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Abstract 

In this paper, we introduce the new notions called 𝜽̆-𝓘-locally closed sets, 𝜽̆-𝓘-locally 

closed sets and 𝜽̆-𝓘-closed functions and investigated their properties  and also we have 

studied their relations to the other types of locally closed sets with  suitable examples. 

Finally we introduce the notion 𝜽̆-𝓘-submaximal spaces and also investigated the 

properties with examples. 
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1. Introduction 

In 1970, Levine [11] introduced the generalized closed sets and after that many 

authors introduced and studied many types of generalized closed sets in topological 

spaces. In the continuity, locally closedness was done by Bourbaki [4]. He defined a set 

A to be locally closed if it is the intersection of an open set and a closed set. In literature 

many general topologists introduced the studies of locally closed sets. Extensive 

research on locally closedness and generalizing locally closedness were done in recent 

years. Stone [16] used the term FG for a locally closed set. Ganster and Reilly used 

locally closed sets in [6] to define LC-continuity and LC-irresoluteness. Balachandran et 

al [3] introduced the concept of generalized locally closed sets. Veera Kumar [18] 

(Sheik John [15]) introduced ĝ-locally closed sets ( -locally closed sets) respectively.  

 

In this paper, we introduce the new notions called 𝜽̆-𝓘-locally closed sets, 𝜽̆-𝓘-locally 

closed sets and 𝜽̆-𝓘-closed functions and investigated their properties  and also we have 

studied their relations to the other types of locally closed sets with  suitable examples. 

Finally we introduce the notion 𝜽̆-𝓘-submaximal spaces and also investigated the 

properties with examples. 

 

2. Preliminaries 

An ideal I on a topological space (briefly, TPS) (X, τ) is a nonempty collection of 

subsets of X which satisfies  

(1) A∈I and B⊆A⇒B∈I and  

(2) A∈I and B∈I⇒A∪B∈I. 

Given a topological space (X, τ) with an ideal I on X if ℘(X) is the set of all subsets of 

X, a set operator ( •)⋆: ℘(X)→ ℘(X), called a local function [10] of A with respect to τ 

and I is defined as follows: for A ⊆X, A⋆(I, τ)={ x ∈ X : U∩A I  for every U ∈ τ(x)} 

where  τ(x)={U ∈ τ  :   x ∈ U}. A Kuratowski closure operator cl⋆( •) for a topology 

τ⋆(I, τ ), called the ⋆-topology and finer than τ, is defined by cl⋆(A) = A ∪A⋆(I, τ) [10]. 

We will simply write A⋆ for A⋆(I, τ) and τ⋆ for τ⋆(I, τ ). If I is an ideal on X, then (X, τ, 

I) is called an ideal topological space(briefly, ITPS). A subset A of an ideal topological 

space (X, τ, I) is ⋆-closed (briefly, ⋆-cld) [10] if A⋆⊆A. The interior of a subset A in (X, 

τ⋆( I)) is denoted by int⋆(A). 

 

Definition 2.1 A subset K of a TPS X is called: 

(i) semi-open set [9] if K cl(int(K)); 

(ii) 𝛼-open set [9] if K  int(cl(int(K))); 

(iii) regular open set [12] if K = int(cl(K)); 

The complements of the above mentioned open sets are called their respective closed 

sets. 

Definition 2.2 A subset K of a TPS X is called  

(i) 𝑔 -closed set (briefly, 𝑔 -cld) [11] if cl(K)  V whenever K  V and V is open. 
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(ii) semi-generalized closed (briefly, sg-cld)[7] if scl(K) V whenever KV and V 

is semi-open. 

(iii) generalized semi-closed (briefly, gs-cld)[18] if scl(K) V whenever KV and V 

is open.  

(iv) ĝ-closed set [18] ( -cld set [18]) if cl(K)  V whenever K  V and V is semi-

open in X. 

The complements of the above mentioned closed sets are called their respective open 

sets. 

 

Definition 2.3 A subset K of a ITPS X is called 

(i) Ig-closed (briefly, Ig-cld) set [9] if K*  V whenever K  V and V is open. 

The complements of the above mentioned closed sets are called their respective open 

sets. 

 

Definition 2.4 A subset K of a space X is called a regular generalized closed (briefly, 

rg-closed) set [12] if cl(K) V whenever KV and V is regular open in X. The 

complement of rg-closed set is called rg-open set; 

 

Remark 2.5 

The collection of all rg-closed sets in X is denoted by RG C(X). 

The collection of all rg-open sets in X is denoted by RG O(X). 

 

Definition 2.6 A subset K of a space X is called 

i. generalized locally closed (briefly, glc) [2] if A = V F, where V is g-open and F is 

g-closed in X.   

ii. semi-generalized locally closed (briefly, sglc) [13] if K = V F, where V is sg-open 

and F is sg-closed in X.    

iii. regular-generalized locally closed (briefly, rg-lc) [1] if K = V F, where V is rg-open 

and F is rg-closed in X.    

iv. generalized locally semi-closed (briefly, glsc) [8] if K = V F, where V is g-open and 

F is semi-closed in X. 

v. locally semi-closed (briefly, lsc) [8] if K = V F, where V is open and F is semi-

closed in X.    

vi. -locally closed (briefly,  -lc) [8] if K = V F, where V is  -open and F is  -

closed in X.   

vii. -locally closed (briefly,  -lc) [15] if K = V F, where V is  -open and F is  -

closed in X.   

