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On fz- domination number of fuzzy graphs
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Abstract

Given a fuzzy graph G = (V, 1, 0), the fz- domination number, v¢.(G),
is the least scalar cardinality of an fz- dominating set of G. In this ar-
ticle, we examine several features of fz-domination number of fuzzy
graphs as a result of various fuzzy graph operations. We find bounds
for the fz-domination number of a few graph products and look at the
requirements for the sharpness of these bounds.
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1 Introduction

Since the initial introduction of fuzzy graphs by Rosenfeld [1975], a large
number of researchers have studied the subject. The notion of domination in
fuzzy graphs was first proposed by Somasundaram and Somasundaram [1998].
Somasundaram [2005], Gani and Chandrasekaran [2006], Manjusha and Sunitha
[2015], Bhutani and Sathikala [2016] also studied domination in fuzzy graphs.
Mordeson and Chang-Shyh [1994] developed operations of fuzzy graphs that are
comparable to those in crisp graphs.

Different variations of domination in fuzzy graphs found in literature do not
consider the situations where we need to take all the non-zero edges incident at a
vertex into consideration. These definitions use either the effective or the strong
edges of the fuzzy graph.But our model of fuzzy domination in fuzzy graphs
[2022] takes into account all the non-zeroedges incident at a vertex, even if they
are small in strength. Further most variations of domination in fuzzy graphs found
in literature do not considerthe fuzzy subsets of the vertex set, instead considered
the crisp subsets of the fuzzy vertex set.But while considering fuzzy graphs and
their subset problems it is more apt toconsider fuzzy subsets of the vertex set
than their crisp subsets. By taking all these into consideration we defined fz-
domination in fuzz graphs[2022].

We, Lekha and Parvathy [2022] developed fz-domination in fuzzy graphs,
which coincides with fractional domination in crisp graphs presented by Hedet-
niemi and Wimer [1987] and explored by Hedetniemi and Mynhardt [1990]. In
this article, we examine the effects of several graph operations on fz-domination.

For basic definitions, terminology and notation in fuzzy graphs we refer to
Mordeson and Nair [2000].

Definition 1.1. (Lekha and Parvathy [2022]). Given a fuzzy graph G = (V, , o),
a fuzzy subset 1’ of 1 is defined as an fz-dominating set of G, if for every v € V,

() + > (olw,0) A p' (@) = ().

A fuzzy subset ' is a minimal fz-dominating set, if ©” C 4 is not an fz-
dominating set.

Definition 1.2. (Lekha and Parvathy [2022]) Fuzzy domination number or fz-
domination number of G, denoted by 7.(G), is defined as

Y£:(G) = min {|1'] : ' is a minimal fz-dominating set of G}
Example 1.1. For F = (u, o) shown in Fig. 1,

H1 = {([E, 0'1)7 (yv 0'5)7 <Z> 02)}
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Mo = {(1:7 O6>7 (y7 0)7 <z7 06>}
H3 = {(Iv 0'4)’ (yv 0'2)7 (27 04)}
s = {(2,0.5), (5,0.1), (2,05}

are all minimal fz-dominating sets of F. p is a minimum fz-dominating set and
Vfz (f) =0.8.

(x,0.6) 0.5 (y,0.7) 0.4 (2,0.6)

Figure 1: Fuzzy graph, F

2 fz- domination in union of fuzzy graphs
Let G = (Vi, u1,01) and H = (Vo pio, 09). GUH = (V, u, o) where
V=ViuV

p(u) = pa(u) ifueVi\Vs
= us(u) ifuela\V
=y (u) V po(u) ifueVynisg
and

o(u,v) = o1(u,v) ifueVi\Vy,veVl
=oo(u,v) ifueV\V,vel,
= o1(u,v) Vos(u,v) ifu,velVinNVy
=0 otherwise

The following theorem gives a general upper bound for the fz-domination number
of union of two fuzzy graphs.

