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Abstract

The purpose of this paper is the study of rough hyperlattice. In this
regards we introduce rough sublattice and rough ideals of lattices. We
will proceed by obtaining lower and upper approximations in these
lattices.
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1 Introduction

Never in the history of mathematics has a mathematical theory been
the object of such vociferous vituperation as lattice theory (for more details
see[3, 13]). Lattices are partially ordered sets in which least upper bounds
and greatest lower bounds of any two elements exist. A lattice is a set on
which two operations are defined, called join and meet and denoted by V
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and A, which satisfy the idempotent, commutative and associative laws, as
well as the absorption laws:

aV (bAa)=a,

aN(bVa)=a.

Lattices are better behaved than partially ordered sets lacking upper or
lower bounds.

The concept of rough set was originally proposed by Pawlak [21, 22] as a
formal tool for modeling and processing incomplete information in informa-
tion systems. Since then the subject has been investigated in many papers
(see [20, 23, 24]). The theory of rough set is an extension of set theory, in
which a subset of a universe is described by a pair of ordinary sets called the
lower and upper approximations. A key notion in Pawlak rough set model is
an equivalence relation. The equivalence classes are the building blocks for
the construction of the lower and upper approximations. The lower approx-
imation of a given set is the union of all the equivalence classes which are
subsets of the set, and the upper approximation is the union of all the equiva-
lence classes which have a non-empty intersection with the set. Some authors,
for example, Bonikowaski [5], Iwinski [15], and Pomykala and Pomykala [24]
studied algebraic properties of rough sets. The lattice theoretical approach
has been suggested by Iwinski [15]. In this paper we concentrates on the
relationship between rough sets and lattice theory. We introduce the notion
of rough sublattices (resp. ideals) of lattices, and investigate some properties
of lower and upper approximations in lattices.

2 Preliminaries

Suppose that U is a non-empty set. A partition or classification of
U is a family P of non-empty subsets of U such that each element of U is
contained in exactly one element of P. Recall that an equivalence relation
on a set U is a reflexive, symmetric, and transitive binary relation on U.
Each partition P induces an equivalence relation # on U by setting:

xfy < x and y are in the same class of P.

Conversely, each equivalence relation 6 on U induces a partition P of U
whose classes have the form [z]y = {y € U | z0y}.

Given a non-empty universe U, by P(U) we will denote the power set on
U. If 0 is an equivalence relation on U then for every x € U, [z]y denotes
the equivalence class of  determined by x. For any X C U, we write X¢ to
denote the complementation of X in U, that is the set U \ X.

Definition 2.1. [8] A pair(U, f); where U # () and 6 is an equivalence
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relation on U, is called an approximation space.

Definition 2.2. [8] For an approximation space (U,#), by a rough
approzimation in (U,0) we mean a mapping A : P(U) — P(U) x P(U)
defined by for every X € P(U), A(X) = (2A(X),A(X)) where 2(X) = {z €
X | [z € X}, A1) ={z € X | [z]lsn X # D} 2A(X) is called a lower
rough approximation of X in (U, #), where as A(X) is called upper rough
approzimation of X in (U, 6).

Definition 2.3. [8] Given an approximation space (U, ) a pair (A, B) €
P(U) x P(U) is called a rough set in (U,0) iff (A, B) = 24(X) for some
X e P(U).

For the sake of illustration, let (U, #) is an approximation space, where:

U = {x1, 29, 23,14, x5, Tg, T7, 23}, and an equivalence relation # with the
following equivalence classes:

E = {$1,$47$8}7

FEy, = {332,335,357},

by = {.%'3},

By = {6}, .

Let X = {x3, x5}, then A(X) = {z3} and A(X) = {2, x3, x5, 27} and so

({x3}, {xe, x3, 25, 27}) = A(X) is a rough set.

The reader will find in [18,21-25] a deep study of rough set theory.

Definition 2.4. [7] A subset Xof U is called de finable if 24(X) = 2(X).
If X C U given by a predicate P and x € U, then:

1. z € 2(X) means that = certainly has property P,

2. € A(X) means that x possibly has property P,

3. x € U\ A(X) means that 2 definitely does not have property P.

When 20(A) C A(B), we say that 2A(A) is a rough subset of A(B). Thus
in the case of rough sets 2A(A) and 2(B), 2A(A) C A(B) if and only if
A(A) C A(B) and A(A) C A(B). This property of rough inclusion has
all the properties of set inclusion. The rough complement of 2A(A) denoted
by 2A¢(A) is defined by: 2A¢(A) = (U \ A(A),U \ A(A)). Also, we can define
A(A) \ A(B) as follows:

A(A)\A(B) = A(A) NAY(B) = (A(A) \ A(B), A(A) \ A(B)).

