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ON A FIRST ORDER UNILATERAL
EVOLUTIVE PERIODIC PROBLEM

Angela Gallo , Anna Maria Piccirillo

SUNTO - Si considera il problema periodico connesso ad una disequazione
variazionale di cvoluzione del primo ordine e si analizza la questione
dell’esistenza della soluzione.

ABSTRACT - We consider the periodic problem related 1o a first order
evolulive variational cquation and we study existence of solution.

INTRODUCTION

Let Q; and Q, beopensetsof R with Q= QNQy =#0,V;(/=12)

a closed subspace of 1™ () (mj eNy).
We note that

Lz(u,?‘;V.'];Lz(u,i";LQ(Q;));LZ((},J';V,I] [ﬂ<7'<+m, V} = dual space of l{.-),

with continuous and dense embedding. We add that the reflexive Banach
space

5= 20451 2015 bk, =l

|.r.2(u,;f';V]) +i“' H;}[u,r;if,’]
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is such that [8]
S| ;CU([U,'I']. 7 (:zl))

with continuous embedding.
Let us denole by:

(.9.]+] the inner product and the norm in I%(Q),
(-»9); .1+l theinner product and the norm in LZ(Q;),
| - ||! the normin Vg,

¢ the pairing between ¥} and its dual V;.

Let be given ELZ(U,T;V;) and the [amily of operaiors

Aj (!) € £(V;.V£ )(f € [U,T]] such that the bilinear forms on V]

a;{f,y,z) = (A; (r}y.z)l
are simmetric, uniformly coercive and continuous respect to £,

n;(f,y,y:la c'||y||} vt E[[}.T] and ¥y €V} ,

(c',c" = const.> {])

]a;[&‘,y,z]‘ic“”yﬁf E|z|L. Vi EIU,T] and Yy, z el ,

and we have
ar,y.2)eC ((0.7]) Vy.z en,

<e" |y, zll; a-e on ]0.7] and Vy.z eV} (c" = const.> 0)

|u}{;, ».2)

where a}(l,y,z]:%a;(.’,y,z] :

Let be given e 2 (U, IS 2 (!-’.1}) such that the closed convex set

5 3
K= [("’1:"2) e n.’,2[0,?";%)/v]{f}\y{f] < vz(l) on Q a.e. on ]U,T[}
=1
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is not empty, then we consider the following

PROBLEM (P). Find {ul.uz)e{S]xLz[[}.T.'Vg)]ﬂK such  that

11 (0) = u (7)) and morcover

ACTORIOR ul(.E))l dt + %; 1E (@i ()= (0) +
(OO - (@), Ja =0 V(rv)eK

or

(1) - (@), + %1 et @v10) =)~ (201 ) - m D), =

a.e. on ]U,T[ and V(v;.vg}eK.

The problem we will analyze has been suggested by a paper by Toscano
[10]. But derivatives respect to f of both the components of the unknown
value (u),u2) appear in it.

In our analysis we state (wo existence theorems for the solution of the
problem (P) (Theor. 1 and 3); the uniqueness of the above solution is
morcover easy to check.

The first theorem is obtained making use cither of an existence and
unicity theorem of the weak solution of a first order evolution variational
inequality or of the fact, that owing to a hypothesis on v, cach clement of
the convex set is approximable with proper regular functions.

The proof of the second theorem is based substantially on a result relative
to the penalized problem (Theor. 2). To demonstrate the latter we need, first,
to prove the existence of the periodic solution of an appropriale system of
first order non-linear scalar diffcrential equations. That, dilferently from
standard cases, involves some difficulty originating from the absence of the

et
lerm =i

di
Finally we will examine (he case V] = H[IJ @) =0 () and 4())
and Ay(f) the latter being second order integro-differential operators. We

will also point out a property of regularity “respect Lo x" of the solution
(Theor. 4), approximating u, with the solutions of a family of linear

variational equations dependent on a parameter.
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1. In order to prove a [irst exislence thecorem for our problem (P), we
assume:

