RATIO MATHEMATICA 24 (2013), 11-30 ISSN: 1592-7415

On Fuzzy Gamma Hypermodules

R. Ameri, R. Sadeghi

School of Mathematics, Statistic and Computer Sciences, College of Science,
University of Tehran, Iran
Department of Mathematics, Faculty of Mathematical Sciences,
University of Mazandaran, Babolsar, Iran

rameri@ut.ac.ir, razi-sadeghi@yahoo.com

Abstract

Let R be a I'-hyperring and M be an I'-hypermodule over R. We
introduce and study fuzzy Rp-hypermodules. Also, we associate a I'-
hypermodule to every fuzzy I'-hypermodule and investigate its basic
properties.
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1 Introduction

Hyperstructure theory was born in 1934 when Marty [13] defined hy-
pergroups, began to analysis their properties and applied them to groups.
Algebraic hyperstructures are a suitable generalization of classical algebraic
structures. Zadeh [18] introduced the notion of a fuzzy subset of a non-empty
set X, as a function from X to [0, 1]. Rosenfeld [15] defined the concept of
fuzzy group. Since then many papers have been published in the field of
fuzzy algebra. In [16], Sen, Ameri and Chowdhury introduced the notions of
fuzzy hypersemigroups and obtained a characterization of them. Then in [10],
Leoreanu-Fotea and Davvaz introduced and analyzed the fuzzy hyperring no-
tion and in [11], Leoreanu-Fotea introduced the fuzzy hypermodule notion
and obtained a connection between hypermodules and fuzzy hypermodules
(for more information about fuzzy hypersrtuctures see [1]-[6]). The notion
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of a T-ring was introduced by N. Nobusawa in [14]. Recently, W.E. Barnes
(7], J. Luh [12], W.E. Coppage studied the structure of I'-rings and obtained
various generalization analogous of corresponding parts in ring theory. In [3]
Ameri, Sadeghi introduced the notion of I'-module over a I'-ring.

Now in this paper we introduced and study fuzzy I'-hypermodules as
generalization of I'-hypermodule as well as fuzzy modules. The paper has
been prepared in 5 sections. In section 2, we introduce some definitions and
results of I'-hypermodules and fuzzy sets which we need to developing our
paper. In section 3, we introduced and study fuzzy I'-hypermodules and
obtain its basic results. In section 4, we study fundamental relation of fuzzy
[-hypermodules.

2 Preliminaries

In this section, we present some definitions which need to developing our
paper. As it is well known a hypergroupoid is a set together with a function
o: Hx H — P*(H), which is called a hyperoperation, where P*(H)
denotes the set of all nonempty subsets of H. A hypergroupoid (H, o), which
is associative, that is z o (yo z) = (xoy) oz for all x,y,z € H is called a
semihypergroup. A hypergroup is a semihypergroup such that for all z € H
we have x o H = H = H o x (called the reproduction axiom). We say that
a hypergroup H is canonical hypergroup if it is commutative, it has a scalar
identity, every element has a unique inverse and it is reversible (for more
details of hypergroups see [9]).

Definition 2.1. The triple (R,+,.) is a hyperring (in the sense of Krasner)
if the following hold: (i) (R,+) is a commutative hypergroup;

(17) (R,.) is a semihypergroup;

(1ii) the hyperoperation ”.” is distributive over the hyperoperation "+ 7, which
means that for all r,s,t of R we have: r.(s+t) =r.s+ rt and (r + s).t =

rit+ s.t ( for more about hyperrings see [9] and [11]).

Definition 2.2. Let (R,W,0) be a hyperring. A nonempty set M, endowed
with two hyperoperations @, ® is called a left hypermodule over (R,W,0) if
the following conditions hold:

(1) (M,®) is a commutative hypergroup;

(2) @ : Rx M — P*(M) is such that for all a,b € M and r,s € R we have
(i) r©(a®b)=(r©a)®(robdb);

(17) (rds)©a=(roa)®(s®a);

(i1i) (ros)®a=r®(s®a).

For more details about hypermodules see [8], [9], [?] and [18]).
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Definition 2.3. ([7]) Let R and ' be additive abelian groups. We say that
R is a I' — ring if there exists a mapping

T RXxI'XR— R
(r,y,1") — 1oy’ (=ryr')

such that for every a,b,c € R and o, 3 € T', the following conditions hold:
(i) (a+b)ac = aac + bac;

ala + B)e = aac + afc;

ac(b+ ¢) = aab + aac;

(77) (aab)fc = aa(bfc).

