Ratio Mathematica Volume 46, 2023

Odd prime labeling for some arrow related
graphs

G. Gajalakshmi*
S. Meena®

Abstract

In a graph G a mapping g is known as odd prime labeling , if g is a
bijection from Vto {1, 3,5, ...., 2|]V| — 1} satisfying the condition that
for each line xy in G the gcd of the labels of end points (g(x), g(y)) is
one. In this article we prove that some new arrow related graphs such
as A2, A2,A?, are all odd prime graphs. Also we prove that double
arrow graphs, DA? and DA? are odd prime graphs.
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1 Introduction

In this article by a graph G = (V(G), E(G)) we mean a simple graph. For
graph theoretical notations we refer J.A.Bondy and U .S. R.Murthy [1976] .

Graph labeling has been introduced in mid 1960. For entire survey of graph
labeling we refer Gallian [2015].

The concept of prime labeling was established by Roger Entringer and was
discussed in a article by Deretsky et al. [1991], Tout et al. [1982]. A graph G of
order p is known as prime graph if it’s points can be labeled with distinct positive
integers {1, 2,3, -, p} such that the labels of any two adjacent points are relatively
prime Meena and Vaithilingam [2013]. Meena and Kavitha [2014] investigated
prime labeling for some butterfly related graphs. Meena et al. [2021] investigated
odd prime labeling for some new classes of graph.

The notion of odd prime labeling was established by Prajapati and Shah [2018]
and many researchers. Arrow graph was introduced by Kaneria et al. [2015]. Mo-
tivated by this study, in this article investigate the existence of odd prime labeling
of some graphs related to arrow graphs.

Definition 1.1. Let H = (V(H), E(H)) be a graph. A bijection g : V(H) — Oy
is know as odd prime labeling if for each line xy € &, greatest common divisor
(9(x),9(y)) = 1. A graph is know as odd prime graph if its admits odd prime
labeling .

Definition 1.2. Let H, = (P, Q1) and Hy = (Py, Q2) be two graphs with

PrN P, = ¢. The cartesian product Hi X Hs is defined as a graph having
P =P x Pyand x = (x1,22) and y = (y1,y2) are adjacent if x1 = 1y, and
is adjacent to ys in Ho or xy is adjacent to vy, in Hy and x5 = yo. The cartesian
product of two paths P,, and P, denoted as P,, X P, is known as a grid graph on
nm points and 2nm — (n +m).

Definition 1.3. In rectangular grid P,, X P, on mn points the n points
V1,1,V2,1,V3,1.--Up,pn AN POINLS V1 py, V2 1y, V3 ... Uy, ATE called an superior points
from both the ends.

Definition 1.4. An arrow graph A; with width x and length y is got by connecting
a point v with superior points of P, X P, by new edges from one end.

Definition 1.5. A double arrow graph D Aj with width x and length y is got by
conecting two points v and w with superior points of P, X Py by v + x new edges
from both the end.
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2 Main Results

Theorem 2.1. AZ is an odd prime graph where y > 2.

Proof. LetG = Az be an arrow graph got by connecting a point g(ug) with
superior points of I’ x P, by new lines.
Let V(G) = {w/0 <1<y} U{u/l<I<y}
E(G) = {wu1/1 <1 <y—1} U{ugvr } U {uous}
U{vug/1 <l <y—1}U{wy/1 <1<y}
Now |V(G)| =2y+1 and |£(G)| =3y
Define a Mapping f : V — O, as follows
9(uo) =1
glu) =4l —1 forl1 <Il<y
g(v) =4l +1 for1 <[l <y
Clearly point labels are distinct.
For each e € F, if ged(g(u), g(v)) =1
(i) e = uouy, ged(g(uo), g(w;)) = ged(1,3) =1
(ii) e = uguy, ged(g(uo), g(vy)) = ged(1,5) =1
(iih)e = wyvy, ged(g(w), g(v)) = ged(4l — 1,41+ 1) =1
for 1 <1<y
(iv) e = w1, ged(g(wy), g(ue1))=ged(4l — 1,414+ 3) =1
for 1<I<y—1
(V) e = v, ged(g(v))), g(vi1) = ged(4l+ 1,4+ 5) =1
for 1<I<y-—1
Hence Az is an odd prime graph. 0

3ot T U 11 Us 15Uy 19 _Us 23 U

SV 9V, 137V 17 vs 21 vs 25 Ve

Figure 1: Arrow graph AZQI and its odd prime labeling

3 . .
Theorem 2.2. A7 is an odd prime graph where y > 2.

Proof. Let G = A3 be an arrow graph got by connecting a point g(u) with
superior points of P3 x P, by 3 new lines.