Let L be a lattice and S C L, If S is a lattice, then S is called a sublattice
of L. A sublattice I is called an ideal of L, if a € L and x € I imply aAz € L
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(see2]).

Let p be an equivalence relation on L and x, y, 2z € L.

(1) p is called a congruence relation if xpy implies (z V 2)p(y V z) and
(@A 2)p(y A z).

(2) pis called a complete congruence relation if [z],V [y], = [ Vy],, and
(], A lylp =[x Ayl

If p is a congruence relation on L, then it is easy to verify that [z],V[y], C

[I \ y]p: [‘T]p A [y]p - [$ A y}p'

3 Rough ideals of lattices

Throughout this paper L denotes a lattice. Let p be an equivalence rela-
tion on L and X be a non-empty subset of L. When U = L and 6 is the above
equivalence relation, then we use the pair (L, p) instead of the approximation
space (U, 0). Also, in this case we use the symbols 21 (X') and 2A,(X) instead

of A(X) and A(X).

Proposition 3.1. For every approximation space (L, p), where p is an
equivalence relation, and every subsets A, B C L, we have:

(1) 2A,(A4) € A CA(A);
0) = @);
(L);
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Proof. (15) 2,(x],) = {y € L | [4], € [],} = [l and A,([a],) = {y €
L1 [o], Nlal, # 0} = [¢],. Hence 2, ([a],) = A, ([x],).



Rough sets applied in sublattices and ideals of lattices

The other parts of the proof is similar to the [17, Theorem 2.1] and [7,
Proposition 4.1]. O

The following example shows that the converse of (12) and (13) in Propo-
sition 3.1 are not true.

Example 3.2. Let L = {1,2,...,8}, Then (L, A, V) is a lattice, where
Va,b € L, a ANb = min{a,b}, a Vb = max{a,b}. Let p be an equivalence
relation on L with the following equivalence classes:

[1], = {1,4,8},

2], =1{2,5,7},

) (Z)
S A)NA,(B) L A(ANB), A (AUB) ¢ A (A) UL (B).

Corollary 3.3. For every approximation space (L, p),
(i) For every A C L, 2 (A) and 2I,(A) are definable sets,
(ii) For every = € L, [z], is definable set.

Proof. Tt is immediately by Proposition 3.1 (parts (5), (6), (7), (8) and
(15)). O

If A and B are non-empty subsets of L, let AA B and AV B denotes the

following sets:
ANB={aANblac Ajbe B}, AVB={aVb|lac Abec B}.

Proposition 3.4. Let p be a complete congruence relation on L, and 4,
B non-empty subsets of L, then ,(A) AA,(B) = A,(AA B).

Proof. Suppose z be any element of 2,(A) AR, (B), then 2 = a A b
for some a € 2A,(A), b € A,(B), hence [a], N A # 0 and [b], N B # 0 and
so there exist * € [a], N A and y € [b], N B. Therefore t ANy € AN B
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and z Ay € [a], A [b], = [a A D], hence [a AD], N (A A B) # () and so
2,(A) A2, (B) CA(ANAB).

Conversely, let z € 2,(A A B) then [z], N (A A B) # 0 hence there exists
y € [z],and y € AANB and so y = a A b for some a € A and b € B. Now
we have x € [y], = [a A b], = [a], A [b],- Then there exist 2’ € [a], and
y' € [b], such that v = 2/ Ay/. Since a € [2'],N A and b € [y'], N B, hence
2’ € A,(A) and y' € A,(B), which yields that z = 2/ Ay’ € 2,(A) A2,(B)
and so 2A,(A A B) C2,(A) AA,(B). O

Proposition 3.5. Let p be a complete congruence relation on L, and A,
B non-empty subsets of L, then ,(A) VA,(B) =A,(AV B).

Proof. The proof is similar to the proof of Proposition 3.4, by consider-
ing the suitable modification by using the definition of AV B. O

Proposition 3.6. Let p be a complete congruence relation on L, and A,
B non-empty subsets of L, then 2,(A) A2L,(B) C 2 (AN B).

