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Near mean labeling in dicyclic snakes

Palani K
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Abstract
K. Palani et al. defined the concept of near mean labeling in digraphs. Let D = (V, A)
be a digraph where Vthe vertex is set and A is the arc set. Let f:V — {0,1,2,...,q} bea

1-1 map. Define f“A-{1,2,..,q} byf*(e=uv) = [@] Letf*(v) =
1Y wer fTOW) =X er WD) ff*(v) <2 Vv e A(D), then f is said to be a near
mean labeling of D and D is said to be a near mean digraph. In this paper, different
dicyclic snakes are defined and the existence of near mean labeling in them is checked.
Keywords: Near mean labeling, digraphs, di-cyclic, di-quadrilateral, di-pentagonal,
snake.
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1. Introduction

Graph theory has applications in many areas of the computing, social and natural
science. The theory is also intimately related to many branches of mathematics,
including matrix theory, numerical analysis, probability, topology and combinatory.
Over the last 50 year graph theory has evolved into an important mathematical tool in
the solution of a wide variety of problems in many areas of society. A graph labeling is
an assignment of integers to the vertices or edges or both, subject to certain conditions
have been motivated by practical problems, labelled graphs serve useful mathematical
models for a broad range of applications such as: coding theory, including the design of
good types codes, synch-set codes, missile guidance codes and convolutional codes with
optimal auto correlation properties. The concept of graph labeling was introduced by
Rosa in 1967 [6]. A useful survey on graph labeling by J.A. Gallian (2014) can be found
in [2]. Somasundaram and Ponraj [4] have introduced the notion of mean labeling of
graphs. A directed graph or digraph D consists of a finite set V of vertices and a
collection of ordered pairs of distinct vertices. Any such pair (u, v) is called an arc or
directed line and will usually be denoted byuv. A digraph D with p vertices and q arcs
is denoted byD (p, q). The indegree d~(v) of a vertex v in a digraph D is the number of
arcs having v as its terminal vertex. The outdegree d*(v) of v is the number of arcs
having v as its initial vertex [1].

K. Palani et al. introduced the concepts of mean and near mean digraphs in [3]. In
this paper, different di-cyclic snakes are introduced and the existence of near mean
labeling is investigated.

2. Preliminaries

The following definition and theorem are basics which are needed for the subsequent
section.
Definition 2.1: [3] Let f:V = {0,1, 2, ...,q} be a 1-1 map. Define f*:4 > {1,2,...,q}

byf*(e = ) = [F2LD] Letf* (v) = [Sey f* W) — Bwey £ (@] 1f*(v) <
2 Y v € A(D), then f is said to be a near mean labeling of D and D is said to be a near
mean digraph.

Definition 2.2: [5] A cyclic snake mC,, is obtained by replacing every edge of B, byC,,.

Theorem 2.3: [3] The directed cycle C_,{ is a near mean digraph.

3. Main Results

In this section, the different dicyclic snakes are defined and the near mean labeling
existence is verified.
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Definition 3.1: In cyclic snakemc,, orient the edges of each cycle clockwise. The
resulting graph is called Di-Cyclic Snake and it is denoted asmf,_[. Forn = 3,4,5, Di-
Cyclic Snakes are called Di-Triangular Snake ﬁ; Di-Quadrilateral Snake Q—Sn) and Di-
Pentagonal Snake PS,, respectively.

Definition 3.2: In mC,, when n is even, orient the edges of the cycle alternately and call
resulting graph as Alternating Di-Cyclic Snake. Denote it asAmE,:.

Theorem 3.3: Di-Quadrilateral Snake Q—Sn) admits near mean labeling.

Proof: Let V(QS,)={wll<i<nlu{y|i<isn-1}u{wl<i<n-—1} be
the vertex set and let A(QS,) = {{wv} U (D} VU {Upwil U (w1l <i<n—
1} be the arc set.

Define f:V(QS,) = {0,1,2, ..., (4n — 4)} by

fu;)) =4 —1) for 1<i<n

fvp)=4i—2 for 1<i<n-1

yn—l [:471 - 6:]

ua_[Sj E'n_— 8 4n—4)
Wn—1(4n - 5)

Figure 3.1: The labeling of a Di-Quadrilateral snake
Fori=1ton—-1

) =[] [ ] g 023

f*(vlul+1) — [f(vi)+£(ui+1) — [41'_2]*'[2(“‘1_1)] — [Siz_zl =4i —1. (332)
f*(ul+1WJ _ [f(ui+1)2+f(wi) _ [4(l+1—12)]+[4l—1] _ 812—1] =% — 4 (333)
f*(—)Wlul) _ [f(wi);-f(ui)] _ [[41—1]+2[4(l—1)]] _ [812—5] _ 812—4 —4i—2. (334)
Now f*(uy) = |f*(uyv1) — " (wiwy)|