V(G) = {u, v, wy, /1 <1<y} U{uo}

E(G) = {wur1, v, wwi /1 < 1 <y — 1FU{vw,wu /1 <1<y}

U{uouy JU{ugvy JU{ugws }
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Now |[V(G)| =3y + land |E(G)| =5y — 1
Define a mapping f 1V — Oy, as follows

g(uo) =

g(ul)—6l—3 for1 <1<y, lisodd
g(u) =60 —1 for1 <[ <wy,liseven
g(vl)—6l—1 for1 <[ <y,lisodd
g(v) =6l — for1 <[ <y,liseven

g(w )—6l+1 for1 <1<y
Clearly all the point labels are distinct. With this labeling for each e = wv € E if

(i) e = uouy, ged(g(uo), g(ur)) = ged(1,3) =1 for 1 <<y
(ii) e = wowy, ged(g(ug), g(wy)) = ged(1,7) =1 for 1<i<y
(ii)e = ugvy, ged(g(ug), g(v1)) = ged(1,5) =1 for 1<[<y
(ivie = wuy, ged(g(uy), g(v) = ged(6l — 3,6l —1) =1  forl <1 <y

[ # 0(mod2)

Ve = wuy, ged(g(w), g(v)) = ged(6l — 3,60 — 1) = 1 forl <[ <y
[ = 0(mod2)

(vi)e = vy, ged(g(v), g(wy)) = ged(6l — 1,61+ 1) =1 forl <[ <y
[ # 0(mod2)

(vie = vy, ged(g(w), g(v)) = ged(6l — 1,60 —3) =1 forl <[ < y
[ = 0(mod2)

(viil)e = wuyi1, ged(g(wy), g(wi11)) = ged(6l — 3,60 —5) =1  for1 <[ <y
[ # 0(mod2)

(ix)e = w1, ged(g(wy), g(uy1)) = ged(6l — 1,614+ 3) =1 for1 <i<y

[ = 0(mod2)

(x)e = vl + 1, ged(g(vy), g(vi1)) = ged(6l — 3,60 — 1) =1  for1 <[l <y
[ = 0(mod2)

(xi) e = vl + 1, ged(g(vy), g(vis1)) = ged(6l — 1,61 —3) =1 for1 <1<y

[ # 0(mod2)

(xii) e = wywl + 1, ged(g(wy), g(wit1)) = ged(6l + 1,60+ 7) = 1for1 <[ <y

3 . .
Hence Aj is an odd prime graph . U
3 11U, 15U 23 Uy 27 Us 35 U 39_u, 47 u 51 u,
uol Slv, 9]V 171V, 21 v, 29| vs 331, 411 V7 45] Vg 53 vy

55w,

TOWe13Twy, 19wy 25wy 31wy 37 W 43 W 490 %
Figure 2: Arrow graph Ag and its odd prime labeling

Theorem 2.3. Az is an odd prime graph where y > 5.
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Proof. Let G = AZ be an arrow graph got by connecting a point v with superior
points P5 x P, by 5 new lines.

V(G) = {u,v,w /1 <1<y} UH{up}

E(G) = {wv, vw /1 <1 < yu{(wugys), (0igs), (W /1 <1<y —1}
Now |V(G)| = 5y + 1 and |E(G)| = 9y

Define a mapping f : V — O, as follows

9(ug) =1

g(u) =6l — for1 <[ <1, 1[isodd

g(ul)—6l—1 for1 <[ <1, [iseven

g(vl)—Gl—l forl1 <1<, 1isodd

g(v) =6l — for1 <1<, 1]iseven

g(w )—6l—|—1 for1 <<,

Clearly all the point labels are distinct. With this labeling for each e € E if
ged(g(w), g(v)) = 1

(i) e = uguy, ged(g(uo), g(uq)) = ged(1,3) =1

(ii) e = wowy11, ged(g(uo), g(uy1)) = ged(1,60 —3) =1  for1 <[ <y
(ii)e = wy, ged(g(w), g(v) = ged(6l — 3,60 — 1) =1 forl <l <y
[ # 0(mod2)

(iv) e = wuy, ged(g(w), g(v)) = ged(6l — 1,60 —3) = 1 forl1 <[ <y
[ = 0(mod2)

V) e = vy, ged(g(vy), g(wy)) = ged(6l — 1,61 +1) = 1 for 1 <1
[ # 0(mod2)

(vi) e = vwy, ged(g(v), g(wy)) = ged(6l — 3,60 +1) =1  forl <[ <y
[ = 0(mod2)

(vil) e = wuyr1, ged(g(w), g(usr)) = ged(6l — 3,60 +5) = 1for1 <1 <y
[ # 0(mod2)

(viii) e = w1, ged(g(wy), g(ugq)) = ged(6l — 1,60 —3) = 1for1 <1<y

[ = 0(mod2)

(ix) e = v, ged(g(v), g(vig1)) = ged(6l — 1,60 +3) = 1for1 <1 <y
[ # 0(mod2)

(x) e = vvi41, ged(g(vy), g(vi1)) = ged(6l — 3,60 +5) = 1forl <1 <y
[ = 0(mod2)

(xi) e = wywyi1, ged(g(wy), g(wiy1)) = ged(6l + 1,60 +7) =1for1 <1<y
Hence AZ is an odd prime graph . 0
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<
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Figure 3: Arrow graph Ag and its odd prime labeling

Theorem 2.4. DAZ is an odd prime graph where y > 2.