Definition 2.4. Let R be a I'-ring. A (left)gamma module over R is an
additive abelian group M together with a mapping .: RxT' X M — M

( the image of (r,~y,m) being denoted by rym), such that for all m, my, ms €
M and v,v1,v2 € I' and r,r1,r9 € R the following conditions are satisfied:
(GMy)  ry.(my+mg) = ry.my + royams;

(GMs)  (rq +1r2).y.m =ri.y.m+ roy.m;

(GM3) 1.y +72).m=ry.m+roy.m;

(GMy)  11.7.(re.v2.m) = (r1.71.72) 2. m.

A right gamma module over R is defined in analogous manner. In this case
we say that M is a left(or right) Rp-module (for more details about gamma
modules see [2]).

Let (H,o) be a hypergroupoid. If {A, B} C P*(H) and p is an equivalence
relation on H, then we denote ApB if

Vae A, dbe B:apb, and, Ybe B, da€ A: apb.

We denote A p B ifVa € A, Vb€ B we have apb.
An equivalence relation p on H is called regular (strongly regular) if for
all a,a’,b,b" of H. The following implication holds:

apb,a’'pb) = (aod)p(bob)

(apb,a’'pb’ = (aod)p(bod)).

Theorem 2.1. (/17]) Let (M, +,.) be a hypermodule over a hyperring R, let
0 be an equivalence relation on M and let p be an strongly reqular relation
on R. The following statements hold:

(1) if & is strongly reqular on M and Vz,y € M and ¥Vr € R the hyperopera-
tions:
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0(x) ©o(y) ={0(2) | z€ x4y} and p(r)©d(z) ={0(2) | z € ra},

is define a module structure on M/§ over R/p;
(2) if (M/d,®,®) is a module over R/p, then § is strongly reqular on M.
The relation 0* is the smallest strongly regular relation on the hypermod-
ule (M, +,.) such that (M/§,®,®) the quotient structure (M/0,®,®) is a
module over the ring R/p, and it is called the fundamental relation over
hypermodule M .

Hence, ¢* is the smallest equivalence relation on M, such that M/§* is
a module over the ring R/p*, where p* is fundamental relation on R. If we
denote by U the set of all expressions consisting of finite hyperoperations
either on R and M or the external hyperoperation applied on finite sets of
elements of R and M, then we have

zdy <= Ju € U, such that {z,y} C u.

d* is the transitive closure of 4. In the fundamental module (M/§*, &, ®)
over R/p*, the hyperoperations @ and ® are defined as follows:

Ve,y € M and Vz € §*(z) ® 6*(y), we have 6*(x) ® §*(y) = 0%(2); Vr €
R, Yx € M and Vz € 6*(r).0"(x), we have p*(r) ® 6*(x) = 0*(2), (for more
details about the fundamental relation on hyperstructures see [8] and [9]).

Definition 2.5. A multivalued system (R,+,.) is a I'-hyperring if the fol-
lowing hold:

(i) (R,+) and I are canonical hypergroups;

(i1) (R,.) is semihypergroup.

(13i) (.) is distributive with respect to (+), i.e., for all x,y,z in R we have
r.(y+2)=(z.y) + (2.2) and (v +y).2 = (v.2) + (y + 2).

Definition 2.6. Let (R, W, 0) be a I'-hyperring and (I',*) be a canonical hy-
pergroup. We say that (M, +,.) is a left I' — hypermodule over R, if (M, +)
be a canonical hypergroup and there exists a mapping

R xT x M — P<(M)
(ry,m) — r-y-m

such that for every r,s € R and o, € T and a,b € M, the following
conditions are satisfied:

(GHM;) (i) (rWs).c.a=r.a.a+ s.o.q;

(i) r(axf).a=raa+rp.a;

(1i1) r.a.(a+b) =r.a.a+r.a.b;

(GHM,) (roaos).f.a=r.a.(sf.a).
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A right I'-hypermodule of R is defined in a similar way. In this case we say
that M is a Rp-hypermodule.

3 Fuzzy Gamma Subhypermodules

In the sequel R is a I'-hyperring and all gamma hypermodules are con-
sidered over R. In [16] M.K. Sen, R. Ameri, G. Chowdhury introduced the
notion of fuzzy semihypergroups, in [10] V. Leoreanu-Fotea, B. Davvaz study
fuzzy hyperrings and V. Leoreanu-Fotea in [11] studied fuzzy hypermodules.
Now in this section we follows these and introduce and studied fuzzy gamma
hypermodules.

Let S and I' be two nonempty sets. F*(S) denotes the set H of all
nonzero fuzzy subset of S. A Fuzzy I' — hyperoperation on S is a map o :
SxTI' xS — F*(S), which associates a nonzero subset a o v o b for all
a,be S and yeT. (S,0) is called a Fuzzy I' — hypergroupoid.

