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Abstract

The fuzzy set has been applied in wide area by many researchers.
We define the concept of anti-homomorphism in Q-fuzzy subgroups
and Q-fuzzy normal subgroups and establish some result in this re-
search article and develop some theory of anti- homomorphism in
Q-fuzzy subgroups, normal subgroups and also extend results on Q-
fuzzy abelian subgroup and Q- fuzzy normal subgroup. Many re-
search scholars completed their research in field of fuzzy subgroup,
anti fuzzy subgroup, Q-fuzzy subgroup, anti Q-fuzzy subgroup, ho-
momorphism, anti homomorphism etc.
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1 Introduction

According to Zadeh.L.A Rosenfeld [1971] was introduce fuzzy sets. It has
subsequently been employed in a variety of scientific domains, including engi-
neering, social science, medicine, and pure and applied mathematics. Rosenfeld
developed the concept of fuzzy subgroups Asaad [1991]. Biswas.R proposed anti-
fuzzy subgroups in Biswas [1990]. Solairaju.A and Nagarajan.R pioneered the
structure of Q-fuzzy groups Palaniappan and Muthuraj [2004]. Jacobson.N was
the first to use the words M-group and M-subgroup in Jacobson [1951]. In this
study, we present and discuss the concepts of group Q- M homomorphism, group
anti Q- M homomorphism, and anti Q- M-fuzzy normal subgroup of M-group.

2 Preliminaries

Definition 2.1. Let X # ¢. Let X is fuzzy 0 C 0 : X € [0, 1].

Definition 2.2. Zadeh [1965] A fuzzy C 6 < N.
It is satisfying the axioms,

(i) 6 (aB) = lower{f (a), 0 ()}
(ii) 0 (a™t) = 0(a),Va, B € N.

Definition 2.3. Biswas [1990]  Afuzzy C 0 of a group G is said to be anti
fuzzy C G if it is satisfying the following conditions,

(i) 6 (uv) <lower{f (u), 0 (v)}
(ii) 0 (u™') = O(u),Yu, v € G.

Definition 2.4. Biswas [1990] Let G: M and 0 C G. Then 0 is called M-fuzzy C
G ifVu € Gand m € M, then 0(mz) < 6(u)

Definition 2.5. Jacobson [1951] A Q-fuzzy set 0 is QQ — fuzzy < G if Vu,v €
G,and p € Q

(i) 0 (w, p) = lower{0 (u, p), 6 (v, p)}
(ii) 0 (u™", p) = 0(u, p)

Definition 2.6. Solairaju and Nagarajan [2009]  Let fuzzy A C X. Forte[0, 1] C
0 is denoted by [0, = {u € U : 05(u) > t}]

Definition 2.7. Sithar Selvam et al. [2014] A Q-fuzzy set 0 is called Q) < G if
Yu,v € G, and p € Q in anti Q fuzzy.
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(i) 0 (uv, p) < lower{f (u,p),0 (v, p)}
(i) O (u™',p) = 0 (u,p)

Definition 2.8. Sithar Selvam et al. [2014] An antifuzzy normal () < G. Then
G S 0of GifVr,y € Gand p € Q, O(uyz=", p) = 0(v, p).

3 Anti Q-M- fuzzy normal subgroups and its level
subsets

Definition 3.1. Let 0 be anti fuzzy Q) — M — < M — groupG, then 6 < M(G) if
Yu,v € G, p € Q,and m € M such that
0(m(uvut), p) = 0(m(v), p) (or) O(m(wv), p) = O(m(vu), p).

Definition 3.2. Ler 0 be anti fuzzy Q — M < M — groupG. For anyt € [0, 1], the
subset 0; is defined by 0, = {u € G,p € Q,m € MO(m(u),p) < t} and it is the
subset of 0.

Theorem 3.1. If 0 is a fuzzy Q — M — C of a M-group G, then 0 is an anti fuzzy
Q — M— < M — groupG iff the level subset 6,,t € [0, 1] is subgroup of M-group
G.

