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Abstrace: The concepts of scalars, fuzzy sub-F-polygroups and
fuzzy congruence relations of an F-polygroup are defined and some
theorems are proved.
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1. PRELIMINARIES

A fuzzy subset [3] of a non-empty set A is a function from 4 to
[0, 1]. Throughout this paper [ is the unit interval [0.1] T R and
I is the set of all fuzzy subsets of A. If p € I, then by supp(u)
we mean the set {z € A|u(z) # 0}. Let p,p € I*. Then u < piff
p(z) < n(z), For all z € A.

Definition 1.1. Let x,n and g, € I# where o is in the index
set A. We define the fuzzy subsets pNn. upUy ﬂ o and | | po

acA

as follows:

(i) (1 N p)(2) = min{p(z), n(=)},

(ii) (1 U n)(2) = max{p(z), n(z)},

(if) ( (] pa)(z) = inf pa(2),
aEA

(iv) ( U fa)2) = sup fo(z), forall z € A.
€A

Definition 1.2. Let a € A, € I. They by 2 fazzy point a; of
A we mean the fuzzy subset of A given as:

ul(m):{g if:ﬂ::(';

otherwise

Definition 1.3 [5] Let A # 0 and 2 = I* {o}. where o is
the function which is identically 0. Then

(i) by an F-hyperoperation * on A we mean a function from
A X A to I2; in other words for any a,b € A,a=*bis a2 non-empty
fuzzy =subset of A.

(ii) if pym € I, then p+ 5 € [2 is defined by:
= U T * Y.

z€supp(),yE€supp(n)

Notation 1.4. Let u € I, B&C € P*(A) and a € A. Then

(i) a* p# and p # a denote Xap * 1 and p+ x . Tespectively,

(i) e+ B,B*a,u*B,B*uand B*Cdeno'e X S XpsXad
X(ajr#* Xpr Xp * b and xj # X respectively.
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Definition 1.5 [5]. Let F be a non-empty set and “+” an
F-hyperoperation on F. Then (F,#) is called an F-polygroup iff

() (zxy)rz=z%(yxz), Vz,9,2€ F,

(ii) there exists an element er € F such that = € supp(z*ern
ep +z), Y a € F (In this case we say er is an [-identity element
of F.),

(iii) for each z € F, there exists a unique element z’ € F such
that ep € supp(z * 2’ Nz’ + ), (¢' is called the F-inverse of = and
is denoted by z7'.),

(iv) z € supp(z * y) = 2 € supp(z+ y~) = y € supp(z~" *
z), Y z,y,2z € F. (This property is called the F-reversibility of
F with respect to #.)

When there is no ambiguity, for simplicity of notation we use
e and ¢! instead of e and z7' respectively.

If 7 is an F-polygroup and 2y = y*z, Vz,y€ F,then F
is said to be Abelian.

Henceforth F will denote an I-polygroup with hyperoperation
“4” and e will denote the F-identity of F.

Definition 1.6 [5]. Let § # H C . Then H is called an
F-subpolygroup iff

(i)if z € H, then z~! € H;

(ii) supp(z*y) C H, Vz,y€ H.

In this case we write: H <,_, F.

Note that condition (ii) of the above Definition is equivalent
tozxy<xy,, Yz,y€ H.

Lemma 1.7 [5]. Let @ # H C F. Then H <_, F if and only
if supp(z+y~)C H, Yaz,ye H.

Definition 1.8 [5]. Let H <._, F. Then

(i) H is said to be weak normalin F(H<¥_ F)iff oxH+z~! <
Xy VTEEF,

(i) H is said to be normal in F(H < ,_, F)iff e+ H+z™' =
Yy THEF,
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Notation: Let H dp_p F. Then F/H ={z+H : z € F}.

Theorem 1.9 [6]. Let H< p_pF. Define the F-hyperoperation
“D” i i
on F/H as follows:

O:F/HxF/H o

(z+ HyysH) +— z+HOy+H

where
(z+ HOy« H)(z+H)=(z+y+ H)(2), VYz+«He¢eF/H.

Then (F/H,0)is an F-polygroup called the quotient F-polygroup.

Definition 1.10. A fuzzy binary relation R on a set X (i.e.
R € I**X) is said to be a fuzzy similarity relation if it satisfies
for all z,y,z€ X:

(S1) reflexivity: R(z,z) = 1;

(S2) symmetry: R(z,y) = R(y,z);

(S3) transitivity: min{R(z,¥), R(y,2)} < R(z.z).