A fuzzy T'-hypergroupoid (S, o) is called a fuzzy I'-hypersemigroup if for
all a,b,c € S and o, € I', we have aoao (bofoc) = (aocaob)ofoc,
where for any p € F*(S), we have (aoyopu)(r) = \,cq((@aoyot)(r) A pu(t))
and (poyoa)(r) = \,es(u(t) A (toyoa)(r)) forallr € S,y €.

If A is a nonempty subset of S and z € S, then for all r € S,y € I" we
have:

(zoyoA)(r)=\/(zoyoa)r),

acA

and
(Aovyox)(r)=\/(aoyox)(r).
acA

A fuzzy T'-hypersemigroup (S, 0) is called a fuzzy T'-hypergroup if for all
a€ Sandyel, wehaveaoyoS = Soyoa=yg. Wesay that an element
e of (S, 0) is identity (resp. scalar identity) if for all s,r € S,y € I, we have

(eovyor)(r)>0, and (ro~yoe)(r)>0,

((eovyor)(s) >0, and (rovyoe)(s) >0 itfollowsr =s).

Let (S,0) be a fuzzy hypergroup, endowed with at least an identity. An
element a’ € S is called an inverse of a € S if there is an identity e € S, such
that
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(aoa')(e) >0, and (a'oa)(e) > 0.

Definition 3.1. A fuzzy hypergroup S is regular if it has at least one identity
and each element has at least one inverse.

A regular fuzzy hypergroup (S, o) is called reversible if for any x,y,a € S, it
satisfies the following conditions:

(1) if (aox)(y) > 0, then there exists an inverse ay of a, such that (aoy)(x) >
0;

(2) if (xoa)(y) > 0, then there exists an inverse as of a, such that (yoas)(z) >
0.

Definition 3.2. We say that a fuzzy hypergroup S is a fuzzy canonical if
(1) it is commutative;
(2) it has an scalar identity;
(3) every element has a unique inverse;
(4) it is reversible.
Let p1 and v be two nonzero fuzzy subsets of a fuzzy I'-hypergroupoid (S, o).
We define

(moyor)(t) =\ (up) A(poyoq)(t) Av(g),Vt e S,y €eT.
p,q€S

In the following we introduce and study fuzzy gamma hyperrings .

Definition 3.3. Let R, " be two nonempty sets and H,[] be two fuzzy hy-
peroperations on R and ® be a fuzzy hyperoperation on I'. Let (R,HB) and
(I',®) be two canonical fuzzy hypergroups. R is called a fuzzy U'-hyperring if
there exists the mapping:

H:RxTD x R — F*R)
(r,7y,s) — rdy s,

such that for all r,s,t € R, o, 3 € I, the following conditions are satisfied:
(i) rBal(sBt)=rHals)B(rHallt);

(i) r(a@pf)Bs=rHals)B(rEAESs);

(13) (rBs)Dallt=(rHaldt)B(sDaldt);

(w)rdal(sOp0H) =rBals)DpH¢L

Definition 3.4. Let (I',®) be a fuzzy canonical hypergroups. Let (R,H,[)
be a fuzzy I'-hyperring. A nonempty set M, endowed with two fuzzy I'-
hyperoperation ®,® is called a left fuzzy I'-hypermodule over (R,H.[) if
the following conditions hold:
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(1) (M, ®) is a canonical fuzzy U'-hypergroup;
(2) ©: RxT'x M — F*(M) is such that for all a,b € M,r,s € R and
a, 8 €T we have

()roac(adb)=rcGada)®(road®b);

(i7) (rBs) Oa@a=r0a®a)®(s®a®a);

(i) ro(a@f)a=roa®a)®(rofoa);

(W) reoa®(s@foa)=(r-a-s)©Loa.
If both (R,H), (I', ®) and (M, ®) have scaler identities, denoted by Og,Or and
Opr, then the fuzzy T'-hypermodule (M, ®,®) also satisfies the condition:

Or ©7©a = Xoy,
TQOF@G:XOr?

Oy O0m = Xoy,

forallr € R,y € I';a € A. Moreover, if (R,1J) has an identity, say
1, then the fuzzy T'-hypermodule (M, ®, ®) is called unitary if it satisfies the
condition.:
for all a of M, we have 1 ® v ® a = Xq.