Theorem 2.1. For any two non- trivial fuzzy graphs G and H,

Vi(GUH) < 772(9) + 75 (H)
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Proof. Consider the fuzzy graphs G = (Vi, 1, 01) and H = (Va, g, 09). Let 1}
and 4, be the minimum fz-dominating sets of G and H respectively. Let the fuzzy
subset 1’ of V' be defined by
pu) = py(u) ifueVi\V,

= po(u) ifueVa\ i

= pi(w) V pp(u) ifueVinva
Now letv € V.
Case (i)
If v € V) \ V4, then

p(v) = p(v)
< (@) + 3 ol 0) A i (a))
= (v) + ZO’(QJ, v) A ().
Case (ii)
If v € V5 \ V4, then
p(v) = pa(v)
< (o) + 3 ol v) A piy(a))
= (v) + Za(m, v) A ().
Case (iii)
IfoeVinl,

pv) = (V) V pa(v)

< (i) + 3 onla0) A (0) v (o) + 3 oalir,v) A i) )

zeV] zeVa

S(u’l(v)\/u’z(v)H( Y (e o) Adh@) + Y (o2(z,0) A piy()

z€Vi\Va zeVo\V1

+ Y (@ev) Vou(e, ) A (@) V pa(e)))

zeViNVsy
< p(v) + 20(937@) A ().
eV
Thus 4/ is an fz-dominating set of G U H and p/(v) < py(v) + ph(v).
Hence |p/| < [pi| + |1h)-
Thus, 77-(G UH) < 77:(G) + 77 (H). =

216



On fz- domination number of fuzzy graphs

Remark 2.1. Obviously equality holds in the above theorem if the vertex sets of
G and H are disjoint. The following example shows that equality may hold even
if they are not disjoint. For the graphs in Fig. 2, v;,(G) = 0.5, vs.(H) = 0.6 and
Yr:(GUH) = 1.150 that v;.(GUH) = v7.(G) + v (H).

/(a,OA)
O 0.2 O 0.2 O O 0.3 0.3 O(b,0.4)
(u,0.5) (v,0.2) (w,0.2) (v,0.3) (w,0.3)
0.3
g (c,0.4)

H

(a,0.4)
0.3
(u,0.5) (v,0.3) (w,0.3)
0.
,0.4
GUH (c,0.4)

Figure 2: Fuzzy Graphs G, H and G U 'H

3 fz- domination in join of fuzzy graphs

Let G = (Vi, 1, 01) and H = (V&, o, 02) whose vertex sets are disjoint. The
join G + H is defined by G + H = (V, 1, 0) where V = V; U V4,

p(u) = pa(u) ifueVy
= po(u) ifuely
and
o(u,v) =o1(u,v) ifu,veW)
= o9(u,v) ifu,vely
=ty (u) A po(v) ifu € Vi and v € V4
Theorem 3.1. For any two non- trivial fuzzy graphs G and H whose vertex sets

are disjoint,

Y1:(G +H) < max{y.(G), 7. (H)}
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Proof. Let G = (Vi, p1,01) and H = (Va, ps, 02) be two fuzzy graphs such that
ViNVy = ¢. Let v4,(G) > 7¢.(H) and let 1) be a minimum fz-dominating set of
g.
Define 1/ C 1 by
f(u) = py(u) ifueg
=0 ifueH

Let m be such that m = max{ps(u);u € H}.
Now m < 7v¢.(H) < v¢.(G) implies that 1’ is an fz-dominating set of G + .
Hence,

’)/fz(g + %) < mam{f)/fz(g)’ f}/fz(H)}

]

In the following discussion M, m; and ms denote the maximum membership
value of a vertex in G + H, G and H respectively.

Observation 3.1. It is possible that

sz(g + H) < min{’yfz((.;,)a '7fz(H)}

For example, if M < v, (H) < v¢.(G), then 1/ C 1 defined by

W) = i) ifu e H
=0 ifucg

is an fz-dominating set of G + H and hence ~y;.(G +H) < v¢.(H). Here equality
occurs if M = v¢,(H). The following example shows that strict inequality can
also occur in this relation.