The class of all generalized locally closed (resp. generalized locally semi-closed, locally 

semi-closed,  -locally closed) sets in X is denoted by GLC (X) (resp. GLSC (X), LSC

(X),  -LC(X)). 

 

Definition 2.7 A topological space X is called 

i.submaximal [5, 18] if every dense subset is open. 
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ii.ĝ (or )-submaximal [15, 18] if every dense subset is  -open. 

iii.g-submaximal [2] if every dense subset is g-open. 

iv.rg-submaximal [12] if every dense subset is rg-open. 

 

Theorem 2.8 Let X be a topological space 

 

i.If X is submaximal, then X is ĝ-submaximal. 

ii.If X is ĝ-submaximal, then X is g-submaximal. 

iii.If X is g-submaximal, then X is rg-submaximal. 

 

3. 𝜽̆-𝓘-Locally Closed Sets 

We introduce the following definition. 

 

Definition 3.1 A subset K of X is called 

(i) 𝜃̆-ℐ-closed (briefly, 𝜃̆-ℐ-cld) if  K*  V whenever K  V and V is sg-open. 

The complement of 𝜃̆-ℐ-cld is called 𝜃̆-ℐ-open. 

The family of all 𝜃̆-ℐ-cld in X is denoted by 𝜃̆-ℐC(X). 

(ii) 𝜃̆-ℐ-locally closed (briefly, 𝜃̆-ℐ-lc) if K = S  G, where S is 𝜃̆-ℐ-open and G is 

𝜃̆-ℐ-cld.  

(iii) A function f : (X, , ℐ) → (Y, ) is called 𝜃̆-ℐ-continuous if the inverse  

image of every closed set in Y is  𝜃̆-ℐ-cld set in X.  

The class of all 𝜃̆-ℐ-locally closed sets in X is denoted by 𝜃̆-ℐ-LC(X).   

 

Proposition 3.2 Every 𝜽̆-𝓘-cld (resp. 𝜽̆-𝓘-open) set is 𝜽̆-𝓘-lc set but not conversely. 

Proof 

It follows from Definition 3.1 (i) and (ii).  

 

Example 3.3 Let X = {p, q, r} and  = {, {q}, X} with 𝓘 = {}. Then the set {q} is 𝜽̆-

𝓘-lc set but it is not 𝜽̆-𝓘-closed and the set {p, r} is 𝜽̆-𝓘-lc set but it is not 𝜽̆-𝓘-open in 

X. 

 

Proposition 3.4 Every lc set is 𝜽̆-𝓘-lc set but not conversely. 

Proof 

It follows from Proposition 3.2.   

 

Example 3.5 Let X = {p, q, r} and  = {, {q, r}, X} with 𝓘 = {}. Then the set {q} is 

𝜽̆-𝓘-lc set but it is not lc set in X. 

 

Proposition 3.6 Every 𝜽̆-𝓘-lc set is a (i)  -lc set, (ii) glc set and (iii) sglc set. However 

the separate converses are not true. 

Proof 
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It is obviously.   

 

Example 3.7 Let X = {p, q, r} and  = {, {p}, X} with 𝓘 = {}. Then the set {b} is glc  

set  but it is not 𝜽̆-𝓘-lc set in X. Moreover, the set {r} is sglc set but it is not 𝜽̆-𝓘-lc set in 

X.  

 

Example 3.8 Let X = {p, q, r} and  = {, {q}, {p, r}, X} with 𝓘 = {}. Then the set 

{p} is  -lc set  but it is not 𝜽̆-𝓘-lc set  in X. 

 

Remark 3.9 The concepts of  -lc sets and 𝜽̆-𝓘-lc sets are independent of each other. 

 

Example 3.10 The set {q, r} in Example 3.3 is   -lc  set but it is not a 𝜽̆-𝓘-lc  set in X 

and the set {p, q} in Example 3.5 is 𝜽̆-𝓘-lc  set but it is not an  -lc set in X. 

 

Remark 3.11 The concepts of lsc sets and 𝜽̆-𝓘-lc sets are independent of each other. 

 

Example 3.12 The set {p} in Example 3.3 is lsc set but it is not a 𝜽̆-𝓘-lc set in X and the 

set {p, q} in Example 3.5 is 𝜽̆-𝓘-lc  set but it is not a lsc set in X. 

 

Remark 3.13 The concepts of 𝜽̆-𝓘-lc sets and glsc sets are independent of each other. 

 

Example 3.14 The set {q, r} in Example 3.3 is glsc set but it is not a 𝜽̆-𝓘-lc set in X and 

the set {p, q} in Example 3.5 is 𝜽̆-𝓘-lc set but it is not a glsc set in X.  

 

Remark 3.15 The concepts of 𝜽̆-𝓘-lc sets and 
sglc  sets are independent of each other. 