Proof. Suppose z be any element of 2 (A) A2 (B) then z = a A'b
for some a € A ,(A) and b € ,(B). Hence [a], € A and [b], € B. Since
[anb], = [a],A[b], € ANB, we get anb € A, (AAB) and so z € 2 (AAB). O

The following example shows that the converse of Proposition 3.6 is not
true.

Example 3.7. Let L = {0,1,2,...,11}, Then (L, A, V) is a lattice, where
Va,b € L, a ANb = min{a,b}, a Vb = max{a,b}. Let p be a complete
congruence relation on L with the following equivalence classes:

(0], = {0, 1,2},
3], = {3,4,5},
(6], = {6,7,8},
9], = {9,10,11},

and A ={1,3,4,5}, B=1{0,1,2,6,8}. Then:

2A (A) = {37475}7

D
2,(B) ={0,1,2},
ANB=1{0,1,2,3,4,5}
A,(ANB)={0,1,2,3,4,5},
2A,(A) AA(B) ={0,1,2}
and so 2L (AN B) € A (A) N2 (B).
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Proposition 3.8. Let p be a complete congruence relation on L, and A,
B non-empty subsets of L, then 2 (A) V2L, (B) C 2 (AV B).

Proof. The proof is similar to the proof of Proposition 3.6, by consider-
ing the suitable modification by using the definition of AV B. O

The following example shows that 2 (AV B) C 2L (A) V2 (B) does not
hold in general.

Example 3.9. Let L = {0,1,2,...,8}, Then (L, A, V) is a lattice, where
Va,b € L, a Nb = min{a,b}, a Vb = mazx{a,b}. Let p be a complete
congruence relation on L with the following equivalence classes:

[O]P = {Ov L, 2}7
[3][) = {374}7
[5]/3 - {57 6,7, 8}7

and A ={3,4,5,7}, B=1{0,1,2,3,6,8}. Then:

2, (A) = {3,4},

2,(B) ={0,1,2},

AV B =1{3,4,5,6,7,8},

glp(A vV B) ={3,4,5,6,7,8},

2A,(A) vV 2,(B) = {3,4},

and so 2,(AV B) € 2A (A) V2 (B)

Lemma 3.10. Let p; and p, be two complete congruence relations on L
such that p; C py and let A be a non-empty subset of L, then:
(1) gpg (A) C lel (A)7

(i) 2, (A) € Ay, (A).
Proof. 1t is straightforward. O
The following Corollary follows from Lemma 3.10.

Corollary 3.11. Let p; and ps be two complete congruence relations on
L and A a non-empty subset of L, then:

(1) 2, (4) N2y, (4) € Wiy (4),

(i) A(pinpa) (A) S Ay, (A) N 2A,,(A).

Proposition 3.12. Let p be a congruence relation on L, and J be an
ideal of L, then 2(,(.J) is an ideal of L.
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Proof. Suppose a,b € 2,(J) and r € L, then [a],NJ # O and [b],NJ # 0.
So there exist « € [a],NJ and y € [a], N J. Since J is an ideal of L, we have
xVy € Jand zVy € [a],V[b], C [aVD],. Hence [aVb],NJ # () which implies
aVbeA,(J). Also, we have r Az € J and r A € [r], Ala], C [r Aa], So

[rAa],NJ # 0 which implies rAa € 2A,(J). Therefore 2,(J) is an ideal of L. O

Similarly, if p is a congruence relation on L and J is a sublattice of L,
then 2A,(J) is a sublattice of L.

Proposition 3.13. Let p be a complete congruence relation on L, and
J be an ideal of L, then 2 (/) is an ideal of L.

Proof. Suppose a, b € 2 (J) and r € L, then [a], C J and [b], € J. So
laVb], =1[a], V[, € J, and [r Aa], = [a], A[b], € J. Hence aVb e (J)
andr Aa € (J). O

Similarly, if p is a complete congruence relation on L and J is a sublattice
of L, then 2L (J) is a sublattice of L.

Definition 3.14. Let p be a congruence relation on L and 2A,(A4) =
(g(p(A),ﬁp(A)) a rough set in the approximation space (L, p). If 2 (A) and
2,(A) are ideals (resp. sublattice) of L, then we call 2,(A) a rough ideal
(resp. sublattice). Note that a rough sublattice also is called a rough lattice.

Corollary 3.15. (i) Let p, be a congruence relation on L, and I an ideal
of L then (/) is a rough ideals.

(ii) Let p be a complete congruence relation on L and J a sublattice of
L, then 2(,(.J) is a rough lattice.