4"1) there exists a non-negative constant y, such tat

a(T,y.y)-aif0.y.y) 2y} wyerr,

i2) _,fl =g +gy with g EI}'I(U.T',’V}‘), £ ELZ(D,?'; LZ(.QI)) -

air)-21(0) e2(@) if 11=0,
i) 5 en'(t}.?'; lf'é], £(0)=5(1) if y2=0,
ia) we HI(U, T (rz)). w(1) <0 on Q a.e.on 0,7], w(0) =w(r) .
Lel us denole by L the operator from

D(r)= {{vl, va) €8y x I2(0,T;V3) /v (0) = v[(?')}

s0 defined

2
v = {ul,vz) E.-’)(L} and Ww = (“'la w?_) e[1 LE{U, T V;}
=1

7
(.’..v, w) :J‘ <'.ri{f}, W] (!')}I dr .
0

*

2 '
Obviously the operator L is into []‘[!,2 ({l, TV )J and it is linear and
=1
monotone.
We note that

2
(1) KND(L)=K  in [TEA(0.7:V}) .
i=1

Indeed, il {vl.vz}e.‘( ,forany £ 0 let vy, EHI{U,?';V;) be the solution of
the problem
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ev}c (f)+ wia(r) = vfg{l) a.e. on ]0,?'[, vk(ﬂ}: vfs(i") =
we obtain [3]:
v~V in *(0.7;77) for e—0

and by means of i4)
(Vls g 1'2{:) ek

since, taking into account that

f t 5—1
vig(t) =¢ 51’55{0}+§J e & vi(s)ds Ve e[0,T],
0
5=l
I.Pk._([]}.:-——i——},,—J‘ e B vf(s}ds,
E[l-—e_;] 0

we gel

("Ia{f] -V (]'),-:p) < [- \[l(:‘},{p) v1el0,T] and Yo eCF(Q) with
pz0.

THEOREM 1. Assumed that hypoteses ij)—is) hold, the problem (P)

admits one (and only onc) solution (rq,ug) and it resulls

| € Hl (l], i I}(ﬂ[)) s

Proof. At first since L is monolone operator and the bilincar forms a, and
a, are uniformly coercive and continuous respect to f, using also the
considerations given for (1) then [4] there exists one (u,u2) € K such that

T
J‘ [(v'](f] vl[f) - :.'1(.'))! +%J [a; (f.v;(f), v;(f)—u;[r))+

@ 5

)= ]jrzo  Itrv2) <KODL)
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By virtue of (1), we can state to result by proving that
ol ) A
3 uy el (U,?, L (.Ql)), ) (0) =) (1),

since, using (2) with vy = Auy +(1- L)y (1, e[0.]]) and taking the limit as
A— 1, we have

o —

|(I’.‘;(f),1'1{f}—rql:.‘))] +%f[ag (.E,u;[r],v;l:f)—rq(r)]—(f,:(r}, v;{!)—r;;(t}h]}cﬁ =0.

Il y, =0, being u,, the clement of 1 ](0.‘.7'; V;) solution of the problem

(C))] mr}iz(l} -+-rqﬂ(f}=rq(r} a.c. on ]0,.7'[, :{;5{0}=u,fc(?'} s

inequality (2),written with v; = 1, produces the upper limitation

2 \
-+ D (O + 22z, 0)f <

u (1)

P vl e ,
S%%Hg "u;&.{:)!h dt +>]1c;j[}::1<ﬁ{f). u;s(r»f{ﬂ

15

and then, because of .-‘2,).1'3) . we are lead to:

te (a = const. >0 indep. of 1»:)

<
(o7 (e)) i

from which the (3).
Let us study the case y, = 0, showing at first that

(5) u,ecﬂ([u,'r]. Lz{Q])), u(0) = (T) .
Let [fl,,} be a sequence ELz([},T;LZ(QI)) such that f, — f] in

i (l}, 1 ) Proceeding similarly to what reasoned with the case y, > 0, we
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state  the cxistence and uniqueness of {:Th,,'ﬁ'z”)EK ,  with

iy EI,E(O.?','LE(QI)) and i, (0) = 1, (7) , such that for every (v[’vz)eK

{EL 0 0-5,0), 1m0
. (ﬁ,,{r), vi()=7in (r))1 ~(f2(t).v2(1) - 72, (r))z} dt=0

(6)