 

Example 3.16 The set {q, r} in Example 3.3 is 
sglc  set but it is not a 𝜽̆-𝓘-lc set in X 

and the set {p, q} in Example 3.5 is 𝜽̆-𝓘-lc set but it is not a 
sglc  set in X. 

 

Theorem 3.17 For a T𝜽̆-𝓘-space X, the following properties hold 

(i) 𝜃̆-ℐ-LC(X) = LC (X). 

(ii) 𝜃̆-ℐ-LC(X) GLC (X). 

(iii) 𝜃̆-ℐ-LC(X) GLSC (X). 

(iv) 𝜃̆-ℐ-LC(X)  - LC (X). 

Proof  

(i) Since every 𝜃̆-ℐ-open set is open and every 𝜃̆-ℐ-closed set is closed in (X, ),  𝜃̆-

ℐ-LC(X)  LC (X) and hence 𝜃̆-ℐ-LC(X) = LC (X). 

(ii), (iii) and (iv) follows from (i), since for any space X, LC (X) GLC (X), LC (X) 

GLSC (X) and LC (X)  - LC (X). 

 

Corollary 3.18 If  G O(X) = , then 𝜽̆-𝓘-LC(X) GLSC (X)  LSC (X).  

227



 

 

M. Vijayasankari &G. Ramkumar 

 

 

Proof 

G O(X) =  implies that X is a T𝜃̆-ℐ-space and hence by Theorem 3.17, 𝜃̆-ℐ-LC(X) 

GLSC (X). Let KGLSC (X). Then K = V F, where V is g-open and F is semi-closed. 

By hypothesis, V is open and hence K is a lsc-set and so K LSC (X). 

 

Definition 3.19 A subset K of a space X is called:  

(i) 𝜃̆-ℐ- lc  set if K= S  G, where S is  𝜃̆-ℐ-open in X and G is closed in X. 

(ii) 𝜃̆-ℐ- lc  set if K= S  G, where S is open in X and G is 𝜃̆-ℐ-closed in X. 

The class of all 𝜃̆-ℐ- lc  (resp. 𝜃̆-ℐ- lc ) sets in a ideal topological space X is denoted by 

𝜃̆-ℐ-LC*(X) (resp. 𝜃̆-ℐ-LC**(X)). 

 

Proposition 3.20 Every lc-set is 𝜽̆-𝓘- lc set but not conversely. 

Proof 

It follows from Definition 3.19 (i) and Definition of locally closed set. 

 

Example 3.21 The set {q} in Example 3.5 is 𝜽̆-𝓘- lc set but it is not a lc set in X. 

 

Proposition 3.22 Every lc-set is 𝜽̆-𝓘- lc set but not conversely. 

Proof 

It follows from Definition 3.19 (ii) and Definition of locally closed set. 

 

Example 3.23 The set {p, r} in Example 3.5 is 𝜽̆-𝓘- lc set but it is not a lc set in X. 

 

Proposition 3.24 Every 𝜽̆-𝓘- lc set is 𝜽̆-𝓘-lc set but not conversely. 

Proof 

It follows from Definitions 3.1 and 3.19 (i). 

 

Example 3.25 The set {p, q} in Example 3.5 is 𝜽̆-𝓘-lc set but it is not a 𝜽̆-𝓘- lc  set in 

X. 

 

Proposition 3.26 Every 𝜽̆-𝓘- lc set is 𝜽̆-𝓘-lc set but not conversely. 

Proof 

It follows from Definitions 3.1 and 3.19 (ii). 

 

Remark 3.27 The concepts of 𝜽̆-𝓘- lc sets and lsc sets are independent of each other. 

 

Example 3.28 The set {r} in Example 3.5 is 𝜽̆-𝓘- lc  set but it is not a lsc set in X and 

the set {p} in Example 3.3 is lsc set  but it is not a  𝜽̆-𝓘- lc set in X. 

Remark 3.29 The concepts of 𝜽̆-𝓘- lc sets and  -lc sets are independent of each 

other. 
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Example 3.30 The set {p, q} in Example 3.5 is  𝜽̆-𝓘- lc set but it is not a  -lc set in X 

and the set {p, q} in Example 3.3 is  -lc set  but it is not a  𝜽̆-𝓘- lc set in X. 

 

Remark 3.31 From the above discussions we have the following implications where A 

→ B (resp. A ≠→ B) represents A implies B but not conversely (resp. A and B are 

independent of each other). 

 
                                       Figure 1: Relations between some of generalized closed sets 

Proposition 3.32 If G O(X) = , then  𝜽̆-𝓘-LC(X) = 𝜽̆-𝓘-LC*(X) = 𝜽̆-𝓘-LC**(X). 
Proof 

 For any space (X, ), 𝜃̆-ℐ-O(X)G O(X). Therefore by hypothesis, 𝜃̆-ℐ-O(X) 

= . i.e., (X, ) is a T𝜃̆-ℐ-space and hence 𝜃̆-ℐ-LC(X) = 𝜃̆-ℐ-LC*(X) = 𝜃̆-ℐ-LC**(X). 

 

Remark 3.33 The converse of Proposition 3.32 need not be true. 