Proof. Let us assume that 6 is an anti fuzzy — QQ — M— < M — groupG.
The level subset 6, = {u € G,p € Q,m € MO(m(u),p) <t, te[0,1]}.
Let u,v € 6, then 6(mx, p) < t and §(my, p) <t

Now
0(m(uy™"), p) < upper{f((mu), p),0(m(v™"), p)}
= upper{ﬁ(mu, p)7 0<mv7 p>}
< upper{t,t}
Thus

O(m(uv™),p) <t

Hence zy~! € 6,. Therefore 6, < M(G).
Conversely, Let 6; be a subgroup of a M-group G.
Let u,v € 6;. Then 0(mu, p) < tand 6(mv, p) < t.
= O(m(uv™t),p) <t , Because{uv™"' € 6}
= upper{t,t}
= upper{f(mu, p), 0(mv, p) }
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Therefore

O(m(uv™"), p) < upper{#(mu, p),0(mv, p)}
Hence 6 is an anti fuzzy Q) < M — groupG. [

Definition 3.3. Let 6 be a anti fuzzy QQ — M < m — groupG. The set N(0) is
defined by N(0) = {a € GO(m(aua™t),p) = 6(m(u),p)} Vu € G and p € Q,
m € M. and it is called an anti fuzzy Q-M-normalizer of 0.

Theorem 3.2. If 0 is a fuzzy Q — M < M — groupG. Then 0 is an anti fuzzy
Q — M — fuzzy < M — groupG iff the level subsets 0,,t € [0,1] < M(G).

Proof. Let us assume that 0 < Q) — M — antifuzzynormalsubgroupofaM (G)
and the level subsets 6;,t € [0, 1] is a subgroup of a M-group G.

We take u € G and o € 6, then O(ma, p) <t

Now O(m(azxa™?), p) = 6(ma, p) < t.

Since 6 is an anti fuzzy normal Q-M < M (G), (m(uau—1),p) <t

Therefore uau™" € 6, hence 6, < M(G). O

Theorem 3.3. If 0 is an < Q) — M — antifuzzynormalsubgroupofaM (G)
Then

(i) N(8) < M(G).
(ii) 0 is an normal anti fuzzy -Q-M < iff N(0) = G.
(iii) 6 is an normal fuzzy anti — Q — M < N(0).

Proof. Let a, 3 € N(f). (i) Then O(m(aua=t),p) = O(mu,p)Vu € G,p €
Q,m € M and O(m(Bxp~1), p) = 0(mu, p)Vu € G, p € Q,m € M. Now

O(m(afu(aB)™),p) = O(m(apuB™ a™), p)

= 0(m(Buf™), p)
— O(mu, p)
Then we have, 0(m(afu(aB)™t), p) = 0(mu, p)
= af € N(0)
Therefore N (0) < M(G).
(i1) We know that

N6 C G, (D)

0 is an normal fuzzy anti-Q) — M < G.
Let a € G, then O(m(aua™'), p) = 0(mu,p)Vu € G,p € Q, m € M.
Then
a€eN(@)=GC N (2)
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From (1)&(2), we get

N@) =G

Conversely, assume that N () = G

We have, 0(m(axa™), p) = (mz, p)Va,z € G,p € Q,m € M.

Therefore 6 is an fuzzy normal anti ) — M < M(G).

(iii) Let 0 be an fuzzy normal anti ) — M < M

We take o € G, then we have

O(m(aua™'), p) = O(mu, p)Vu € G,p € Q,m € M.

Therefore o« € N(0) = G C N(0).

Hence 6 is an fuzzy normal anti ) — M < N(6) O

Theorem 3.4. Let 0 be an fuzzy normal anti Q — M < M(G), then hOh™" is also
an fuzzy normal anti Q — M < M(G)Vh e G, p€ Q, m € M.
Proof. Given 0 < M(G) < M(G)

(i)(hoh~") (m(wv), p) = O(m(h™ (uv)h), p)
O(m (b~ (ubh~10)h), p)
O(m((h™"uh)(h™"vh)), p)
upper{0(m(h~'uh), p),0(m(h~"vh), p)}
upper{hOh™" (mu, p), hOh™" (mv, p)}

IAINA

Yu,veG, peandm e M.
(i6)h0h™ (mu, p) = O(m(h~'uh), p)

VuveG,pe@,me M.
Therefore hOh~1 is an fuzzy anti Q — M < M(G). O

Theorem 3.5. Let 0 fuzzy antiQ) — M < M(QG), then hOh™" fuzzy antiQQ — M <
M(G),Yh e G, pe @ me M.

Proof. Given 0 is an anti-Q-M-fuzzy normal subgroup of M-group G.
Then hOh~! < G.
Now

hOR (m(uvu™), p) = O(m(h (uvut)R), p)
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Therefore hfh ™! is also an fuzzy normal anti Q — M < M(G). O

Theorem 3.6. The disjoint two fuzzy normal anti Q — M < M(G) is also an anti
fuzzy anti QQ — M < M(G)G.