2. MAIN RESULTS

Definition 2.1. Let g € [*. Then g is « fuzzy sub-F-
polygroup of F iff
(i) u(2) > min{u(z), u(y)},¥z € supp(z * y),¥z.y = F.
(i) p(z71) > p(z),Vz € F.

Note that this definition is a generalization of D- finition 4.1 of
[4]. Clearly (ii) implies that u(z=1) = p(z).Vz € F wnd (i) implies
that u(e) > pu(z),Vz € F.

Definition 2.2, Let £ be a binary fuzzy relation between
two F-polygroups F,F' (ie. € € I7*F"). Then £ is called an
FP-relation iff:

(i) (e,€') € supp(f), where e and e’ are the identity elements
of F and F' respectively;
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(ii) £(a,0) < €(a™",b7") Va,b € 7,

(iii) min{¢(a,b),£(c, d)} < £(z,9), Vo € supp(axc),y € supp(b+
d), for all (a,b),(c,d) € F x F'.
Clearly (ii) implies that £(a,b) = £(a™!,b71), Va,b € F.

Theorem. 2.3. If £ is an FP-relation between 7, F' and if
K <p_p F', then the subset A of F which is defined as follows:

H={z € F:(z,y) € supp(£), for some y € K}

is an F-subpolygroup of F. :

Proof. Since (e,€') € supp(€), so e € H. Now let z € H.
Then there is y € K such that £(z,y) > 0. Since &(z,y) <
E(z7l,y7') and y™' € K, we get ™' € H. At present let

21,22 € H and t € supp(z1+z2). Thus (21, y1)&(z2, y2) € supp(£),
for some y;,92 € K. Thus

0 < min{&(z1, 41), €(x2,92)} < &(t, w)
where w € supp(y; *y2) C /(. Hence t € H.

Theorem 2.4. If £ is a reflexive FP-relation on an F-polygroup
F, then € is a fuzzy similarity relation on F.

Proof. First we prove the condition S of Definition 1.10. Let
(a,b) € F x F. Then

£(a, b)

min{¢(a,b),£(671,671)}, by reflexivity of ¢

£(tye), Vi€ supp(axb™'), since e € supp(bbt)
£t e), Vtesupp(axbd™t)

min{é(t™,e), £(a,a)}, by reflexivity of ¢

£(b,a), since b€ supp(t™! *a)-

| AN VAN |

LA

Similarly £(b,a) < €£(a,d). Hence £ is symmetric. Now we
prove the condition S3 of Definition 1.10. For any a,b,d € F we
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have:

min{{(e,b),{(b,d)} < £(b,d)
min{£(b,d),£(b71.571)}
< ‘E(e:w) t Yw € .supp{_d* 6_1)'

Since, min{£(a,b),&(b,d)} < &(a,b). Therefore

min{é(a,b),€(b,d)} < min{é(e,w),&(a,b)}
< {a,d),since d € supp{w +b).

Thus £ is transitive.

Definition 2.5. An FP-relation on an F-polvgroup F which

is also a fuzzy similarity relation is called a fuzzy congruence re-
lation on F.

Definition 2.6. Let £ be a fuzzy congruence relation on F,
then the fuzzy subset { < e > of F is defined by £ < e > (z) =
E(e,z), forall € F.

Theorem 2.7. If ¢ is a {uzsy congruence relation on an F-
polygroup F, then the fuzzy subset £ < e > is a fuzzy sub-F-
polygroup of F.

Proof. Let z,y € 7. Then min{{ < e > (z).£ < e> (y)} =
min{é(e,z),€(e,y)} < &(e, 2), Vz € supp(z = v).

Also we have £ < e > (z) = é(e,z) < ezl ) = £ < e >
(z~1). Therefore £ < e > is a fuzzy sub-F-polygroup of 7.

Definition 2.8. Let u be a fuzzy sub-F-polygroup of . Then
{ is said to be normal iff for all z,y € F

#(z) = p(z'),Vz € supp(z + y), V' € supp(y =+ z)-

‘Note that the above definition generalizes Definition 2.3 of [4].
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Remark 2.9. It is obvious that if  is a normal fuzzy sub-I-
polygroup of F, then p(z) = u(2"), Vz,2' € supp(z+y), Yo,y € F.

Theorem 2.10. Let i be a fuzzy sub-F-polygroup of 7. Then
the following condition are equivalent: -

(i) p is normal.

