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Abstract

The distinguishing number (index) D(G) (D'(G)) of a graph G is
the least integer d such that GG has an vertex labeling (edge labeling)
with d labels that is preserved only by a trivial automorphism. The
co-normal product G x H of two graphs GG and H is the graph with
vertex set V(G) x V(H) and edge set {{(z1,z2), (Y1, v2) Hz111 €
E(G) or zoy, € E(H)}. In this paper we study the distinguishing
number and the distinguishing index of the co-normal product of two
graphs. We prove that for every £k > 3, the k-th co-normal power
of a connected graph G with no false twin vertex and no dominating
vertex, has the distinguishing number and the distinguishing index
equal two.
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1 Introduction and definitions

Let G = (V, E) be a simple graph of order n > 2. We use the the following
notations: The set of vertices adjacent in G to a vertex of a vertex subset W C V
is the open neighborhood N (W) of W. Also N(W) U W is called a closed
neighborhood of W and denoted by N[W|. A subgraph of a graph G is a graph
H such that V(H) C V(G) and E(H) C E(G). f V(H) = V(G), we call
H a spanning subgraph of GG. Any spanning subgraph of G can be obtained by
deleting some of the edges from GG. Two distinct vertices u and v are called true
twins if N[v] = N[u] and false twins if N(v) = N(u). Two vertices are called
twins if they are true or false twins. The number | N (v)| is called the degree of v
in G, denoted as deg(v) or deg(v). A vertex having degree |V (G)| — 1 is called
a dominating vertex of G. Also, Aut(G) denotes the automorphism group of G,
and graphs with |Aut(G)| = 1 are called rigid graphs.

A labeling of G, ¢ : V' — {1,2,...,r}, is said to be r-distinguishing, if no
non-trivial automorphism of GG preserves all of the vertex labels. The point of the
labels on the vertices is to destroy the symmetries of the graph, that is, to make the
automorphism group of the labeled graph trivial. Formally, ¢ is r-distinguishing
if for every non-trivial o € Aut(G), there exists « in V' such that ¢(z) # ¢(o(x)).
The distinguishing number of a graph G is defined by

D(G) = min{r| G has a labeling that is r-distinguishing}.

This number has defined in [1]. Similar to this definition, the distinguishing
index D'(G) of G has defined in [8] which is the least integer d such that G has
an edge colouring with d colours that is preserved only by a trivial automorphism.
If a graph has no nontrivial automorphisms, its distinguishing number is 1. In
other words, D(G) = 1 for the asymmetric graphs. The other extreme, D(G) =
|V (G)|, occurs if and only if GG is a complete graph. The distinguishing index of
some examples of graphs was exhibited in [8]. For instance, D(P,) = D'(P,) = 2
for every n > 3, and D(C,,) = D'(C,) = 3 forn = 3,4,5, D(C,,) = D'(C,) =
2 for n > 6, where P, denotes a path graph on n vertices and C,, denotes a
cycle graph on n vertices. A graph and its complement, always have the same
automorphism group while their graph structure usually differs, hence D(G) =
D(G) for every simple graph G.

Product graph of two graphs G and H is a new graph having the vertex set
V(G) x V(H) and the adjacency of vertices is defined under some rule using
the adjacency and the nonadjacency relations of G and H. The distinguishing
number and the distinguishing index of some graph products has been studied in
literature (see [2, 6, 7]). The Cartesian product of graphs G and H is a graph,
denoted by GOH, whose vertex set is V(G) x V(H). Two vertices (g, h) and
(¢', 1) are adjacent if either g = ¢’ and hh' € E(H), or g¢' € E(G) and h = I'.
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In 1962, Ore [10] introduced a product graph, with the name Cartesian sum of
graphs. Hammack et al. [4], named it co-normal product graph. The co-normal
product of G and H is the graph denoted by G x H, and is defined as follows:

V(G H) ={(g.h)lg € V(G) and h € V(H)},
E(Gx H) = {{(z1,22), (Y1, y2) a1y € B(G) or 22y, € E(H)}.

We need knowledge of the structure of the automorphism group of the Carte-
sian product, which was determined by Imrich [5], and independently by Miller
[9].