= [[4(1) — 3] - [4(1) — 2]| [by (3.3.1) & (3.3.4)]

—1-2|=]-1<2
Therefore, f*(u,) < 2 (3.3.5)

Fori=2ton—1

) = If"@v) + f@w, )] - [f* W) + f* @ uw)]l
=|[4i—-3+4(—-D]-[4i—2+4G -1 —1]| [by (1), (3), (4) & (2)]
=|8i—-7-8i+7] =|0|]<2

Therefore, f*(u;) <2 fori=2ton—1 (3.3.6)

f*(un) = |f*(uan—1) - f*(vn—lun)l
=[4n—1)—[4(n—1) — 1| [by(3.3.3) & (3.3.2)]

240



Palani K and Shunmugapriya A

=11 <2
Therefore, f*(u,) < 2 (3.3.7)
Fori=1ton—-1
f ) = If" Gy — @)

=|(4i —1) — (4i — 3)| [by (3.3.2) & (3.3.1)]

=|4i—-1—-4i+3| =|2| =2
Therefore, f*(v;) =2for i=1ton—1 (3.3.8)
Fori=1ton—1
frw) = 1f*wa) — f* @)l

= |(4i — 2) — (41)] [by (3.3.4) & (3.3.3)]

=|-2|<2
Therefore,f*(w;) < 2for i=1ton—1 (3.3.9)
From equations (5) to (9), f*(w) < 2V u € V(QS,)
Hence Di-Quadrilateral Snake QS,, is a near mean digraph.

Theorem 3.4. Di-Pentagonal Snake P—Sn) is a near mean digraph.

Proof:

Let V(PS,)={wll<i<nju{ml<i<n—-1uwll<isn-1u{gl<i<
n— 1} be the vertex set and let A(PS,) = {{w,v;} U (,w;} U (W11} U {12} U
{xw}|1 < i < n— 1} be the arc set.

Define f:V(PS,) - {0,1,2, ..., (5n — 5)} by

fw;))=5{—1) for 1<i<n

f(v;))=5i—3 for 1<i<n-1

fw))=5i—1 for 1<i<n-—-1

f(x;)=5i—2 for 1<i<n-1

v1(2) wi(4) v2(7) wa(9) (51 —8)vy_1 Wp_1(5n —6)

x1(3) x3(8) Xp-1(51 —7)
Figure 3.2. The labeling of a Di-Pentagonal snake
Fori=1ton—1

Frm) = [[eHe0] _ [BGDIHsis]) _ [1008) _ gy (3.4.1)

f*(:—::;) _ [[f(vz)if(wl')]] _ [[[Si—3]f[5i—1]]]= [[0134]]: Sil_ 2 (3.4.2)
2 2 2

Frwn) = [Fot @] _ szt S@oDl) _ 1o _ 100 g (3.4.3)

£ (—ﬂ:) _ [[f(uiﬂf-kf(xz)]]: [[[s(t+1—1zﬁ+[5i—2]]]= [[szllz 5i2— 1 | (3.4.4)
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£ = [f(xi)+f(ui)] _ [[5i—2]+[5(i—1)]] _ [101'-7] _ 106 _ o4 (3.4.5)
L 2 2 2 2 T
Next to find f*(u;)
Now f*(uy) = |f*(uyvy) — £ ()|
= |[5(1) — 4] — [5(1) — 3]| [by (3.4.1) & (3.4.5)]
=[1-2] =|-1| <2

Therefore, f*(u;) < 2 (3.4.6)
Fori=2ton—-1
@) = [f"@v) + frwx, )] - [f*(m) + (W)l

=|[5i—4+5(—-1)—1] - [5i—3+ 5@ —1)]| [by (3.4.1), (3.4.4), (3.4.5)
& (3.4.3)]

=110i —10—-10i + 8| =|-2| < 2
Therefore, f*(u;) <2 fori=2ton—1 (3.4.7)
[ @n) = 1" UnXn=1) = f* (Wn—1up)|

=|5(n—1)—-1-5n—-1)| [by(3.4.4) & (3.4.3)]

=|-1] <2
Therefore, f*(u,) < 2 (3.4.8)
Fori=1ton—1
frw) =1f"ew) — f(ww)l

=|(5i—-2)—-(5i—4)| [by(3.4.2) & (3.4.1)]

= 2] =2
Therefore, f*(v;) =2for i=1ton—1 (3.4.9)
Fori=1ton—1
frw) = If* W) — fr@w)

= |(5i) — (5i — 2)| [by (3.4.3) & (3.4.2)]

=2]=2
Therefore, f*(w;)) =2for i=1ton—1 (3.4.10)
Fori=1ton—1
[ = 1f"0Gaw) = £ (W)

=|(5i —3) — (5i — 1)| [by (3.4.3) & (3.4.2)]

=[-2|<2
Therefore, f*(x;) <2 for i=1ton—1 (3.4.11)
From equations (6) to (11), f*(u) < 2V u € V(PS,)
Hence, Di-Pentagonal Snake P—S,{ is a near mean digraph.