For the ideal topological space X in Example 3.3. 𝜃̆-ℐ-LC(X) = 𝜃̆-ℐ-LC*(X) = 𝜃̆-ℐ-

LC**(X). However, G O(X) = {, {p}, {q}, {r}, {p, q}, {q, r}, X} . 

 

Proposition 3.34 Let X be an ideal topological space. If G O(X)   LC (X), then  𝜽̆-𝓘-

LC(X) = 𝜽̆-𝓘-LC**(X). 

Proof 

Let K𝜃̆-ℐ-LC(X). Then K = S  G where S is 𝜃̆-ℐ-open and G is 𝜃-ℐ-closed. Since 𝜃̆-

ℐ-O(X)G O(X) and by hypothesis G O(X)  LC (X), S is locally closed. Then S = P 

 Q, where P is open and Q is *-closed. Therefore, K = P  (Q  G). We have, Q  G 

is 𝜃̆-ℐ-closed and hence K𝜃̆-ℐ-LC**(X). i.e., 𝜃̆-ℐ-LC(X) 𝜃̆-ℐ-LC**(X). For any ideal 

topological space, 𝜃-ℐ-LC**(X) 𝜃̆-ℐ-LC(X) and so 𝜃̆-ℐ-LC(X) = 𝜃̆-ℐ-LC**(X). 

 

Remark 3.35 The converse of Proposition 3.34 need not be true in general. 
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 For the ideal topological space X in Example 3.3, then 𝜃̆-ℐ-LC(X) = 𝜃̆-ℐ-

LC**(X) = {, {q}, {p, r}, X}. But G O(X) = {, {p}, {q}, {r}, {p, q}, {q, r}, X} 

LC (X) = {, {q}, {p, r}, X}. 

 

Corollary 3.36 Let X be an ideal topological space. If  O(X)   LC (X), then  𝜽̆-𝓘-

LC(X) = 𝜽̆-𝓘-LC**(X). 

Proof 

 It follows from the fact that  O(X)  G O(X) and Proposition 3.34.  

 

Remark 3.37 The converse of Corollary 3.36 need not be true in general. 

 For the ideal topological space X in Example 3.8, then 𝜃̆-ℐ-LC(X) = 𝜃̆-ℐ-

LC**(X) = {, {q}, {p, r}, X}. But  O(X) = P(X)  LC (X) = {, {q}, {p, r}, X}. 

 The following results are characterizations of 𝜃̆-ℐ-lc sets, 𝜃̆-ℐ- lc sets and 𝜃̆-ℐ-
lc  sets.   

 

Theorem 3.38 Assume that 𝜽̆-𝓘-C(X) is closed under finite intersection. For a subset K 

of  X, the following statements are equivalent: 

(i) K𝜃̆-ℐ-LC(X). 

(ii) K = S 𝜃̆-ℐ-cl(K) for some 𝜃̆-ℐ-open set S. 

(iii) 𝜃̆-ℐ-cl(K) −K is 𝜃̆-ℐ-closed. 

(iv) K (𝜃̆-ℐ-cl(K))c is 𝜃̆-ℐ-open. 

(v) K𝜃̆-ℐ-int( K (𝜃̆-ℐ-cl(K))c). 

Proof 

(i)  (ii). Let K𝜃̆-ℐ-LC(X). Then K = S  G where S is 𝜃̆-ℐ-open and G is 𝜃̆-ℐ-

closed. Since K G, 𝜃̆-ℐ-cl(K)  G and so S𝜃̆-ℐ-cl(K) K. Also K S and K𝜃̆-ℐ-

cl(K) implies K S 𝜃̆-ℐ-cl(K) and therefore K = S𝜃̆-ℐ-cl(K). 

(ii)  (iii). K = S𝜃̆-ℐ-cl(K) implies 𝜃̆-ℐ-cl(K)−K = 𝜃̆-ℐ-cl(K)  Sc which is 𝜃̆-ℐ-closed 

since Sc is 𝜃̆-ℐ-closed and 𝜃̆-ℐ-cl(K) is 𝜃̆-ℐ-closed. 

(iii)  (iv). K (𝜃̆-ℐ-cl(K))c = (𝜃̆-ℐ-cl(K)−K)c and by assumption, (𝜃̆-ℐ-cl(K) −K)c is 𝜃̆-

ℐ-open and so is K (𝜃̆-ℐ-cl(K))c. 

(iv)  (v). By assumption, K (𝜃̆-ℐ-cl(K))c = 𝜃̆-ℐ-int(K(𝜃̆-ℐ-cl(K))c) and hence K𝜃̆-

ℐ-int(K (𝜃̆-ℐ-cl(K))c). 

 (v) (i).    By assumption and since K𝜃̆-ℐ-cl(K), K=𝜃̆-ℐ-int(K(𝜃̆-ℐ-cl(K))c) 𝜃̆-ℐ-

cl(K). Therefore, K𝜃̆-ℐ-LC(X). 