Proof. 1t is obtained by 3.12 and 3.13. O

Let L and L’ be two lattices, a map f : L — L’ is said to be homomor—
phism or (lattice homomorphism) if for all a, b € L, f(a Ab) = f(a) A f(D),
and f(aVb) = f(a)V f(b).

Now, let L and L' be two lattices and f : L — L' a homomorphism. It
is well known, 6 = {(a,b) € L x L | f(a) = f(b)} C L x L is a congruence
relation on L. Because if afb then f(a) = f(b) and for all z € L, we have
flanz) = fla)A f(z) = f(b) A f(2) = f(bA z). Therefor (a A z) 6 (bA z),
and similarly (aV z) 0 (bV 2).
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Theorem 3.16. Let L and L' be two lattices and f : L — L" a homo-
morphism. If A is a non-empty subset of L, then f(y(A)) = f(A).

Proof. Since A C 2y(A) it follows that f(A) C f(Ae(A)).
Conversely, let y € f(Ap(A)). Then there exists an element z € Ay(A),
such that f(z) =y, so we have [z]y N A # (. Thus there exists an element
€ [z]JpN A. Then a € [z]g, hence z0a, and so f(z) = f(a) € f(A), therefore

F((A)) € f(A). O

Let f : L — L' be a homomorphism and A a subset of L, Since 2,(A) C A
it follows that f(2(,(A)) C f(A). But the following example shows that, in

general, f(2y(A)) # f(A).

Example 3.17. Let (L,A,V) and (L', A,V) be two lattices where L =
{1,2,3,4}; and L' = {5,6,7}; and for all s, t in L or L', s At= min{s,t} and
sVt =max{s,t}. The map f: L — L’ given by

f4)=f3)=1 f(2) =6 f(1) =

is a homomorphism. We have § = {3,4}. Suppose A = {1,2}, then

f(A) ={5,6}, Ay(A) =0 and f(2y(A)) =0, and so f(2Ay(A)) # f(A).

The lower and upper approximations can be presented in an equivalent
form as follows:

Let L be a lattice, p a congruence relation on L, and A a non-empty
subset of L. Then we define V and A on L/p = {[z], | z € L}, by

[z, VIylp, = [V yl,, [2]Aly], = [z Ayl
This relation is well-defined, since if [21], = [22], and [y1], = [y2],, then
x1pxe and yp pys. Since p is a congruence relation we have (1 V y1)p(z2 V y1)

and (z2 V y1)p(xe V y2). Then (z1 V y1)p(z2 V y2), so [x1 V y1], = [z2 V Y],
Therefore [z1],V]y1], = [x2],V[y2],-
It is easy to see that (L/p, V, A), is a lattice. Alsoif A # (), and A C L put

2 (A) = {[], € L/p| [r], € A} and A,(4) = {[a], € L/p | [a],n A # 0},

Proposition 3.18. Let p be a congruence relation on L and J be an
ideal of L, then 24,(J) is an ideal of L/p.

Proof. Assume that [a],, [b], € 2,(J) and [r], € L/p. Then [a],NJ # 0
and [b],NJ # 0, so there exist z € [a],NJ and y € [b],N.J. Since J is an ideal
of L, we have xVy € J and rAx € J. Also, we have zVy € [a],V[b], C [aVb],,
and rAx € [r],Alal, C [rAa],. Therefore [aVb],NJ # 0 and [rAal,NJ # 0,
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which imply [a], V [B], € ,(J) and [r], A [a], € A,(J). Therefore 2A,(.J) is
an ideal of L/p. O

Proposition 3.19. Let p be a complete congruence relation on L and J
be an ideal of L, then %lp(J) is an ideal of L/p.

Proof. Assume that [a],, [b], € %p(J) and [r], € L/p. Then [a], C J
and [b], C J. Since J is an ideal of L, we have a Vb € J and r Aa € J
Therefore [a], V [b], = [aVb], C JVJ=J, and [r], Aa], = [r ANa], C J,
which imply [a], V [b], € %p(J) and [r], A [a], € Q=IP(J). Therefore gp(J) is
an ideal of L/p. O

Proposition 3.20. (i) Let p be a congruence relation on L and J a

sublattice of L, then 21,(J) is a sublattice of L/p.

(77) Let p be a complete congruence relation on L and J a sublattice of
L, then %p(,]) is a sublattice of L/p.

Proof. Similar to the proof of propositions 3.13, 3.18 and 3.19. O
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