Theorem 3.5. Di-Cyclic snake mC_,{ is a near mean digraph form > 1 and n > 3.
Proof: Let u;; denote the jth vertex in the ith copy of CTL

Here, V(mC,) = {w;;|1 <i<m,1<j <n}and

A(mC) ={wugipl<i<m1<j<n—1}U{uuugll <i<m}
Following the procedure of near mean labeling of C_,[ in [3], define

f:v(mC,) - {0,1,2, ..., mn} as below
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o) (i—Dn+2(—1) for 1<j<|3|+11<i<m
Fluyy) =

7ola-Dnt2(n-G-D)+1 for |H+2<jsni<ism
Where|V(mE;)|=mn—m+1and |A(mE;)|=mn

PO St L ——

Uy (3) (n- ““-.l‘ﬁ‘.: Uza(n+3) (Zn—l)u:‘ig A

~ )

S s ol S = R e
Uy (n_3)(5) by 24 Us(p-y)(n+5) -« Up(m-)((M—1)n+5)

Figure 3.3: The labeling of the Di-cyclic Snake mC,, when n is even

L= L —

- ~ - ~ ,—“*.
-
’ N ’ \ - ~

’ \ ’ ’ \
\ X 4

/
G- 1n+2)

u,, (0 (n) u'_‘H.:‘, = Juy, (n) (2")“:|[1‘-:'

Uzn(n#3) (2n=2)u,

(In
3{([2les

u,(3) (n= Z)u:“: s

’
’ ~
-

“-./—.--.:(5) il i Us(p-y) (0 ;5.)-‘-— u,v,,-;;((m--1)n :5

Figure 3.4: The labeling of the Di-cyclic Snake mC, when n is odd

Now to find f*(uuul(ﬁl))
For i=1tom, j=1to 3]

)= [f(uij) +£(ui(j+1))l

f*(ul]ul(]+1)

_ [[(i—l)n+2(j—1)]+[(i—1)n+2((j+1)—1)]]

_ [2(i—1)n+4j—2
- 2

Therefore, f* (T thp) =ni+2j—n—1 for i=1tom, j=1to |3  (35.1)

2
]=(i—1)n+2j—1=ni+2j—n—1.
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\- |f (o) + £ (uiu’;mﬂ

I <”l(l§J+1)“t(l§J+2) 2

_ [(i—l)n+2([§]+1—1)]+[(i—1)n+2<n—([§]+2—1))+1]

2
_ [2G-Dn+2n-1] _ [2(i-1+D)n-1] _ [2in-1] _ 2in _ .
_[ 2 ]_[ 2 ]_[ZI_T_m
Therefore, f* (W) =ni fori=1tomandn =3 (3.5.2)
Fori=1tom, j = [§J+2ton—1
. f(ui) + f (wign)
f () = [ . 2 ~
_ [[(i—1)n+2(n—(j—1))+1]+[(i—1)n+2(n—((j+1)—1))+1]]
_ [2(i—1)n+4n—4j+4] 2
o 2
=({+1n—-2j+2=ni—-2j+n+2
f*(uuul(jﬂ)) =ni—2j+n+2 fori=1tom, j = EJ +2ton—1 (3.5.3)
_ [lG-Dn+2(n-(n-1))+1]+[(-Dn+2(1-1)]
_ [2(i—1)n+2(n—n+1)+21] _ [2(i—1)n+3] _ 2(i-1)n+4
- 2 o 2 - 2
={(—-1n+2=ni—n+2.
Therefore, f*(wnu,;) =ni—n+2 fori=1tomandn =3 (3.5.4)
Next to find f*(u;;)

[ (ugg) = If"(uqugz) — fUgngg)|
= |[n(1)+2(1) —n—-1]—[n(1) —n+2]| [by(3.5.1) & (3.5.4)]
=11-2] = |-1]<2
Therefore, f*(uy;) < 2 (3.5.5)
Fori=1tom, j=2to EJ
f*(uij) = |f*(uljul(1+1)) - f*(ul(J—l)ulJ)l
[ni+2j—n—1]—[ni+2(G —1) —n—1]| [by (3.5.1)]
|-1+3|=12|=2

Therefore, f*(u;;) =2 fori=1tom, j=2to EJ (3.5.6)
Fori=1tom—1, two cases for f*(u;;) when j = BJ +1& BJ +2

Case (i): n is odd.