Example 3.1. Consider the fuzzy graphs G1, G, and G1 + G given in Fig.3.
Here v¢,(G1) = 1.6, v4.(G2) = 1, M = 0.8, v4.(G1 + Ga) = 0.9 so that

Yr2(G1 + G2) < 742(G2)

Observation 3.2. If vs.(H) < M < |u2

, then v, (G +H) = M.

Claim: Define iy O iy in H such that || = M. Then, 4 is an fz-dominating
set of G+H. Hence v, (G+H) < M. Also, since there is a vertex of membership
value M in G + H, we get v¢.(G + H) = M.

Observation 3.3. If m; < |us| and my < |y

, then ¢, (G + H) < my + mo.
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(u,0.8 (a,0.5)
(U,0.8) v,08)  (w,08)  (x0.8)
@i O, @& © 0.4 0.4
g1 (v.0.8 (b,0.5)
0.4 04
(3,0.5) (b,0.5)  (c,0.5) (d.0.5) (w,0.8) (©.05)
@ O @i ©
0.4 0.4
9 (x,0.8) (d,0.5)
G+ Go

Figure 3: Fuzzy Graphs G, G, and G; + G»

Claim: Define 1}y, C py in G such that |py| = mo and ply C s in H such that
|ph| = my. Now p' defined by

Wo(u) = py(u) fueg
= py(u) ifueH

is an fz- dominating set in G + H. Hence v¢,(G + H) < my + mo.
Observation 3.4. If |us| < M, then i/ C pin G + H defined by

p(u) = po(u) ifucH
= max{0, iy (u) — [p2l} fueg

is an fz- dominating set in G + H. Then, v;,(G + H) < v7.(G) — n|us| where n
is the number of vertices u € G having i1 (u) > |pal.

Observation 3.5. If v;.(H) < M < v4.(G), then (i C pin G + H defined by

W) = phlu) ifueH
— maz{0, 1 (u) = 17.(H)} ifueG

is an fz- dominating set in G + H. Then, v¢,(G +H) < v4.(G) — nys.(H) where
n is the number of vertices w € G having 1 (u) > v, (H).
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4 {z- domination in corona of fuzzy graphs

The corona of G = (Vi, p1, 01) and Ky = (u, pa(u)) is the fuzzy graph G o Iy
obtained by attaching a copy of K; to each vertex v; € V; such that o(v;, u;) =
p1(v;) A po(u;) where u; represents the vertex in the copy of K; corresponding to
v; € V4.

Observation 4.1. The following two results are obvious.
1. 75:(G 0 K1) > 77:(9)
2. 772(G 0 K1) = npa(u)

1/3 1/3

13 1

d,1) NN

1/3 1/3
Figure 4: Fuzzy graph G o K

Remark 4.1. The example below shows that equality may occur in observation
4.1(a).

Consider G o Ky in figure 4. 1/ = {(a,3),(b,3),(c,3),(d, 5)} is a minimum fz-
dominating set of G and v¢,(G) = %. i is an fz-dominating set of G o K1 also.
Therefore, v1.(G 0 K1) < § = 77.(G).

On the other hand from observation 4.1(a), v¢.(G o K1) > v7.(G).

Thus we get v5,(G o K1) = v7.(G).
Theorem 4.1. 7;.(G o K1) < 7£.(G) + nua(u) where n = |V3].

Proof. Let 1 be the fuzzy subset of G o Ky and 1) be a minimum fz-dominating
set of G. Let 1/ C u be such that

p () =p(v) ifven
= po(v) otherwise
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Then 4/ is an fz-dominating set of G o Ky and

|| = ] + nlps)
= 772(G) + npa(u)

Therefore v;,(G o K1) < 7£.(G) + nps(u) N

Theorem 4.2. If piz(u) > pq(v) for all v € Vi, then
V#2(G 0 K1) = npa(u)

Proof. Ttis clear that v, (G o ICy) > nua(u)
Consider i/ where

pWw)y=0 ifvel
= po(v) ifv=u
Then, 1 is fz-dominating set of G o K.