O Sy

(El'n {I)' ¥] {") — Uy ("))] - i?: ! ”f(r-ﬁhi‘ {I)' vy {:) — 1y, (f}) 2
> (j],, (1), vi(r) =7y (r))l +{f2(1),va () -2, (r})z a.e.on [0, 7]

sothat Vm,neN

' 2
(Hlm( } "lu("} "Im(") ”In("])l *% { Gl(frﬁhn(f) ‘E.En(‘)rﬁhu _F*'-fn{f}) s
5[;’]:}:{!) - Jn (r}ri"-lm{" “l.u(" )] (60 (#00 ]0*"'"[

from which
1\ - {= & 2 A= 3 2
':};|"I?ii (f} — Ul ("}If +c ””lm ':") —Hlp (")HI +2c H"lm{j) P uz_,,(f)“?_ =
1 2 -
S?"ﬂm(.')—ﬂ”(i‘]]h,l- a.e. on ]0,;' [
Then the following upper limitations hold:

& 1 ()~ O dt +2¢ 1§ [am () ~Tan O <

<2 1 Lim@ A e

vie0.7] iﬁlm() iy (£) ] ":— _[0 Hflm{f fln( - “’" +
i (0) ~ 7 O)
(BCFT —1) |F|,,.,{U} ”ln{u)| ”f Lm 'E} f ]u |V
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from which we deduce the cxistence of an element {El,ﬁg) ek with

7| ecﬂ([u,r}, Lz(nl}) and #1(0) = (7’) , such that
iy —> Ty in L‘? ([}, Tk I’}],
g —>w  inC° ({u.?']* I (Ql)).

Then , taking into account that (6) is equivalent to the upper limitation

I(;)r {(vi(f),vl(r) - :T[,,(f))l + %f aj (r,?.-';”{:], vi(1) —E!n(f])+
~(fin()v1() =T (0)), = (/2(0) v2(1) —ﬁz,,{:))z}d: 20 V(vy,v2) eKND(L),
we gel

and (5) lollows as a consequence. We have to verily the first of (3). To this
aim, considered the solution of the problem (4):

. s=T s—1

T 1 1
: &y .s‘d+—/j 4 wls)ds Vie|l0,T
[T u@aes /| e ulas viepor]

|
|~

e

(N ".*e:{f] NN L)
E[l— c";J

it is enough to cstablish that

@ e i (0,'!'; 2(c )) < e (c = const. > 0 indep. of €).

Indeed, selting in (2) v; = u,_, we oblain:
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iJT
2Jg

+[g1{'.'"] - gl[(]],uk;{ﬂ])] _I{;; (gi (e‘).uk._(r})]sz +
+%J‘: lgz (f]ﬁ dt + jg'(fz{f],u}_c (I))Z dt

from which (8) lollows by 53) and by the upper limitation

: 2 w2
e (f]h ar+ Lo 0)fy <5 ) 1 e () e+

e O)] <[ leo(fo.r122(@y)

by virtue of (7) and the first of (5).

2. Now let we assume;

¥
"I) there exists a non-negative constant y, such that

a]{'.",_v,y)— ﬂl((), y,y} =R 1||y]ﬁ)' Wy ell,
bilinear form a, is independent by ¢, in other words
ay(t.y.2)=az(v.z) Vy.zely,
i = ’ e s o g2
m) fi=g+g, with gell ({J,I,Vl). g€l (u,?,f, {nl)),
a@)-a0 (@) i n=0.
5) Aec(01)13) £O=n)
f;] w e ([o.r} ™ (@), w() i aeon o],
w(0) =y +pg withy €V] andypy <0 on ©, w(0) =y (1)

Concerning penalized problem, the following existence and unicity
theorem holds.
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THEORERM 2. Under the hypothesis :i) - 1:1) , for any £ > 0 there cxists

2 I
one and only one (ulu,uzc}e ﬂ!,z((],?';V;) , with e eLz(U, T; LE(QI}J :
i=1
which is solution of problem

)

(n;e[l},y)] +a) {r,ulﬁ(r),y} + az{rfzﬂ {r],z) -F--:{[rrls(r) +‘I"u':f:'—"25;(r]] + ’y_z) =

= (fl(r),y>] + <f2(r},z>2 acon 0,7 ¥(y.z) eV xVy,
(10) "l::l:{];' = HIE(T) .
and il rcsults

(11)  ugg ECO([U.?'].VQ}. 15, (0) = up (T),

(12) ”;i: g

pa [u,’.r',-ff (@ )) el 2 (0.157) k |u2" H 120,17,

being ¢ a positive independent of & constant.