Proof. Let a and (5 be two anti-Q-M-fuzzy subgroups of a M-group G.
Then

lower{a(m(uv™), p), B(m(uv™1), p)}
lower{upper{a(c(u), p),a(m(v™"), p)}
supper{(c(u), p), B(m(v™"), p) }}
lower{upper{a(cu, p),a(mv,p)},
upper{B(cu, p), B(mv, p)}}
upper{lower{a(cu, p),a(mv, p)},
lower{(cu, p), B(mv, p)}}

Therefore {(a/8)(c(uv™"), p)} < upper { (a)(cu. p), (af)(cv, p)}
Hence a3 is an fuzzy normal anti Q — M < M(G).

(aB)(m(uv™), p)

IN

IN

IN

e N

Theorem 3.7. If C and D are an anti fuzzy normal Q-M < M (G).Then AN B is
anti fuzzy normal Q-M < M (G).

Proof. For any z,y € G, q € Q, m € M We have

(CND)(m(zyz™),q) = upper{C(m(zyz~"),q), D(m(zyz~"),q)}
= upper{C(my, q), D(my, q)}
= (CND)(my,q)

Hence C'N is an anti fuzzy normal Q-M < M(G). O

4 Group Q-M- homomorphism and group anti Q-
M- homomorphism

Definition 4.1. The function f : G X Q — H x @ is homorphism group Q-M
(i) f : G — H is a homomorphism group and

(ii) f(m(uv),p) = (f(mv).f(mu),p) Y u,v € G,p € Q,m € M. where G and
H are M-groups.

Definition 4.2. The function f : G x Q — H x @ is anti homomorphism group
of O-M if
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(i) f: G — H is homomorphism group

(ii) f(m(uv),p) = (f(mx).f(mv),p) Yu,v € G,p € Q,m € M.

Theorem 4.1. If the function f : G x Q — H X Q) is a group anti Q-M-
homomorphism

(i) If 0 is an anti Q-M-fuzzy normal subgroup of H, then f~1(0) is an fuzzy normal
anti Q — M < M(G).

(ii) Iffis an epimorphism and 6 is an fuzzy normal anti Q — M < M (G) then f(6)
is an anti normal fuzzy Q-M < H. Where G and H are M-groups.

Proof. (i) Given the function f : G x Q — H x () is a group anti-Q-M-
homomorphism and 6 is an anti normal fuzzy Q-M < H.
For all u,v € G, p € Q,m € M we have,

FHO m(uvu™),p) = O(f(m(uvu™)), p)
= O(fm(u™").f(mw). f(mu), p)
= 0(f(mv),p)
= fH(mw,p)

Hence f~!(0) is an fuzzy normal anti Q — M < M(G).

(i) Given 6 is an fuzzy normal anti Q — M < M(G). Then f(0) is an anti
Q-M-fuzzy subgroup of H.
For any N, 5 € H, we have

FO)(m(aBR™), p) = infO(mv,p) = info(m(uvu™"), p)
flv) = aBa™t=inf(muv,p)
fu)=a, f(v)=06 = f(0)(mb,p) (Since f is an epimorphism)

Therefore f(#) is an fuzzy normal anti Q — M < H. O
Definition 4.3. Let A and B be two fuzzy anti () — M < M(G). The Product of A
and B is defined by AB(m(u), p) = infupper(A(muv, p),vz = u, B(mz,p))u €
G,pe@,me M.

Theorem 4.2. If A and B are fuzzy normal anti Q — M < M(G), then AB is an
fuzzy normal anti ) — M < G.
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Proof. Given A and B are two fuzzy normal anti Q — M < M(G).

(1) AB(m(uv), p) = infupper{A(m(uiy1),p), B(m(uzy2),p)}
where u = w1y, and v = Uzl
< inf upper{upper{ A(muy, p), A(muvi, p)},
upper{B(musg, p), B(muva, p)}}
upper{inf upper{ A(muy, p), A(mwv, p)},
inf upper{ B(mus, p), B(muva, p)} }
i.e., AB(m(uv), p) < wupper{AB(m(uiy1), p), AB(m(u2y2),p)}

IN

(ii) AB(m(u™),p) = infupper{(Bm(z""), p), A(m(v™), p)}
where(vz) ™t =u!
= infupper{B(mz, p), A(mv, p)}
= inf upper{A(mwv, p), B(mv, p)}
AB(mu, p).

AB(mv™',p) = AB(mv,p)

Hence AB is anti fuzzy normal Q-M < M (G). O

5 Conclusions

In this research article, we gave some results of anti Q-M-fuzzy normal
subgroup, Group Q-M homomorphism and Group anti Q-M homomorphism. This
article used to further research in fuzzy algebra.
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