Therefore, v¢.(G o K1) < |1/ = npa(u).
Hence v¢,(G o K1) = npa(u) N

(UI,I/Z) (u231/2)

1/2
(’U,4,1/2) (“‘3:1/2)

Figure 5: G’ o K4

Remark 4.2. The condition ps(u) > pi(v) for all v € Vi is not necessary to get

Y72(G 0 Ky) = nps(u). For example, consider G' o K given in figure 5.

Here, pi5(u) < py(v) for all v € Vi. Now 74,(G o K1) > npus(u) implies that

Yp2(G' 0 K'y) > 2.

Also ' ={(a,3), (b, 3), (c,3),(d, 2)} is fz-dominating set of G' o K';.
= n

Hence v¢,(G' o K'1)
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5 {z- domination in Cartesian product

Let G = (Vi,u1,01) and Go = (Va, g, 09). The Cartesian product is the
fuzzy graph G10Gs = (V, i1 X pg, 01 X 09) where V.= 1; x V4,

(11 x p2)(a,b) = pa(a) A pa(b)

and
(01 X 02)((001752), ((12, bz)) = M1(611) A 02(51752) ifa; = ay

zol(al,ag)/\/@(bl) 1fb1 :b2
=0 otherwise

Theorem 5.1. For any two nontrivial fuzzy graphs G and H,

V=(GOH) < min{nyy=(G), myp(H)},

m, n are the number of vertices with nonzero membership values in G and H
respectively.

[3

Proof. Let G = (V4, 1, 01) and H = (V, 1o, 09) where

Vi = {(ur, pa(ur)), (uz, pa(u2)), ..., (s i1 (i )) }

and
Vo= {(U1>N2(U1))7 (U27 :U’2<U2))7 X3} (Um M2(UH))}
GOH = (V,p,0) where V=V x Vo, u(u,v) = py(u) A pz(v) and

o (s 0y), (W) ) = oa () if vy = )
!/
(2

= ag(vj,v;-) if u; =

=0 otherwise

Let G; denotes the fuzzy sub-graph of GOH induced by V; x v; C Vj x V. Then,
V(G;) = {(u1,vy), (uz,vj), .y (U, v5) }

g, vg) = gy (ui) A pa(vs) < pa(u;)
and
o (s 07), (u v7) ) = min{on (s, ), pa(vy)} < (s, )

Claim: +7.(G;) < 7.(G). Define i, on G as i (us, v;) = g (:) A pio(1)
Consider (u;,v;) € G;. ) is an fz-dominatng set of G implies that
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pua(u) < gy (ua) + 32, eq o1 (e, ui) A iy (ug).
Hence,

pa () A pa(v3) < g (ui) A pia(vg) + Y o (g, ) A il (k) A aa(v5)
ur€g

< pf(ui, v5) + Z o ((ur, vy), (ui, v;)) A p(ug, vg)
urE€G
That is,
p(us, v5) < g (u,vg) + Y (0 (ks v), (g, 0)) A (g, v5)
ur€EG
Thus we get u; is an fz- dominating set of G; for j = 1,2,...,n
Also || < || shows that v5.(G;) < 75.(G) forj = 1.2....;n
Hence
Vi-(GOH) < nvy.(9)
Similarly,
r)/fz(gDH) S m/Yfz(H)
Thus we get,
V5-(GOH) < min{nv;.(G), mvy.(H)}
O

In the previous theorem, equality might hold. For G,H and GOH given in
Fig. 6, v4.(G) = 0.2, v¢.(H) = 0.2 and 74,(GOH) = 0.4 so that v4,(GOH) =

0.2

GOH

Figure 6: Fuzzy graph G,H and GOH

V. G. Vizing presented the following conjecture regarding the Cartesian prod-
uct of crisp graphs in 1968.

v(GOH) > ~(G)y(H), forevery pair of finite crisp graphs G and H.
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Possibly the most significant unsolved issue in the field of domination the-
ory is Vizing’s conjecture. Here, we investigate the applicability of Vizing’s like
inequality to fz-dominantion in fuzzy graphs.