Theorem 1.1. [5, 9] Suppose 1 is an automorphism of a connected graph G with
prime factor decomposition G = G10G.0 ... OG,. Then there is a permutation
7 of the set {1,2,...,r} and there are isomorphisms 1); : Gru — Gi @ =
1,...,r, such that

77Z)(x17 T, ... 7x7”) = <¢1(xﬂ(l))7¢2<xﬂ(2))7 cee 777/}7‘(1'#(7“)))-

Imrich and KlavzZar in [7], and Gorzkowska et.al. in [3] showed that the dis-
tinguishing number and the distinguishing index of the square and higher powers
of a connected graph G # K, K3 with respect to the Cartesian product is 2.

The relationship between the automorphism group of co-normal product of
two non isomorphic, non rigid connected graphs with no false twin and no domi-
nating vertex is the same as that in the case of the Cartesian product.

Theorem 1.2. [12] For any two non isomorphic, non rigid graphs G and H,
Aut(G* H) = Aut(G) x Aut(H) if and only if both G and H have no false twins
and dominating vertices.

Theorem 1.3. [12] For any two rigid isomorphic graphs G and H, Aut(Gx H) =
S.

Theorem 1.4. [12]The graph G x H is rigid if and only if G 22 H and both G and
H are rigid graphs.

In the next section, we study the distinguishing number of the co-normal prod-
uct of two graphs. In section 3, we show that the distinguishing index of the co-
normal product of two simple connected non isomorphic, non rigid graphs with
no false twin and no dominating vertex cannot be more than the distinguishing
index of their Cartesian product. As a consequence, we prove that all powers of a
connected graph GG with no false twin and no dominating vertex distinguished by
exactly two edge labels with respect to the co-normal product.
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2 Distinguishing number of co-normal product of
two graphs

We begin this section with a general upper bound for the co-normal product
of two simple connected graphs. We need the following theorem.

Theorem 2.1. [12] Let G and H be two graphs and \ : V(G x H) — V(G x H)
be a mapping.

(i) If A = (o, B) defined as (g, h) = (a(g), 5(h)), where a € Aut(G) and
p € Aut(H), then \ is an automorphism on G * H.

(ii) If G is isomorphic to H and \ = («, () defined as \(g, h) = (B(h), a(g)),
where « is an isomorphism on G to H and 3 is an isomorphism on H to G,
then X is an automorphism on G * H.

Theorem 2.2. If G and H are two simple connected graphs, then
maX{D(GDH),D(G),D(H)} < D(GxH) < min{D(G)\V(H)], \V(G)]D(H)}.

Proof. We first show that max{D(G), D(H)} < D(G*H). By contradiction,
we assume that D(G +x H) < max{D(G), D(H)}. Without loss of generality we
suppose that max{D(G), D(H)} = D(G). Let C'be a (D(G* H))-distinguishing
labeling of G x H. Then the set of vertices {(g,h*) : ¢ € V(G)}, where
h* € V(H) have been labeled with less than D(G) labels. Hence we can define
the labeling C" with C’(g) := C(g, h*) for all g € V(G). Since D(G x H) <
D(G), so (' is not a distinguishing labeling of (G, and so there exists a nonidentity
automorphism « of G preserving the labeling C”. Thus there exists a nonidentity
automorphism A of Gx H with A(g, h) := («(g),h) forg € V(G)and h € V(H),
such that )\ preserves the distinguishing labeling C', which is a contradiction. Now
we show that D(GOH) < D(G x H), and so we prove the left inequality. By
Theorems 1.1 and 2.1, we can obtain that Aut(GOH) C Aut(G ~ H), and since
V(GOH) =V (G * H),wehave D(GOH) < D(G x H).

Now we show that D(G x H) < min{D(G)|V(H)|,|V(G)|D(H)}. For
this purpose, we define two distinguishing labelings of G x H with D(G)|V (H)|
and |V (G)|D(H) labels, respectively. Let C' be a D(G)-distinguishing label-
ing of G and ¢’ be a D(H)-distinguishing labeling of H. We suppose that
V(G) =A{q,...,gnyand V(H) = {hy,..., hy}, and define the two following
distinguishing labelings L, and L, of G x H with D(G)|V (H)| and |V (G)|D(H)
labels.

h
iy
~~
L
S
~—
I

(i =1)D(G) + C(g),
(j = 1)D(H) + C'(hi).