Proof. 1t is casily seen the unicity of {n]u,uzc). As far as the existence we
at first observe that for any z € 12(€) and for any te[0,7], since the

operator B, on I} into I, such that

1

(.*)’Ey.w}z = ”2{}': u-) - ;('[z —y]+, w) Yy, wels

is strictly monotone, bounded, hemicontinuous and coercive, variational
equation

wel; /ﬁz(w,y] = E([z— -.1']+,y)+(f2(f].y)2 Yy els

admits unique solution [7]. Denoted by Tu[!',z} this solution, we note that
0‘1] There exists a positive dependent by & constant, de), such that
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ﬂru(l",z') —Ts{f" 5

|2 < ds) [|z'-z"i + ||f2 ()= fa( r"]]I;fz' ]

foreach ', 1" € [0,'."] and z",z"e L (ﬂ]

Indeed, owing the upper limitation
([7esle]" [ 2] glr.2) =)<
() s e v e

we oblain;
ay (v (11,2) ~ (1", 2") 2 (1, 2~ (17,27) <
<l AN -l )] =2 o
H{ /()= Rl)wy(r2) -ve(".2),
as well as
et 2) -z (e 2") —I 2'=2"| +|eg (11,2) ~ o (1, 2")|} |z'=2"|dx +
a-5), lrl.,(s et

s—I]z’—z"Fa’x-i-—*Htﬂl:r' Ts,("" "}" +——Ilz z"|2d.r1
£ £ 2

1 o1
4‘”2_6“f2(-"')—f2{1")“i£ 'PE”IC[I"Z!)_Tﬂ(rr’z“)uz Vo> 0.

=

2

Let {z} be a base of 1] such that, denote by V), the space spanncd by

{z], } yr e I]1. Let us moreover denote by P, the projector onto 17, i
K, we set

t
viel0,7] yy,(0)= lP"tp(z}errqt({)) :
0
therelore
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(13) W, (0) = y(0) =y ,(T)
(14) Wiy =\ in Cn([[}.?‘].f!ml(ﬂl)],
(15) 1;:’1"—)14:* in LZ(O,T;V]).

Now we’ll prove that the sysiem

N n

(16) 4?;‘(3;'-3})8;'“] =—?i“l(f’z:‘-zj]3{(f]+

i ; i
“E,-g,-(!)z,rﬁ;{.']—tg[r,E,-g,-({)zi +l|!|"|:f}}J v 2 |+
| 1

+<g|{r).zj)l+(gzlir).zj]2 ac.on |0,7] Vjiefl..n},

verilies the following statement:
(12) The system (16) admils one and only onc solution

(g] Toe ,gn} ec? [Ill,?’}, R"| such that

wm(():l = wln(]":l i

n
where wy,,(1) = Zig(1)z; Vi e[0,7], andit results
1

(17) vy, (0)] <8 (5= const. >0 indop. of ¢, ).

We’ll limit oursclves o establish the existence of ( £ ....,g”) because its

uniqueness is readly verilics.
n

Lel g =Z.f E;z; €l],, be given; the property cc.l) and the hypotheses
1 v

made on data imply that the (16) has one and only one solution [ Blswees g”)
e ¢ ([U,T},H") so that
g;(0)=§ Vie Wlcorsiths
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N

Sctting for any 1e€[0,7]w,, = Zig;(t)z; and wo, (1) =
1

e (f_\|:m(£)+'.1'|"(!]] , it follows:

Wiy “—CUI'I([(1'.3"]-1’1}'r wy,,(0) =y and in virtue by ‘11} Wa,, e ([U:T]-Vz),
¢ 1 o
(13?((ﬂl,,{!‘}.y)l+a|(f,mbr{£}_y)+c1-2|:w2.1[1),zj-t--;([mm(:}+-.|.'m{.!]—w2”{.'}] ,y—z]=
=(fil0.y), +{(L0).y), ac. on]0,7( and ¥(y.z) €1y, xV5.
Observing that in virtue by 14] it results

vie0r] o) twl)-vs €h, 2SO0 on

we insert y=wy,(£)+y, (1) =y, and z=w,, (1) in (18) and obtain

Ewm(!} 1, (1) - \4;2”? +‘|'.1'2"(!]”;JS

d 2
( Eg_) ?l?l-’m{f) +'l|l]”{j‘) ) | | o (;I [
i

552[”“"“)"? "f}‘f:(f}‘lfl +‘|f2(f)“i.z' +1] ae. on ]0,7]

