7-LC*(X).

(ii) = (iii). Since K*~K =K*n S¢, K*—K is §-7-closed.

(iii) = (ii). Let S = (K*—K)®. Then by assumption S is -7-open in X and K = S nK*,
(iii) = (iv). Let G = K*~K. Then G® = KU (K*)¢ and Ku (K*)® is 8-7-open.

(iv) = (iii). Let S =KuU (K*)¢. Then S is 8-J-closed and S¢ =K*~K and so K*~K is
6-7-closed.

Theorem 3.40 Let K be a subset of X. Then Ke@-J-LC**(X) if and only if K =S n@-
J-cl(K) for some open set S.

Proof Let Ke@-J-LC**(X). Then K =S n G where S is open and G is 8-J-closed.
Since Kc G, 8-3-cl(K) < G. We obtain K = Kn8-7-cl(K) = S n G n8-J-cl(K) = S
NG-3-cl(K).

Converse part is trivial.

Corollary 3.41 Let K be a subset of X. If Ke8-J-LC**(X), then 8-J-cl(K)-K is 8-7-
closed and Ku (8-7-cl(K))¢ is 8-J-open.

Proof

Let Ked-7-LC**(X). Then by Theorem 3.40, K = S~g-7-cl(K) for some open set S and
0-7-cl(K)-K = 8-7-cl(K) n S¢is 8-7-closed in X. If G = §-7-cl(K) —K, then G¢ = KU
(6-7-cl(K))*and G€ is 8-7-open and so is Ku (8-7-cl(K))C.

4. 8-3-Submaximal Spaces
Definition 4.1

A subset K of a space X is called J-dense if K* = X.
A subset K of a space X is called Jg-submaximal if every J-dense subset is Jg-open.

Proposition 4.2 Every 8-7-dense set is J-dense.

Proof Let K be an 8-7-dense set in X. Then 8-7-cl(K) = X. Since 8-J-cl(K) < cl(K), we
have K* = X and so K is J-dense.

The converse of Proposition 4.2 need not be true as can be seen from the following
example.

Example 4.3 The set {p, r} in Example 3.5 is a J-dense in X but it is not 8-7-dense in
X.
We introduce the following definition.

Definition 4.4 An ideal topological space X is called 8-J-submaximal if every J-dense
subset in it is @-7-open in X.
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Proposition 4.5 Every submximal space is 8-7-submaximal.

Proof Let X be a submximal space and K be a J-dense subset of X. Then K is open. But
every open set is @-J-open and so K is 8-J-open. Therefore, X is 8-J-submaximal.

The converse of Proposition 4.5 need not be true as can be seen from the following
example.

Example 4.6 For the ideal topological space X of Example 3.5, every J-dense subset is
6-7-open and hence X is 8-J-submaximal. However, the set K = {p, q} is J-dense in X,
but it is not open in X. Therefore, X is not submaximal.

Proposition 4.7 Every 8-J-submaximal space is « -submaximal.

Proof Let X be an 8-7-submaximal space and K be a J-dense subset of X. Then K is 8-
J-open. But every @-J-open set is w-open and so K is w-open. Therefore, X is o -
submaximal.

The converse of Proposition 4.7 need not be true as can be seen from the following
example.

Example 4.8 Consider the ideal topological space X in Example 3.8. Then X is @-
submaximal but it is not 8-7-submaximal, because the set K = {q, r} is a J-dense set in
X but it is not 8-7-open in X.

Remark 4.9 From Propositions 4.5, 4.7, we have the following diagram:
submaximal—» -7-submaximal —w -submaximal JIgpsubmaximal

|

rg-submaximal

Theorem 4.10 A space X is 8-F-submaximal if and only if P(X) = 8-7-LC*(X).

Proof

Necessity. Let Ke P(X) and let V = Ku (K*)®. This imply that V* = K*uU (K*)¢ = X.
Hence V* = X. Therefore, V is a dense subset of X. Since X is 8-7-submaximal, V is 8-
J-open. Thus Ku (K*) is 8-7-open and by Theorem 3.39, we have Ke8-7-LC*(X).
Sufficiency. Let K be a I-dense subset of X. This implies Ku (K*)°= KUX® = Ku¢ = K.
Now K e8-7-LC*(X) implies that K = KU (K*)® is 8-7-open by Theorem 3.39. Hence X
is §-7-submaximal.
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Remark 4.11 Union of two 8-7-Ic sets (resp. 8-J-Ic” sets, 8-J-Ic* sets) need not be an
0-7-Ic set (resp. B-J-Ic” set, 8-7-1c™* set) as can be seen from the following examples.