(o) = b () = ()|

= |ni— (ni+2[3|-n—1)| [by(35.2) & (35.1)]
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=|n- 2[ J+ 1|

=|n-2(22) +1|=121=2
fr (ui(EJ“)) 2 whenn is odd (3.5.7)
f* (ui([gj+z)) = ( ()2 ]+3 +f (W))

f (2] H” +f (m)>
|[(m 2(“+2)+n+2)+n(1+1)+2 n— 1] [ni+n(i+1)—n+2]|
[by (3.5.3), (3.5.1), (3.5.2) & (3.5.4)]
= |[(ni—2(bj)—4+n+2)+(ni+n+2—n—1)]—[ni+ni+2]|
=||2ni - 2(5%) +n—1] - [2ni + 2]
=|-2| <2
£ (ui(lﬂﬂ)) < 2 when n is odd. (3.5.8)
Case (ii): n iseven.
7 (egen) = || () + - @)
- | () r )
=|[ni+(n(i+1)+2(1)—n—1)]—[(ni+2[g]—n—1)+(n(i+1)—n+2)]|
[by (3.5.2), (3.5.1) & (3.5.4) ]
= |[m‘+m‘+n+2—n—1]—[ni+2(§)—n—1+ni+2]|
=0] <2
fr (ul(EJH)) < 2whenn iseven (3.5.9)

7 (o)) = | Ems) - Gy @)
= |(ni—2(EJ+2)+n+2)—ni| [by (3) & (4)]
n— 2H—4+2|

“p-2()-2

=|-2] <2
fr (ui(H”)) < 2whenn iseven (3.5.10)
Cases (i) and (i) imply f~* (ui(ngH)) <2fori=1tom—-1 (3.5.11)
and f* (ui(lgl+2)) <2fori=1tom-—1 (3.5.12)
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Now to find f*( ([ ]+1)) and f~ (ui(EJ+2)) fori=m
F (o)) = (o G )~ ()

= [nm—(nm+ 2[5 -n—-1)| [by () & (2)]

o —2H+1I

{|n +1| if nis odd

|n— +1| if n is even

{IZI 1fnls odd
|1] if n is even

Therefore, f* ( ["]+1) (3.5.13)

7 (i) = I Eorots)) ~ (oo @s)
|(nm 2 (lzJ + 2) +n+ 2) - nm| [by (3.5.3) & (3.5.2)]
=n-2|3| -2
{|n 2( ) — 2| ifnisodd

|n— (2)—2| if nis even
_{I—ll if n is odd
~||-2| ifniseven

Therefore, f* (um(lgl_l_z)) <2 (3.5.14)

Fori=1tom, j=|3|+3ton—1

f*(uij) = |f*(uuul(1+1)) - f*(ul(J—l)uu)l
= |[ni—-2j+n+2]—-[ni—-2G —-1)+n+2]| [by (3)]

= |-2|
Therefore, f*(u;) <2 fori=1tom, j = EJ +3ton—1 (3.5.15)
Fori=1tomandj=n
f*(uin) = - f l(n—l)uln)l
= |[ni—n+2]—[ni—2(n—-1)+n+2]| [by 4)]
=|lni—-n+2—-ni+2n—-2—-n-2| =|-2|
Therefore, f*(u;,) < 2 (3.5.16)

Equations (3.5.5), (3.5.6) and (3.5.11) to (3.5.16) imply f*(uij) <2forl1<i<m, 1<
j<n
Thus, Di-Cyclic snake mCTl is a near mean digraph for m > 1 andn > 3.

Theorem 3.6. Alternating Di-Cyclic snakes are non near mean digraphs.
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Proof: In an alternating Di-Cyclic snake, either d*(u,;) = 0and d~(uy,) = 4 (or)
d*(uy,) = 4 andd™ (u,,) = 0.

Therefore, Corresponding to everyf:V —{0,1,2,...,q}, Ywerf (Uz;w) =0 and
Ywev [ (Wuyy) is a sum of at least three positive integers (or) ¥,ey f*(Wuy;) = 0 and
Ywev [ (uzyw) is a sum of at least three positive integers.

Therefore, f*(uy,) > 2.

Therefore, No function f:V — {0, 1, 2, ..., g} is a near mean labeling.

Thus, an alternating di-cyclic snake is a non near mean digraph.

4. Conclusions

In this article, different dicyclic snakes are introduced. Also, existence of near mean
labeling is verified to dicyclic snakes and its generalisation. Most of the labeling are
proved only for graphs. In this way, we develop the concept of labeling into digraphs
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