Vizing’s conjecture is said to be satisfied by a fuzzy graph G, if v;,(GOH) >
v#2(G)vs-(H) for every fuzzy graph H.

Definition 5.1. A fuzzy graph H = (V1, 1, 01) is known as a partial fuzzy sub-
graph of G = (V,u,0) induced by Vy if Vi C 'V, ui(u) = p(u) ifu € V4, 0
otherwise and o1 (u,v) = o(u,v) A p(u) A p(v) forallu,v € V.

Definition 5.2. The spanning fuzzy subgraph of G = (V, u, o) is the partial fuzzy
subgraph G' = (Vi, 1/, 0') where V.= V; and jn =

If G’ is a spanning fuzzy subgraph of the fuzzy graph G, then v;,(G') >

V£:(9))-
Theorem 5.2. If G satisfies Vizing’s Conjecture and G' is a spanning fuzzy sub-
graph of G such that v;,(G') = v.(G), then G' also satisfies Vizing’s Conjecture.
Proof. G'OH is a spanning fuzzy sub- graph of GOH for every fuzzy graph H.
Hence

V(G'OH) > 7.(GOH)
> 7fz(g)7fz(7{) = 7fz(g/)7fz<H)
O

The example below illustrates that in general this inequality does not hold for
fz-domination in fuzzy graphs.
Example 5.1. Consider the fuzzy graphs G = (Vi, 1, 01) and H = (Va, o, 02)
given in figure 7. For G, Vi = {(a,1),(b,1),(c,1)}, o1(a,b) = o1(b,c) =
L,o1(a,c) = 0. For H, Vo = {(u,1),(v,1),(w, 1)}, o2(u,v) = o2(v,w) =
1, 09(u, w) = 0. ) = {(a,0.8),(b,0.6), (¢,0.8)} is @ minimum fz-dominating set
of G.
Hence v¢,(G) = 2.2. Similarly v¢,(H) = 2.2

Now 1/ = {((a,u),0.6), ((a,v),0.4), ((a,w),0.6)}, ((b,u),0.4), ((b,v),0.2),
((b,w),0.4), ((¢,u),0.6), ((c,v),0.4), ((¢,w), 0.6) is a minimum fz-dominating set
of GOH. Hence ¢, (GOH) = 4.2

Here

Vr(GOH) < 7:(G)7s:(H)
There are fuzzy graphs for which

L 75 (GOM) < 77:(G)vs-(H)
2. v1:(GOH) = 77.(G)vs-(H)
3. ’Yfz(gDH) > 'Yfz(g)W/fZ(IH)
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0 02 o 02.g @) o, (@1 o, (@w1)
@1) (b,1) (c.1) ® 4 ®
g 0.2 0.2 0.2
b,v),1
(o) @— g, @ (bw.1)
0.2 0.2
0.2 0.2
© ® ® 0.2 0.2 0.2
(u,1) (v,1) (w,1)
(O] O O
H cwn) °? @) "2 (ew)
GOH

Figure 7: Fuzzy Graphs G, H and GOH

6 Conclusions

Graph operations are techniques for creating new graphs from ones that al-
ready exist, and they are crucial in the design and analysis of large networks. In
this article, we investigate various characteristics of the fz-domination number of
fuzzy graphs under the influence of some graph operations. It is possible to derive
bounds for the fz-domination number of the union, join, corona, and Cartesian
product of fuzzy graphs. Through examples, the sharpness of these bounds are
demonstrated and the factors that contribute to the sharpness are examined.
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