Example 4.12 Let X= {p, q, r} with = = {¢, {p}, {p, q}, X}. Then 8-7-LC(X) ={¢, {p}.
{a}, {r}, {p, a3}, {a, r}, X}. Then the sets {p} and {r} are B-J-Ic sets, but their union {p,
r} £6-3-LC(X).

Example 4.13 Let X= {p, q, r} and t = {¢, {qa}, {p, q}, X} with 7 = {¢}. Then 8-7-

LC*(X) ={o, {p}, {a}, {r}, {p, a}, {p. r}, X}. Then the sets {q} and {r} are 6-J-Ic’
sets, but their union {q, r} 6-3-LC*(X).

Example 4.14 Let X= {p, q, r} and © = {¢, {q}, {q, r}, X} with 7 = {¢}. Then 8-3-
LC**(X) ={4, {p}, {a}, {r}, {p. r}, {a, r}, X}. Then the sets {p} and {q} are 8-7-1c*™
sets, but their union {p, q} ¢@-J-LC**(X).

We introduce the following definition.

Definition 4.15 Let K and B be subsets of X. Then K and B are said to be 8-7-
separated if Kn@-7-cI(B) = ¢ and 8-J-cl(K) N B = ¢.

Example 4.16 For the ideal topological space X of Example 3.5. Let K = {q} and let B
= {r}. Then 8-3-cl(K) = {p, q} and 8-J-cI(B) = {p, r} and so the sets K and B are 8-3-
separated.

Proposition 4.17 Assume that 8-J-O(X) forms an ideal topology. For the ideal
topological space X, the followings are true
i.Let K, B €6-7-LC(X). If K and B are §-7-separated then Ku B €6-7-LC(X).

ii.Let K, B €0-7-LC*(X). If A and B are separated (i.e., KnB* = ¢ and K*n B = ¢),
then KU B €6-7-LC*(X).

iii.Let K, B €6-7-LC**(X). If K and B are §-7-separated then KU B €6-7- LC**(X).
Proof
(1) Since K, B €6-7-LC(X), by Theorem 3.38, there exist 6-7-open sets U and V of
X such that K = Ung-7-cl(A) and B = Vn8-7-cI(B) . Now G = U N (X —6-7-cl(B)) and
H =V n (X -8-7-cl(K)) are 8-7-open subsets of X. Since Knd-7-cl(B) = ¢, Kc (6-7-
cl(B))®. Now K = U n8-7-cl(K) becomes K (8-7-cl(B))¢ = G nF-7-cl(K). Then K = G
NG-3-cl(K). Similarly B = HN8-7-cl(B). Moreover GNd-7-cl(B) = ¢ and HNF-7-cl(K)
= ¢. Since G and H are §-7-open sets of X, G U H is 8-7-open. Therefore KU B = (G U
H) n@-7-cl(Ku B) and hence A U B €6-7-LC(X).
(it) and (iii) are similar to (i), using Theorems 3.39 and 3.40.
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Remark 4.18 The assumption that K and B are 8-J-separated in (i) of Proposition 4.17
cannot be removed. In the ideal topological space X in Example 4.12, the sets {p} and
{r} are not @-J-separated and their union {p, r} ¢8-J-LC(X).

Lemma 4.19 For an x €X, x €B8-3-cl(K) if and only if V n K =¢ for every 8-J-open set
V containing X.

Proof

Let xed-7-cl(K) for any xeX. To prove V n K =4 for every 8-7-open set V containing
X. Prove the result by contradiction. Suppose there exists a 8-7-open set \V containing x
such that V n K = ¢. Then K <V° and V¢ is 8-7-cld. We have 8-7-cl(K) cVC. This
shows that x ¢8-7-cl(K) which is a contradiction. Hence V n K #¢ for every 6-7-open
set V containing X.

Conversely, let V K =¢ for every §-7-open set V containing x. To prove x €8-7-cl(K).
We prove the result by contradiction. Suppose x 8-7-cl(K). Then there exists a §-7-cld
set F containing K such that xgF. Then xeF°® and F¢ is 8-7-open. Also, F°'nK = ¢,
which is a contradiction to the hypothesis. Hence x €8-7-cl(K).