b(
N
~
8
S
~—

I
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We only prove that the labeling L, is a distinguishing labeling, and by a similar
argument, it can be concluded that L is a distinguishing labeling of G x H. If f
is an automorphism of G = H preserving the labeling L;, then f maps the set
H; = {(g;,hi) : g; € V(G)} toitself, setwise, for all i = 1,...,m. Since the
restriction of f to H; can be considered as an automorphism of GG preserving the
distinguishing labeling C, so for every 1 < ¢ < m, the restriction of f to H; is the
identity automorphism. Hence f is the identity automorphism of G x H. O

The bounds of Theorem 2.2 are sharp. For the right inequality it is sufficient to
consider the complete graphs as the graphs G and H. In fact, if G = K,, and H =
K,,, then G x H = K,,,,. For the left inequality we consider the non isomorphic
rigid graphs as the graphs G and H. Then by Theorem 1.4, we conclude that
G * H and GOH are a rigid graph and hence max{D(GOH), D(G), D(H)} =
D(G * H).

With respect to Theorems 1.1 and 1.2, we have that the automorphism group
of a co-normal product of connected non isomorphic, non rigid graphs with no
false twin and no dominating vertex, is the same as automorphism group of the
Cartesian product of them, so the following theorem follows immediately:

Theorem 2.3. If G and H are two simple connected, non isomorphic, non rigid
graphs with no false twin and no dominating vertex, then D(Gx H) = D(GOH).

Since the path graph P, (n > 4), and the cycle graph C,,, (m > 5) are con-
nected, graphs with no false twin and no dominating vertex, then by Theorem 2.3
we have D(P,  P;) = D(P, * Cy,) = D(C,, x C,) = 2 for any ¢,n > 3, where
q # nand m,p > 5, where m # p. (see [7] for the distinguishing number of
Cartesian product of these graphs).

To prove the next result, we need the following lemmas.

Lemma 2.1. [13] For any two distinct vertices (v;, u;) and (v,,us) in G % H,
N((05 1)) = N((vy, ) if and only if

(i) v; = v, in G and N (u;j) = N(u,) in H, or
(ii) u; = us in H and N(v;) = N(v,) in G, or
(iii) N(v;) = N(v,) in G and N(u;) = N(us).

Lemma 2.2. [13] A vertex (v;, u;) is a dominating vertex in G « H if and only if
v; and u; are dominating vertices in G and H, respectively.

Theorem 2.4. [12] For a rigid graph G and a non rigid graph H, |Aut(Gx H)| =
|Aut(H)| if and only if G has no dominating vertex and H has no false twin.
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Now we are ready to state and prove the main result of this section.

Theorem 2.5. Let G be a connected graph with no false twin and no dominating
vertex, and xG* the k-th power of G with respect to the co-normal product. Then
D(xG*) = 2 for k > 3. In particular, if G is a rigid graph, then for k > 2,
D(xG*) = 2.

Proof. By Lemmas 2.1 and 2.2, we can conclude that G * GG has no false twin
and no dominating vertex. We consider the two following cases:

Case 1) Let G be a non rigid graph. If H := G x G, then D(xG?) = 2 by
Theorem 2.3. Now by induction on £, we have the result.

Case 2) Let G be a rigid graph. In this case, |[Aut(G x G)| = 2, by Theorem
1.3,and so D(G * G) = 2. If H := G x G, then |Aut(G x H)| = |Aut(H)|, by
Theorem 2.4. Hence |Aut(xG?)| = 2. By induction on k and using Theorem 2.4,
we obtain D(xG*) = 2 for k > 2, where G is a rigid graph. O

3 Distinguishing index of co-normal product of two
graphs

In this section we investigate the distinguishing index of co-normal product of
graphs. Pil$niak in [11] showed that the distinguishing index of traceable graphs,
graphs with a Hamiltonian path, of order equal or greater than seven is at most
two.

Theorem 3.1. [11] If G is a traceable graph of order n > 7, then D'(G) < 2.

We say that a graph G is almost spanned by a subgraph H if G — v, the graph
obtained from GG by removal of a vertex v and all edges incident to v, is spanned
by H for some v € V(G). The following two observations will play a crucial role
in this section.

Lemma 3.1. [11] If a graph G is spanned or almost spanned by a subgraph H,
then D'(G) < D'(H) + 1.

Lemma 3.2. Let G be a graph and H be a spanning subgraph of G. If Aut(G) is
a subgroup of Aut(H), then D'(G) < D'(H).