 

Theorem 3.39 For a subset K of  X,  the following statements are equivalent: 

i.K𝜃̆-ℐ-LC*(X). 

ii.K = S K* for some 𝜃̆-ℐ-open set S. 

iii.K*−K is 𝜃̆-ℐ-closed. 

iv.K (K*)c is 𝜃̆-ℐ-open. 

Proof 
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(i)  (ii). Let K𝜃-ℐ-LC*(X). There exist an 𝜃̆-ℐ-open set S and a *-closed set G such 

that K = S  G. Since K S and KK*, K S K*. Also, since K* G, SK* S  

G = K. Therefore K = S K*. 

(ii)  (i). Since S is 𝜃̆-ℐ-open and K* is a *-closed set, K = S K*𝜃̆-ℐ-LC*(X). 

(ii)  (iii). Since K*−K  =K*  Sc, K*−K is 𝜃̆-ℐ-closed. 

(iii)  (ii). Let S = (K*−K)c. Then by assumption S is 𝜃̆-ℐ-open in X and K = S K*. 

(iii)  (iv). Let G = K*−K. Then Gc = K (K*)c and K (K*)c  is 𝜃̆-ℐ-open. 

(iv)  (iii). Let S  =K (K*)c . Then Sc is 𝜃̆-ℐ-closed and Sc  =K*−K   and so K*−K  is 

𝜃̆-ℐ-closed. 

 

Theorem 3.40 Let K be a subset of  X. Then K𝜽̆-𝓘-LC**(X) if and only if  K = S 𝜽̆-

𝓘-cl(K) for some open set S. 

Proof Let K𝜽̆-𝓘-LC**(X). Then K = S  G where S is open and G is 𝜽̆-𝓘-closed. 

Since K G, 𝜽̆-𝓘-cl(K)  G. We obtain K = K𝜽̆-𝓘-cl(K) = S  G 𝜽̆-𝓘-cl(K) = S 

𝜽̆-𝓘-cl(K). 

Converse part is trivial. 

 

Corollary 3.41 Let K be a subset of X. If K𝜽̆-𝓘-LC**(X), then 𝜽̆-𝓘-cl(K)−K is 𝜽̆-𝓘-

closed and K (𝜽̆-𝓘-cl(K))c is  𝜽̆-𝓘-open.  

Proof 

Let K𝜃̆-ℐ-LC**(X). Then by Theorem 3.40, K = S𝜃̆-ℐ-cl(K) for some open set S and 

𝜃̆-ℐ-cl(K)−K = 𝜃̆-ℐ-cl(K)  Sc is 𝜃̆-ℐ-closed in X. If G = 𝜃̆-ℐ-cl(K) −K, then Gc = K 

(𝜃̆-ℐ-cl(K))cand Gc is 𝜃̆-ℐ-open and so is  K (𝜃̆-ℐ-cl(K))c. 

 

4. 𝜽̆-𝓘-Submaximal Spaces 

Definition 4.1 

i.A subset K of a space X is called I-dense if K* = X.   

ii.A subset K of a space X is called Ig-submaximal if every I-dense subset is Ig-open. 

 

Proposition 4.2 Every 𝜽̆-𝓘-dense set is I-dense. 

Proof Let K be an 𝜽̆-𝓘-dense set in X. Then 𝜽̆-𝓘-cl(K) = X. Since 𝜽̆-𝓘-cl(K)  cl(K), we 

have K* = X and so K is I-dense. 

The converse of Proposition 4.2 need not be true as can be seen from the following 

example. 

 

Example 4.3 The set {p, r} in Example 3.5 is a I-dense in X but it is not 𝜽̆-𝓘-dense in 

X. 

We introduce the following definition. 

 

Definition 4.4 An ideal topological space X is called 𝜽̆-𝓘-submaximal if every I-dense 

subset in it is 𝜽̆-𝓘-open in X. 
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Proposition 4.5 Every submximal space is 𝜽̆-𝓘-submaximal. 

Proof Let X be a submximal space and K be a I-dense subset of X. Then K is open. But 

every open set is 𝜽̆-𝓘-open and so K is 𝜽̆-𝓘-open. Therefore, X is 𝜽̆-𝓘-submaximal. 

The converse of Proposition 4.5 need not be true as can be seen from the following 

example. 

 

Example 4.6 For the ideal topological space X of Example 3.5, every I-dense subset is 

𝜽̆-𝓘-open and hence X is 𝜽̆-𝓘-submaximal. However, the set K = {p, q} is I-dense in X, 

but it is not open in X. Therefore, X is not submaximal. 

 

Proposition 4.7 Every 𝜽̆-𝓘-submaximal space is  -submaximal. 

Proof Let X be an 𝜽̆-𝓘-submaximal space and K be a I-dense subset of X. Then K is 𝜽̆-

𝓘-open. But every 𝜽̆-𝓘-open set is  -open and so K is  -open. Therefore, X is  -

submaximal. 

The converse of Proposition 4.7 need not be true as can be seen from the following 

example. 

 

Example 4.8 Consider the ideal topological space X in Example 3.8. Then X is  -

submaximal but it is not 𝜽̆-𝓘-submaximal, because the set K = {q, r} is a I-dense set in 

X but it is not 𝜽̆-𝓘-open in X. 