Theorem 4.20 Suppose that A is 8-J-open in X and that B is 8-J-open in Y. Then A x
B is -7-openin X X Y.

Proof

Suppose that F is x-cld and hence sg-cld in X x Y and that F < A x B. It suffices to
show that F cint(A x B).

Let (x,y) € F. Then, foreach (x,y) e F, {x})* x {y})* = ({x} x {y}H)* = {x, y})*
F* = F < A x B. Two =-cld sets ({x})* and ({y})* are contained in A and B
respectively. It follows from the assumption that ({x})*c int(A) and that ({y}* <
int(B). Thus (x, y) € ({x})* x {y}H* < int(A) x int(B) < int(A x B). It means that, for
each (x, y) € F, (x, y)eint(A x B) and hence F c int(A x B). Therefore, A x B is §-7-
openin XXxY.

Theorem 4.21 The following are equivalent for a function f: (X, t, 1) > (Y, o)

i f is §-7-continuous.

ii. The inverse image of a regular closed set of Y is -7-open in X.
iii. f1(int(V*)) is 8-7-closed in X for every open subset VV of Y.

Iv. fL((int(F))*) is G-7-open in X for every closed subset F of Y.
V. f1(U*) is 6-7-open in X for every U epO(Y).

Vi. f1(U*) is 8-7-open in X for every U e SO(Y).

vii.  FY(int(U*®)) is 8-7-closed in X for every U e PO(Y).

Proof

(i) < (ii). Obvious.

(i) < (iii). Let V be an open subset of Y. Since int(V*) is regular open, f(int(V*)) is 8-
J-closed. The converse is similar.
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(i) < (iv). Similar to (i) < (iii).

(i) = (v). Let U be any B-open set of Y. We have U* is regular closed. Then by (ii)
f1(U*) is 6-7-open in X.

(V) = (vi). Obvious from the fact that SO(Y) <BO(Y).

(vi) = (vii). Let UePO(Y). Then Y\ int(U*) is regular closed and hence it is semi-open.
Then, we have X\f1(int(U*)) = f1(Y\int(U*)) = f1((Y\int(U*))*) is -J-open in X.
Hence f1(int(U*)) is 8-7-closed in X.

(vii) = (i). Let U be any regular open set of Y. Then UePO(Y) and hence f(U) =
f1(int(U*)) is 8-7-closed in X.

Proposition 4.22 A function f : (X, t, 1) = (Y, o) is 8-J-continuous if and only if
f1(U) is @-J-openin X, for every opensetUinY.
Proof
Let f: (X, 1, ) = (Y, o) be 8-7-continuous and U be an open set in Y. Then UC is
closed in Y and since f is 8-7-continuous, f1(U°) is 8-7-cld in X. But f1(U°) = (f(U))°
and so f1(U) is 8-7-open in X.

Conversely, assume that f*(U) is 8-7-open in X, for each open set U in Y. Let F
be a closed set in Y. Then F¢ is open in Y and by assumption, f1(F°) is 6-7-open in X.
Since f1(F%) = (F1(F))¢, we have f(F) is -7-cld in X and so f is #-7-continuous.

Theorem 4.23 If f: (X, 1, 1) > (Y, 6) is @-J-continuous and pre-sg-closed and if A is
an B8-7-open (or 8-J-cld) subset of Y, then f1(H) is 8-7-open (or 8-7-cld) in X.

Proof

Let H be an 6-7-open set in Y and F be any sg-closed set in X such that F < f(H).
Then f(F)  H. By hypothesis, f(F) is sg-closed and H is 8-7-open in Y. Therefore, f(F)
c int(H) and so F c f(int(H)). Since f is 8-7-continuous and int(H) is open in Y,
f1(int(H)) is 8-7-open in X. Thus F < int(Fi(int(H))) cint(fF1(H)). i.e., F < int(F*(H))
and f(H) is 6-7-open in X. By taking complements, we can show that if H is 6-7-cld
inY, f(H) is 8-7-cld in X.

5. Conclusion

The notions of sets and functions in ideal topological spaces and fuzzy topological

spaces are extensively developed and used in many engineering problems, information
systems, particle physics, computational topology and mathematical sciences.
By researching generalizations of closed sets, some new separation axioms have been
founded and they turn out to be useful in the study of digital topology. Therefore, all
topological functions defined in this thesis will have many possibilities of applications
in digital topology and computer graphics.
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