Proof. Let to call the edges of G which are the edges of H, H-edges, and the
others non-H -edges, then since Aut(G) C Aut(H), we can conclude that each
automorphism of G maps H-edges to H-edges and non- H -edges to non- H-edges.
So assigning each distinguishing edge labeling of H to G and assigning non-H -
edges a repeated label we make a distinguishing edge labeling of G. [
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Since for two distinct simple non isomorphic, non rigid connected graphs,
with no false twin and no dominating vertex we have Aut(Gx H) = Aut(GOH),
so a direct consequence of Lemmas 3.1 and 3.2 is as follows:

Theorem 3.2. (i) If G and H are two simple connected graphs, then D'(G %
H) < D'(GOH) + 1.

(ii) If G and H are two simple connected non isomorphic, non rigid graphs with
no false twin and no dominating vertex, then D'(G x H) < D'(GOH).

Theorem 3.3. Let G be a connected graph with no false twin and no dominating
vertex, and xG* the k-th power of G with respect to the co-normal product. Then
for k > 3, D'(xG*) = 2. In particular, if G is a rigid graph, then for k > 2,
D'(xG*) = 2.

Proof. By Lemmas 2.1 and 2.2, we can conclude that G * GG has no false twin
and no dominating vertex. We consider the two following cases:

Case 1) Let G be a non rigid graph. If H = G x G, then D(xG?) = 2 by
Theorem 3.2(ii). Now by an induction on %, we have the result.

Case 2) Let G be arigid graph. In this case, |[Aut(G * G)| = 2, by Theorem
1.3,and so D(G xG) = 2. If H := G * G, then |Aut(G x H)| = |Aut(H)|, by
Theorem 2.4. Hence |[Aut(xG®)| = 2. By an induction on & and using Theorem
2.4, we obtain D(*Gk) = 2 for k > 2, where G is a rigid graph. O]

Theorem 3.4. Let G be a connected graph of order n > 2. Then D' (G * K,;,) = 2
for every m > 2, except D'( Ky x K3) = 3.

Proof. Since |[Aut(G * K,,,)| > 2, s0 D'(G > K,,) = 2. With respect to
the degree of vertices G' x K,,, we conclude that G x K, is a traceable graph. We
consider the two following cases:

Case 1) Suppose that n > 2. If m > 3, or m = 2, and n > 4, then the order of
G * K,, is at least 7, and so the result follows from Theorem 3.1. If m = 2, n = 3,
then G = P; or K3. In each case, it is easy to see that D'(G *x K,,,) = 2.

Case 2) Suppose that n = 2. Then G = Kj, and so G x K,,, = Ks,,. Thus
D'(Gx K,,) =2form > 3,and D'(Ky x Ky) = D'(K,) = 3.0

By the value of the distinguishing index of Cartesian product of paths and
cycles graphs in [3] and Theorem 3.2, we can obtain this value for the co-normal
product of them as the two following corollaries.

Corolary 3.1. (i) The co-normal product P,,* P, of two paths of orders m > 2
and n > 2 has the distinguishing index equal to two, except D' ( PyxPy) = 3.

(i) The co-normal product C,, x C,, of two cycles of orders m > 3 andn > 3
has the distinguishing index equal to two.
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(iii) The co-normal product P, x C,, of orders m > 2 and n > 3 has the distin-
guishing index equal to two.

Proof.

(1) If n,m > 4, then the result follows from Theorem 3.2 (ii). If n = 2 or
m = 2, then we have the result by Theorem 3.4. For the remaining cases,
with respect to the degree of vertices in P, x P,,, we obtain easily the dis-
tinguishing index.

(i) If n,m > 5, then the result follows from Theorem 3.2 (ii). If n = 3 or
m = 3, then we have the result by Theorem 3.4. For the remaining cases
we use of Hamiltonicity of C,, x C,, and Theorem 3.1.

(iii) If n > 5 and m > 4, then the result follows from Theorem 3.2 (ii). If n = 3
or m = 2, then we have the result by Theorem 3.4. The remaining cases
are C,, x P3 and Cy x P,,. In the first case and with respect to the degree of
vertices in C), x P3, we obtain easily the distinguishing index. In the latter
case, we use of Hamiltonicity of Cy x P, and Theorem 3.1. O
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