 

Remark 4.9 From Propositions 4.5, 4.7, we have the following diagram: 

submaximal        𝜃̆-ℐ-submaximal          -submaximal         Ig-submaximal 

          

    

       

         rg-submaximal 

 

Theorem 4.10 A space X is 𝜽̆-𝓘-submaximal if and only if P(X) = 𝜽̆-𝓘-LC*(X). 

Proof 

Necessity. Let K P(X) and let V = K (K*)c. This imply that V* = K* (K*)c = X. 

Hence V* = X. Therefore, V is a dense subset of X. Since X is 𝜃̆-ℐ-submaximal, V is 𝜃̆-

ℐ-open.  Thus K (K*)c is 𝜃̆-ℐ-open and by Theorem  3.39, we have K𝜃̆-ℐ-LC*(X). 

Sufficiency. Let K be a I-dense subset of X. This implies K (K*)c= KXc = K = K. 

Now K𝜃̆-ℐ-LC*(X) implies that K = K (K*)c is 𝜃̆-ℐ-open by Theorem 3.39. Hence X 

is 𝜃̆-ℐ-submaximal. 
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Remark 4.11 Union of two  𝜽̆-𝓘-lc sets (resp. 𝜽̆-𝓘- lc  sets, 𝜽̆-𝓘- lc sets) need not be an 

𝜽̆-𝓘-lc set (resp. 𝜽̆-𝓘- lc  set, 𝜽̆-𝓘- lc set) as can be seen from the following examples. 

 

Example 4.12 Let X= {p, q, r} with  = {, {p}, {p, q}, X}. Then 𝜽̆-𝓘-LC(X) ={, {p}, 

{q}, {r}, {p, q}, {q, r}, X}. Then the sets {p} and {r} are 𝜽̆-𝓘-lc sets, but their union {p, 

r} 𝜽̆-𝓘-LC(X). 

 

Example 4.13 Let X= {p, q, r} and  = {, {q}, {p, q}, X} with 𝓘 = {}. Then 𝜽̆-𝓘-

LC*(X) ={, {p}, {q}, {r}, {p, q}, {p, r}, X}. Then the sets {q} and {r} are 𝜽̆-𝓘- lc  

sets, but their union {q, r} 𝜽̆-𝓘-LC*(X). 

 

Example 4.14 Let X= {p, q, r} and  = {, {q}, {q, r}, X} with 𝓘 = {}. Then 𝜽̆-𝓘-

LC**(X) ={, {p}, {q}, {r}, {p, r}, {q, r}, X}. Then the sets {p} and {q} are 𝜽̆-𝓘- lc

sets, but their union {p, q} 𝜽̆-𝓘-LC**(X). 

We introduce the following definition. 

 

Definition 4.15 Let K and B be subsets of  X. Then K and B are said to be 𝜽̆-𝓘-

separated if K𝜽̆-𝓘-cl(B) =   and 𝜽̆-𝓘-cl(K)   B =  . 

 

Example 4.16 For the ideal topological space X of Example 3.5. Let K = {q} and let  B 

= {r}. Then 𝜽̆-𝓘-cl(K) = {p, q} and 𝜽̆-𝓘-cl(B) = {p, r} and so the sets K and B are 𝜽̆-𝓘-

separated. 

 

Proposition 4.17 Assume that 𝜽̆-𝓘-O(X) forms an ideal topology. For the ideal 

topological space X, the followings are true 

i.Let K, B 𝜃̆-ℐ-LC(X). If K and B are 𝜃̆-ℐ-separated then K B 𝜃̆-ℐ-LC(X). 

ii.Let K, B 𝜃̆-ℐ-LC*(X). If A and B are separated (i.e., KB* =   and K*  B = ), 

then K B 𝜃̆-ℐ-LC*(X). 

iii.Let K, B 𝜃̆-ℐ-LC**(X). If K and B are 𝜃̆-ℐ-separated then K B 𝜃̆-ℐ- LC**(X). 

Proof 

(i)  Since K, B  𝜃̆-ℐ-LC(X), by Theorem 3.38, there exist 𝜃̆-ℐ-open sets U and V of 

X such that K = U𝜃̆-ℐ-cl(A) and B = V𝜃̆-ℐ-cl(B) . Now G = U  (X −𝜃̆-ℐ-cl(B)) and 

H = V  (X −𝜃̆-ℐ-cl(K)) are 𝜃̆-ℐ-open subsets of X. Since K𝜃̆-ℐ-cl(B) = , K (𝜃̆-ℐ-

cl(B))c. Now K = U 𝜃̆-ℐ-cl(K) becomes K (𝜃̆-ℐ-cl(B))c = G 𝜃̆-ℐ-cl(K). Then K = G 

𝜃̆-ℐ-cl(K). Similarly B = H𝜃̆-ℐ-cl(B). Moreover G𝜃̆-ℐ-cl(B) =  and H𝜃̆-ℐ-cl(K) 

= . Since G and H are 𝜃̆-ℐ-open sets of X, G  H is 𝜃̆-ℐ-open. Therefore K B = (G  

H) 𝜃̆-ℐ-cl(K B) and hence A  B 𝜃̆-ℐ-LC(X). 