(¢; =const. > 0 indep. of &, i, ugy)

From (19) along with (13) we arrive lo

2 2 .
(20) ec'T]wI"(T}+qu‘l < |ug + 1|q‘1 +e3 (¢, =const. > 0 indep. of

€, 1, Uy).

Let M, (— !i’l,f.’) be closed ball of L2 (Q]) of center —y, and radius 1 =
3

=
E.’CI

and, for any g €, l'l[(— wl,r;}, let w,, be the solution of (16)
-1
M, such that wy, (0) = 1. Then

Frug €y, ﬁ"l(- ¥ -?.') = Win (1)
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is, by virtuc of (20=, an operator into 1, r‘iﬁ[—tp],n) and morcover, how it
is casily seen, not expencive i.c.

|Fieg = Fip, <[ —iig|, Vg, iig €, NM(=y1.77)
Conscquently [5] there cxists at least uy € Vp, ﬂﬁ(—q:,,n] that is fixed
for I"- hence the statcment az) holds.
Obviously for wy,, (1) = ra(t,-.trm(l}ﬂpl”(r)) vie[0,7] wehave

[2 1) 'lt"'!”{:ﬂ) = “'2”(?':'
also in view of 13] . (13).

The rclation (18) together with (13), (14), (17) produces the upper
limilations:

(22) |i"""‘ICH([U-TI-LE(“J) ~y

(c = const. > 0 indep. ol &, n)
@3) ol 2(ors) S

Using (18) with y= w;,,(!‘] -I-\u;,,{f) and z = wé,,(-') , and taking into

account :;) , (13), (21), we get

H']H("}'HI’IJJ("}

1
?dr +??]”11']“{U)|E = Iai(t.wv],,[r).11'1”[1]} dr +
0

a (.f. wi,, 1), l,rfi"(!)) di + {qr.']'"(f), Wi (1) + I}»"]'n(u'))l dt +

S —
o —_—

T 7
+J (f](r),u';”{.')+'.;1f|”|:1’]> dt -a-J (fz(.').u-;_,,{t))z dt
0 0
and from here
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24) HW;” "1.2(0 T-Lz{ﬂl]) < ¢ (c=consl. >0 indep. of g, n)

because of 12) 13) (14), (15), (21), (22), (23).
From the upper limitations (23), (24) we deduce that there exists Uy,
€ I.Z(U,?';V;), wilh tr;r_ [ Lz({],?'; !.2(Q|)), and O e LE(U.T; 1;2(5'.1}) such
that, 1o within a subsequence, as 1 — +co
> weakly in £2(0,7;17),

Wiy

(25) w;" —¥ 1.';9 weakly in i ((],7'; I (QI]L
[“’ln"“l'lu - Wy, P weakly in Lzll}, T; LZ(Q}).

Of course (10), (12), held. Starting from (18) and based on (25) we
derive

as well as

T
lim -S,-J‘ W|"(f)+‘lf|u{f:'—'-"2;;(13]."= [1|'|_.,(£)—H|J]”(I)—1|-'2"(!)]-[uln(!)-I-q{!)—-uzc(ﬂ])du‘*‘-_1

!

=

T T
(,f'](:) uw(f)) dt+J (le:!},u:,_a(i‘])z dt —j nl(!,ulg(f},ﬂlg(r]] dt +
0 0

Vi
az[nzg(r} u;_ﬂ(f)) dt — 1 J (U(f),u]c(!}—uk[f)) dt =
0

‘—-,‘-13‘—3“‘!: '-_:'-1

(Iqﬂ(f] "Is:(")) df =0

0
the latter estimation implies that [7]
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+
0=u, +-.|J—n'2[..]
taking into account the fact that the operator from Lz({), T; Lz{ﬂ)) into its
dual space:

7
(Cﬂu,v>= fJ) (rr"'(.f)J-..{.f]) dt Y(u,v) e [I,E(U,T; Lz{ﬁ:l)]z
0

is pseudo-monotone. And so equality (9) holds. The relation (11) is directly
deduced from 1{2,;(1‘} =Ts[f,u|u{r)+tp{r]) Yt e[0,7] .
By virtue of theorem 2 we can prove quickly

THEOREM 3. I the hypothescs if}—r‘4) hold, the problem (P) admils

one (and only onc) solution ("I ,uz) and it results u) Hl(ﬂ. 13 2 (Ql)) g

PROOF. Let ["'Iz:-"zr,) be the solution of the problem (9), (10). Holding
(12), there exisl uje iz U,T,‘If}], with u; € f,zll}, T Lz(ﬂl)] and

w,(0) = u,(T). and a positive numerical infinitesimal sequence { ,,} such
that

Hﬁ;n —> Uy “'e:]kl}' in ."42[[], T,'Vf),

g, —> U weakly in L?'([].T; L?'(Q]}) .

Let (vl*vz) an clement of K be given, by virtue of (9), (10), (12)

T T
LJ [,.,, (0 +l) -z (1)] {:;—ELJ- ulr ()-+40) =135, ()] 1, () (0) i+
i:ﬂ

0 0

7
-ILJ [[ g, (1) +ydr) - Ty (I]thpll:r:l +ydt) - -.:2(1)]”*; +

By
{
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T
_CLJ’ {["]% () +ydt) - g, (!)]+ V() uvl(!]]c.’! <c
0

(¢ = const. indep. of )

oY

T T
[H]s (1).v(2) r.’.r+J. r:.-]a (r) ll(I)jrf!+J. (uzsn(.r},v;_(f}]dfa
0 0

2

—‘MM

T T
J (J}(r} v!(.f)ﬁu;h +J L (1), "'ls )c.'f+
0 0

.’
-
—i:[ a, ("2&” (), e (r}]dr
0

then of course we have
:T
0

T T
J (u;(r},vl(r)) a’;+I (r uy (1), »[r))dm
0

2
[n](x‘}+1p{;‘] —uz(t]] dt=0,

(rrz(z‘),vz[!)jd[ >

n:t—.,'-i

z

n—-MM

T
IJ’ f; (0, vy (¢)- ::;( }}[Cﬂ
0

+ nl[l NORT f) et + nz{r nz{r)

.::L_._)-q

0

and then (”1 =”2] is the solution of the problem (P).
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3. Let us complele the study of problem (F) by analysing a particular case.
Let: Q,=0Q, =0 bea C"! open, bounded, connected sct of R™;

V= IQ), V=10 ;
n

vie[o1upzeip@  (4()yz), =X, J (LX), 2,

Y
Q
b

Vie[0,7]Vyze ') (/lz[f)y,z)z = Eff aﬁ(!,x]yszxjdx+J blt,x)yz dx
1

Q Q

where

Lk — Ob —
ay =ajy € C]([[l,'f‘]x Q), be C[}([{l,?'l x 0, A & CD([U.T] xQ),

:r;-j[u.x} = ﬂ,;,—(?‘. x), b{{].x] =b(T,:r) VxeQ,

Ezg,-a,j(!,:r]?u,lj 2colh? V(t.x) €[0,7]xQ and V?u=(l1 H.]‘_H) e R"
(¢y = const. > 0),
b(t,x)=by W(t,x)e[0,7]xQ (b, = const. >0);

fie 2(0:20), f e 2or:2@)nir (o.1:(11'@) ). £0=r
y=0

In such a sitvation the problem (P), by virtue of theorem 1, admiis only
one solution (”I ,u?_) salisfying

THEOREM 4. Under the above stated hypotheses, we have:

(26) u € Lz(ll,i"; H.[I,I:Q)[']Hz(ﬁ)) :

@7) uy Lz(ﬂ, T;HE,C(Q]} :

Proaf. We now prove relation (26). First of all, for every £ > 0 there

exists one and only one uy_e I [U, T; H;IJ(Q}] such that
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u Y= (1)
(28) Ayt)u {I)_(Jrz(f)+b(r]"2(f})+_!.5.£{_.l—= :

£
in the sense of D'(€)) a.e.on 0,77 .