(i) For all z,y € F,u(2) = p(y), Vz € supp(z xy *z71)

(iii) For all z,y € F,u(2) > p(y), ¥z € supp(z * y* z71)

(iv) For all z,y € F,u(2) = p(y), Yz € supp(z™ *y T+ xy).

Proof. The proof is similar to the proof of Theorem 2.5 of [4].

Corollary 2.11. If £ is a fuzzy congruence relation on F, then

¢ < e >€ I” is a normal fuzzy sub-F-polygroup of F.

Proof. By Theorem 2.7, £ < e > is a fuzzy sub-F-polygroup
of F. Now let 2,y € F and 2 € supp(z * y *z71). Then 2z €
supp(t * z71), for some t € supp(z * y). Hence we have:

£(e,7)
min{¢(z,t), (s 71, 27")},

£(z,1), since € is reflexive
min{{(z,z),{(e,y)}, since t € suup(z * y)
(e, y), since £ is reflexive

£<e>(y)

E<e>(2)

I AV | AVAR ||

Therefore by Theorem 2.10 (iii), £ < e > is normal.

Corollary 2.12. H <%_p F if and only if x,, is a normal
fuzzy sub-F-polygroup of F.
Proof. The proof follows from Definition 2.1, Theorem 2.10

(i),
Corollary 2.13. Let H<dp_pF. Then 2+ H +z~! is a normal

fuzzy sub-F-polygroup of F, for all z € F.
Proof. It is obvious.
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Remark 2.14. Ii is well-known that in the fazzy zroup the-
ory, every fuzzy subgroup of an Abelian group = mormal. But
the following example shows that this is not tr== iz
F-polygroups. At first we have the following theorem-

Theorem 2.15 [6]. Let (4, 0) be a polyzroup [1]. Then (A, )
is an F-polygroup where z + § = x4y, ¥z, 7€ 4.

Example 2.16. If (H = {e,a,b,c},.) is Kl=in's four-
then (H,0) is a polygroup (see [2]) where the hyperoperation "o
is defined as follows:

zoy = {z,y,2.9}, fz#y™'. z.yze
zox~ ' =z oz = H, if #F €.

zoe = eoz = {z} for every z < H.
Now let “+” be the F-hyperoperatoin 5::'::%::' by “o” (i.e.
THY = xmy,Va:,y € H). Then by Theorem 2.15 {(H.=) is an F-

polygroup. Let f,7 € [0, 1] such that § < ~. Daaz:e = fuzzy subset
w of H as follows:

p(a) = u(b) = p(c) = B, pule) =

Then it is easy to see that p is a fuzzy sub-F-polyzroup of (H,+).
But since e € supp(a*a), a« € supp(a+a)and ple) = ula). we get
¢ is not normal.

Theorem 2.17. Let F be an Abelian F-polyzroup and p a
normal fuzzy sub-F-polygroup of F such that ue) = 1. Define
£ € I7*7 as follows:

£(z,y) = u(z), for some arbitrary element - < suppiz +y~')

Then £ is a fuzzy congruence relation and u= ¢ < = >.
Proof. By Remark 2.9, £ is well-defined. Clearly &(e.e) > 0.
Now for all (z,y) € F x F we have:

£z,y) = w(w), we supp(z+y*)
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= plw™), vl € supp(y * z~1)
= supp(x_l *y), by commutativity of %

= E(m_11yu1)'

Now we show that

min{{(a1,b1) , €(az,b2)} < &(z,9),Vz € supp(a; * ay)
, Yy € supp(by * by)-

Let = € supp(a; *a3) , y € supp(by * bz) and ¢ € supp(z + y~1)
be arbitrary. Then we have: ¢ € supp(z + y™1) C supp(a; * b7 *
az * b3'). Thus t € supp(s w), for some s € supp(a; * b;l) and
w € supp(az * b3'). Therefore we get

{(z,y) = p(t), by definition of £
min{u(s), p(w)}, since p is a fuzzy sub-F-polygroup
min{{(a1, b1),{(az, b2)}-

Consequently £ is an FP-relation. Sincef(m,m) = ufe) = 1,
then ¢ is reflexive. Hence by Theorem 2.4 and Definition 2.5, £ is

a fuzzy congruence relation.
Since p(z) = p(z™1),Va € F, we get that p = £ < e >.

v

Corollary 2.18. Let p be a fuzzy subset of an Abelian F-
polygroup, 7. Then p is a normal fuzzy sub-F-polygroup of F
and p(e) = 1if and only if there exists a congruence relation ¢ on
F such that p=¢ < e >.

Proof. The proof follows from Theorem 2.17, and Corollary
2.11.
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