(ii) and (iii) are similar to (i), using Theorems 3.39   and 3.40. 
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Remark 4.18 The assumption that K and B are 𝜽̆-𝓘-separated in (i) of Proposition 4.17 

cannot be removed. In the ideal topological space X in Example 4.12, the sets {p} and 

{r} are not 𝜽̆-𝓘-separated and their union {p, r} 𝜽̆-𝓘-LC(X). 

 

Lemma 4.19 For an x X, x 𝜽̆-𝓘-cl(K) if and only if V  K  for every 𝜽̆-𝓘-open set 

V containing x. 

Proof 

Let x𝜃̆-ℐ-cl(K) for any xX. To prove V  K  for every 𝜃̆-ℐ-open set V containing 

x. Prove the result by contradiction. Suppose there exists a 𝜃̆-ℐ-open set V containing x 

such that V  K = . Then K Vc and Vc is 𝜃̆-ℐ-cld. We have 𝜃̆-ℐ-cl(K) Vc. This 

shows that x 𝜃̆-ℐ-cl(K) which is a contradiction. Hence V  K  for every 𝜃̆-ℐ-open 

set V containing x. 

Conversely, let V K  for every 𝜃̆-ℐ-open set V containing x. To prove x 𝜃̆-ℐ-cl(K). 

We prove the result by contradiction. Suppose x 𝜃̆-ℐ-cl(K). Then there exists a 𝜃̆-ℐ-cld 

set F containing K such that xF. Then xFc and Fc is 𝜃̆-ℐ-open. Also, FcK = , 

which is a contradiction to the hypothesis. Hence x 𝜃̆-ℐ-cl(K). 

 

Theorem 4.20 Suppose that A is 𝜽̆-𝓘-open in X and that B is 𝜽̆-𝓘-open in Y.  Then A x 

B is 𝜽̆-𝓘-open in X x Y. 

Proof 

Suppose that F is ⋆-cld and hence sg-cld in X x Y and that F  A x B. It suffices to 

show that F int(A x B).  

Let (x, y)  F.  Then, for each (x, y)  F, ({x})* x ({y})* = ({x} x {y})* = ({x, y})*  

F* = F  A x B. Two ⋆-cld sets ({x})* and ({y})* are contained in A and B 

respectively. It follows from the assumption that ({x})* int(A) and that ({y})*  

int(B). Thus (x, y)  ({x})* x ({y})*  int(A) x int(B)  int(A x B). It means that, for 

each (x, y)  F, (x, y)int(A x B) and hence F  int(A x B). Therefore, A x B is  𝜃̆-ℐ-

open in X x Y.  

 

Theorem 4.21 The following are equivalent for a function f : (X, , I) → (Y, ) 

 

i. f is 𝜃̆-ℐ-continuous.   

ii. The inverse image of a regular closed set of Y is 𝜃̆-ℐ-open in X.  

iii. f-1(int(V*)) is 𝜃̆-ℐ-closed in X for every open subset V of Y.  

iv. f-1((int(F))*) is  𝜃̆-ℐ-open in X for every closed subset F of Y.  

v. f-1(U*) is 𝜃̆-ℐ-open in X for every U O(Y).  

vi. f-1(U*) is 𝜃̆-ℐ-open in X for every U  SO(Y).  

vii. f-1(int(U*)) is 𝜃̆-ℐ-closed in X for every U  PO(Y).  

Proof 

(i)  (ii). Obvious.  

(i)  (iii). Let V be an open subset of Y. Since int(V*) is regular open, f-1(int(V*)) is 𝜃̆-

ℐ-closed.  The converse is similar.   
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(ii)  (iv). Similar to (i)  (iii).  

(ii)  (v). Let U be any -open set of Y. We have U* is regular closed.  Then by (ii)     

f-1(U*) is 𝜃̆-ℐ-open in X.  

(v)  (vi). Obvious from the fact that SO(Y) O(Y).  

(vi)  (vii). Let UPO(Y). Then Y\ int(U*) is regular closed and hence it is semi-open.  

Then, we have X\f-1(int(U*)) = f-1(Y\int(U*)) = f-1((Y\int(U*))*) is 𝜃̆-ℐ-open in X. 

Hence f-1(int(U*)) is 𝜃̆-ℐ-closed in X.  

(vii)  (i). Let U be any regular open set of Y.  Then UPO(Y) and hence f-1(U)  =      

f-1(int(U*)) is θ̆-ℐ-closed in X. 

 

Proposition 4.22 A function f : (X, , I) → (Y, ) is 𝜽̆-𝓘-continuous if and only if     

f-1(U) is  𝜽̆-𝓘-open in X,  for every open set U in Y. 

Proof 

Let f : (X, , I) → (Y, ) be 𝜃̆-ℐ-continuous and U be an open set in Y. Then Uc is 

closed in Y and since f is 𝜃̆-ℐ-continuous, f-1(Uc) is 𝜃̆-ℐ-cld in X. But f-1(Uc) = (f-1(U))c 

and so f-1(U) is  𝜃̆-ℐ-open in X. 