Proof. Let G = DAZ be a double arrow graph got by connecting two points u, v
with superior points from both the ends of P, x P, by 2+2 new lines.

Let V(G) = {wu/1 <1<y} U{v,v}

E(9) = {(wu1), (i), 1 <1<y — 1 U {ow/1 <1<y Ufov fu{vun }
U{uyvo pU{vyvo}

Now |V(G)| =2y+2 and |E(G)| = 3y+4

Define a mapping f : V — Oy, as follows

glv) =1

g(u;) =4l —1 for1 <i<y

g(v;) =41+ 1 for1 <[l<y
g(vo)=4y +3

Clearly point labels are distinct.

For every e = uwv € E, if ged(g(u), g(v))
(i) e = vur, ged(g(v), g(ur)) = ged(1,3)

1
1
(i) e = vvy, ged(g(v), g(vy1)) = gcd(l, 5)=1
(iii) e = wuiy1, ged(g(wy), g(ug))=ged(4l — 1,41+ 3) = 1for1 <1 <y —1
(iv) e = v, ged(g(v)), g(vigr) = ged(4l+ 1,41+ 5) =1for1 <1<y —1
(v) e = vy, ged(g(vy), g(w)) = ged(4l + 1,41 — 1) = 1 for1 <1<y
(vi) e = vyw, ged(g(vy), g(w)) = ged(dy + 1,4y +3) =1
(vid)e = uyw, ged(g(uy), g(w)) = ged(dy — 1,4y +3) =1
Hence DA? is an odd prime graph. O
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Figure 4: Arrow graph DA; and its odd prime labeling

Theorem 2.5. DA;; is an odd prime graph where y > 3.

Proof. LetD = DA?; be an arrow graph got by connecting two point set 1 and 2
with superior pointss from both the ends of P; X P, by 3+3 new lines.

V(G) = {w,v,w, /1 <1 <y}U{up}U{z}

E(9) = {wuig1, Vv, wwpp /1 < U<y — 1HU {wo, v /1 << yjU
{uouy, ugvr, ugwy, 2oty 200y, oWy}

Now |V(G)| =3y +2and |E(G)| =5y + 3

Define a mapping f : V — O, as follows

(
glu) =6l—3 forl <[ <wy,lisodd
g(u) =61 —1 for1 <1 <y,liseven
g(u) =60—1 for1 <1 <uy,lisodd
g(u)=60l—3 forl <Il<y,liseven
g(w)) =61+ 1 forl1 <1<y
g(z) =6y +3 forl<i<y
Clearly all the point values are different. With this labeling for each e € F if
(i) e = uguy, ged(g(uo), g(uq)) = ged(1,3) =1
(ii) e = ugvy, ged(g(uo), g(v1)) = ged(1,5) =1
(iii) e = ugwy, ged(g(up), g(wy) = ged(1,7) =1
(iv) e = wu, ged(g(w), g(v)) = ged(6l — 3,60 — 1) = 1 for 1 < [
[ # 0(mod2)
V) e = wuy, ged(g(w), g(vy)) = ged(6l — 1,60 —3) =1 for1 <1 <y 1
0(mod2);
(vi) e = vy, ged(g(v), g(wy)) = ged(6l — 1,61+ 1) =1 forl <1 <y
[ # 0(mod2)
(vii) e = vwy, ged(g(v), g(wy)) = ged(6l — 3,60 —1) =1 forl <[ <y
[ = 0(mod2);
(viii) e = w1, ged(g(w), g(wiv1)) = ged(6l — 3,60 +5) = 1for1 <1 <y—1
[ # 0(mod2);
(ix) e = wuyy1, ged(g(w), g(u1)) = ged(6l — 1,60 +3) =1for1 <1 <y—1
[ = 0(mod2);
Hence DA} is an odd prime graph . O
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Figure 5: Arrow graph D A3 and its odd prime labeling

3 Conclusions

The odd Prime labeling of various classes of graphs such as Az where y € N,
A3, A>, where y > 2 are odd prime graph and double arrow graphs DA? DA?
are proved. To derive similar results for other graph families is an open area of
research.
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