Assumpions made for Q, .-:Jy.,.b and Jf, assurc [7], |9] that u). belongs
e (U,T;HZ{QJ) and
29) Hum{r)H”z( = < | Ay (D (1) 2o 2o o7

(c=const, >0 indep. of & )

Let us verify that
(30) (”Is'"zj e K

We have at once

(31) [!qﬂ(!}—uz{:‘)T eHy(Q) ae on ]0,7]

Indeed, for cach z e H]{ﬂ} denoled by v,z the trace of zon 802 | it
results

“l'n["ls.[‘] —1;2(.‘}]+ = maxivululﬁ(f)—uz(r)] ,0} =max{—'y0u2(f],0} =0
since
u () <uy(r) on Q= yguyle)20.

From (28), (31) we obtain

o
1

n . J‘ uﬂ-[!.x] a!fh;(-") a[ﬁlﬂ(f)*nz{t)] .

a.‘.‘l- Eirj
Q

"J (fz(f] +~'5(i')h‘2(f}} ["is("} —uz(r)] " et

Q
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+}J (216 (6) =1 (2)) [H]g{f:l—:fz[ﬂ]+ dr=0

@]
ac on J0,7]
or

o
Eg-Jﬂg—(-',X}e[ma{ﬂ_w'“}] 5‘["13(”—32(1)] ira

ox; a.rj
Q
Eluz(r) g (1) -2y I;']
a(1.%)
X ﬁxj-
Q

HJ (_fz(.'] +b(f}u2{i’)) [:rlc(r} - rr;_(!)]+ dx+

Q

+§J (:.-15(:)—:;1(11) [lr]a(!)—llz(f}]+ dr=0

Q
ac.on 0,7]

Trom which we deduce

(32) J. [n,c(r]—xq[ll] [uh:(r}—uz(r}rdxsu

Q
ac.on 0,7]

because

X; dx;

> .[a (1, }a[”la{f} uy (O] uye ")““2(”]
1"’ 4

Q
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(1) ‘”:z(f)r s - “2(:]]4. dx =
ax;

=0
X -?.5'.\'j

n
=] ';Z.UJ’ GU'[I'.X}
Q
a.c.on [0,7]

: +
and, sincc ["l Wi +[rr|t —uz] ) e K, morcover we gel

+
?'Ujﬂy-(!_.r)bnzm E[::lg{r)ruz{:]] dx 4

P
| E}xj

3] .T"

Q

_J (fz(.').i—b(r)rrz(r)) [:f|c(r]_u2(1}]+ )

Q
ac.on 0,77 .

Let be .Q:" = {x e/ y]u{r,x) > 1) (r,x}} , holding (32), we have

J’ [u]c(i‘] - ul(:}] [H]E{f:] - uzl:r:l]+ dx=0

o

a.c.on ]0,7]
[rom which
u (1) < uy(r) onﬂj_ ac.on J0,7]

and consequently (30) is true,

The relations (28), (30) bring us to the upper limitation

7 T
J ‘lxll(r]um(!)”izm}dxgj (zil(r)ulﬁ(f),fz(r)+b{r)u2(£))dx+
0 0
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T
+J (fl'ft)—:r;{.'],AI(r)uh:(.']—fz(r]—b[f]:fz{!] dt
0

thereflore

7
(33) J
0

and then, taking into account (29):

2
I"l':’}“h:(")"fm} di<c (c = const. > 0 indep. of & )

T

2 g
J “rrm(.']””g(m di<c (c = const, > 0 indep. of € )
0

From herc we obtain that (26) holds taking into account that
; 2 .
My, => 1y in L (0,?; L (Q)) ase—0

guaraniced by (28), (33).

Finally, starting from (26) and using the equatlion

a(tay (0).0) = (A0 + 13 (0) = () = 1y (D) (1), a.c.on ]0,7]
Ve Gy Q)

and a well-known theorem of “inner” regularity for elliptic equations we
come lo (27).

REMARK. Oiher examples, where there is a greater regularity “respect
to x” for the solution of problem (P), are suggested by the clliptic variational
inequalities, which have been examined in [1], [2], [6]. [11]. In facl the
methods followed there can be used, duly changed, in the evolutive case we
have considered in this work.
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