 Conversely, assume that f-1(U) is  𝜃̆-ℐ-open in X, for each open set U in Y. Let F 

be a closed set in Y. Then Fc is open in Y and by assumption, f-1(Fc) is 𝜃̆-ℐ-open in X. 

Since f-1(Fc) = (f-1(F))c, we have f-1(F) is 𝜃̆-ℐ-cld in X and so f is  𝜃̆-ℐ-continuous. 

 

Theorem 4.23 If f : (X, , I) → (Y, ) is  𝜽̆-𝓘-continuous and pre-sg-closed and if A is 

an  𝜽̆-𝓘-open (or 𝜽̆-𝓘-cld) subset of Y, then f-1(H) is  𝜽̆-𝓘-open (or  𝜽̆-𝓘-cld) in X. 

Proof 

Let H be an  𝜃̆-ℐ-open set in Y and F be any sg-closed set in X such that F  f-1(H). 

Then f(F)  H. By hypothesis, f(F) is sg-closed and H is  𝜃̆-ℐ-open in Y. Therefore, f(F) 

 int(H) and so F   f-1(int(H)). Since f is 𝜃̆-ℐ-continuous and int(H) is open in Y,         

f-1(int(H)) is 𝜃̆-ℐ-open in X. Thus F  int(f-1(int(H))) int(f-1(H)). i.e., F  int(f-1(H)) 

and f-1(H) is 𝜃̆-ℐ-open in X. By taking complements, we can show that if H is  𝜃̆-ℐ-cld 

in Y, f-1(H) is  𝜃̆-ℐ-cld in X. 

 

5. Conclusion 

The notions of sets and functions in ideal topological spaces and fuzzy topological 

spaces are extensively developed and used in many engineering problems, information 

systems, particle physics, computational topology and mathematical sciences.  

By researching generalizations of closed sets, some new separation axioms have been 

founded and they turn out to be useful in the study of digital topology. Therefore, all 

topological functions defined in this thesis will have many possibilities of applications 

in digital topology and computer graphics.  

 

 

 

235



 

 

M. Vijayasankari &G. Ramkumar 

 

 

References 

[1] Arockiarani, I., Balachandran, K. and Ganster, M.: Regular-generalized locally 

closed sets and RGL-continuous functions, Indian J. Pure. Appl. Math., 28 (1997), 661-

669. 

[2] Balachandran, K., Sundaram, P. and Maki, H.: Generalized locally closed sets 

and GLC-continuous functions, Indian J. Pure. Appl. Math., 27 (3) (1996), 235-244. 

[3] Balachandran, K., Sundaram, P. and Maki, H.: On generalized continuous maps 

in topological spaces, Mem. Fac. Sci. Kochi Univ. Math., 12 (1991), 5-13. 

[4] Bourbaki, N.: General Topology, Part I, Addison Wesley, Reading, Mass 1996.  

[5] Dontchev, J.: On submaximal spaces, Tamkang J. Math., 26 (1995), 253-260. 

[6] Ganster, M. and Reilly, I. L.: Locally closed sets and LC-continuous functions, 

Internet J. Math. Sci., 12(3) (1989), 417-424. 

[7] Ganster, M. and Reilly, I. L.: A decomposition of continuity, Acta Math. 

Hungar., 56 (1990), 299-301. 

[8] Gnanambal, Y.: Studies on generalized pre-regular closed sets and 

generalization of locally closed sets, Ph.D Thesis, Bharathiar University, Coimbatore 

1998. 

[9] T. R. Hamlett and D. Jonkovic, Ideals in General Topology, Lecture notes in 

pure and Appl. Math., 123(1990), 115-125. 

[10] D. Jankovic and T. R. Hamlett, New topologies from old via ideals, Amer. Math. 

Monthly, 97(4) (1990), 295-310. 

[11] N. Levine, Generalized closed sets in topology, Rend. Circ Mat. Palermo (2), 

19(1970), 89-96. 

[12] Palaniappan, N. and Rao, K. C.: Regular generalized closed sets, Kyungpook 

Math. J., 33 (1993), 211-219. 

[13] Park, J. H. and Park, J. K.: On semi-generalized locally closed sets and SGLC-

continuous functions, Indian J. Pure. Appl. Math., 31(9) (2000), 1103-1112. 

[14] Ravi, O., Ganesan, S. and Chandrasekar, S.: On weakly g-closed sets in 

topological spaces, Italian Journal of Pure and Applied Mathematics (To appear). 

[15] Sheik John, M.: A study on generalizations of closed sets and     continuous 

maps in topological and bitopological spaces, Ph.D Thesis, Bharathiar   University, 

Coimbatore, September 2002. 

[16] Stone, A. H.: Absolutely FG spaces, Proc. Amer. Math. Soc., 80 (1980), 515-

520. 

236



 

 

 

Some New 𝜃̆-ℐ-Locally Closed sets with Respect to an Ideal Topological Spaces 

 

[17] Sundaram, P. and Nagaveni, N.: On weakly generalized continuous maps, 

weakly generalized closed maps and weakly generalized irresolute maps in topological 

spaces, Far East J. Math. Sci., 6(6) (1998), 903-912. 
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