Clearly, any fuzzy I'-hyperring is a fuzzy ['-hypermodule over itself.
Proposition 3.5. Let (M, +,.) be a module over a ring (R,W,0) and I' = R.
We define the following fuzzy ['-hyperoperations:

for a,b of M, a® b= x{ap},

forallaof M andr € R,y €', rOv®a= X{rvya}

for all 7,5 of R, rlH s = xysy and r L1y [ s = X{roqos)-

Then (M, @, ®) is a fuzzy I'-hypermodule over the fuzzy I'-hyperring (R, B, [J).
Note that the last theorem is satisfied, when M is a I'-module over a ['-ring
R, such that I # R.

Proposition 3.6. Let (R,0) and (S,e) be two fuzzy I'-hyperrings. Let
(M, ®, ®) be aleft fuzzy I'-hypermodule over R and a right fuzzy I'-hypermodule
over S. Then

A=/ 6 TZ | € R,s € S,me M} is a fuzzy I'-hyperring and fuzzy
[-hypermodule over A, under the mappings
x: AxT x A— F*(A)
( T m T MMy ) N
0 s L 0 S1

royory; rOvYOmM OmGoOy©s;
0 Seyes;
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such that

(7“0707"1 rOyYOmM OEmMmOyYO s ) (7“2 mQ)

0 S50y e®s; 0 s9
(royor)(rs) (r®7®m1@m®v®81)(mz)):
0 (s oy ®sy)(s2)
1, T9,M9o, S9 7é 0
{ 0, otherwise.

Proof. Straightforward.O

Example 3.7. Let R be a I'-ring and (M, +,.) a I'-module. Consider the
mapping « : M — R. Then M is an fuzzy [-hypermodule over M,
under the following operations:

m@n = m+n. and o : MxI'xM — F*(M)(m,y,n) — moyon = Xa(m).~.n,

for all m,n € M,y €T.
Proposition 3.8. Let (M,+,.) be a I-module over I'-ring R and v be
a nonzero fuzzy I'-semigroup on M. Let p and p be two nonzero fuzzy
[-semigroups on R. For r € R, a,b € M and v € I', define a fuzzy I'-
hyperoperation © on M by

(royo©a)(t) = { w(r) /\Op('y) A’u(a), i 0]; ;ls;;zea

Also, a ® b = X{ays}. It is easy to verify that (M,®,©®) is a fuzzy I'-
hypermodule.

Let S, T" be nonempty sets, and S endowed with a fuzzy I'-hyperoperation o.
For all a,b € S,y € T and p € [0, 1] consider the p-cuts:

(aoyob),={teS: (aoyob)(t) > p}

of a o~y ob, where p € [0, 1].
For all p € [0, 1], we define the following crisp I'-hyperoperation on S:

ao,yo,b=(ao~yob),.

Example 3.9. Let R =1 =7Z and M = Z, for n € N. Define following
fuzzy I'-hyperoperations for all a,b € M,y € I":

a®b= X{ap},Va € M,Vr € R,y €T,
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rO©y®a= X{a, Vr,se€RVyel,

ry.8 = Xgysy and 17 +s= X, forall a,8€l,

and

al B = X{as,

such that ¥ is denote a typical element in Z,,. Then it is easy to verify that
(M, ®,®) is a fuzzy ['-hypermodule over fuzzy I'-hyperring R and canonical
fuzzy hypergroup (T, ).
Proposition 3.10. Let (M, o) be a fuzzy I'-hyperoperation. For all a,b, ¢, u €
M and «, 8 € T and for all p € [0, 1] the following equivalence holds:

(aoao(bofoc)) >p<=ucao,ao,(bo,o,c).
((acaob)ofoc)=p<=u€ (ao,ao,b)o,o,c.)

Proof. Clearly,

(aoao(bofoc)(w) = \/(@oaot)(u) Abosoc)(t) > p,

teM

if and only if there exists tg € M, such that (a o a o ty)(u) > p and
(bofoc)(ty) > p, which means that u € ao,a0,ty,tg € bo,Fo,c. Therefore,
u€ao,ao,(bo,Bo,c).0
Proposition 3.11. Let (M,®,®) be a fuzzy I'-hypermodule over a fuzzy
[-hyperring (R,H,). Then for all a € M,r € R,y € T, conditions are
equivalence:
(1) a® M=y < Vpe [0,1], a®p M = M,
2)rovyoM=xuy<=Vpel0,1], r©,v©, M = M.
Proof. We only proof (2). Let r @y ® M = xp;. Then for all t € M and
p € [0,1], we have \/,,c,,(r ©y®u)(t) = 1 > p, whence there exists m € M,
such that (r ® v ©® m)(t) > p, which means that ¢t € r ®, v ®, m. Hence,
Vp € [0,1], r@,y®, M = M. Conversely, for p = 1 we have rOyyO1 M = M,
whence for all t € M, there exists u € M, such that t € r ©; v ®; u, which
means that (r © v ® u)(t) = 1. In other words, r ® v ® M = ;.0
Proposition 3.12. The structure (M, ®, ®) is a fuzzy I-hypermodule over
a fuzzy I'-hyperring (R,H,0) if and only if Vp € [0,1], (M,®,,®,) is a
I-hypermodule over the hyperring (R, H,,[,).
Proof. It is straightforward.O
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Consider (M, ®, ®) as a fuzzy [-hypermodule over a fuzzy I'-hyperring (R, 8, [J)
and canonical fuzzy hypergroup (I', ®). Now we follow [8], and define a new
types of I'-hyperoperations on M, R,T", as follows:

Va,b € M, a+b={x € M|(a®b)(x) >0}, Vr,s€ R,

rds={te R|(rBs)(t) >0}, foralla, 3 €T,

axf={yel|(axf)(y) >0}, VacM, VreRVyel,

rya={beM|(royoa)(b) >0}, Vr,se R, Vyel,

royos={te R|(rQ~ys)(t) > 0}.

Proposition 3.13. If (M,®,®) is a fuzzy I'-hypermodule over a fuzzy I'-
hyperring (R,H,[) and canonical fuzzy hypergroup (I', ®), then (M, +,.)
is a I-hypermodule over the I’-hyperring (R, W, o) and canonical hypergroup
(T, %).

Proof. By [10], it is obtained that (R, W), (I',*) and (M, +) are canonical
hypergroups. It is sufficient to verify (M, .) is a I-hypermodule. We consider
the following cases:

Case: (i)

(rws).y.a=(r~y.a)+(s~y.a), forall r,se Ryel,ae M.

Suppose that z € (r¥s).v.a = Uy, ¥ ©7 ©@a. Then (y © v ©a)(z) >0
and (r B s)(y) > 0, for some y € r W s, and hence Vpepn ((r B s)(p) A
(p®vy©®a)(z) > 0. Thus ((rBs) ® vy ®a)(x) > 0, which implies that
(rovyoa)®(s®y®a))(z) > 0. Thus there exist z,t € M, such that
(z@t)(z) >0, (roy®a)(z) > 0and (s©y®a)(t) > 0ie., x € z+t,z € ry.a
and t € s.y.a and hence z € (r.y.a) + (s.y.a). Therefore, (r W s).y.a C
(r.y.a) + (s.y.a). Similarly, we can show that (r.y.a) + (s.y.a)t C (r¥s).y.a.
Therefore, (r W s).y.a = (r.y.a) + (s.7.a). The other conditions are verified
similarly and omitted. O
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On the other hands, if (M,+,.) is a [-hypermodule over a I'-hyperring
(R,W,0), then we define the following fuzzy I'-hyperoperations:

a®b = X{atp},Va,b € M,rHs
= Xpuwsp Vs € R,y el rOy0a
= Xfrvyap,Va€ M,r € Ryrdy[s
= X{royos}, Vs € R,Vy €T, 3
X{axgiVa, B €T, a® 3.

The next result is immediately follows from above discussion and [14].
Proposition 3.14. For every hypergroup (M, +), there is an associated
fuzzy hypergroup.

Proposition 3.15. Let (M, +,.) be a I'-hypermodule over a I'-hyperring.
Let (R, 4, 0) be a canonical hypergroup (I, x). Then (M, ®,®) is a fuzzy I'-
hypermodule over a fuzzy [-hyperring (R, H,[J) and canonical fuzzy hyper-
group (I', ®), where the fuzzy hyperoperations @, ®,H, ] and ® are defined
above.

Proof. By Proposition 3.14, (M, ®) is a commutative fuzzy I'-hypergroup.
We show that (M, ®) is canonical. Since (M, +) is canonical I'-hypergroup,
then there exists e € M\Va € M, a=e+a=a+e — (e®a)la)=
X{eta}(@) > 0,(a @ e)(a) = X{eta}(a) > 0 and because for all a € M there
exists b € M, such that e € a4+ bNb+ a, b) is the inverse of a with respect
to +). Then

(a ®b)(e) = X{atv}(€) = X{b+a}(€) = (bD a)(e) > 0.
Let (a @ 2)(Y) = Xfata}(¥) >0 =y €a+ax = 3T b ( the inverse of
a such that z € b+y = (b®y)(z) = X{p+y(x) > 0. The other cases is can
be proved in a similar way and omitted. Then (M, @) is a canonical fuzzy
[-hypergroup. Now, we show that (M, ®,®) is a fuzzy I'-hypermodule. We
investigate only the condition (iv) of Definition 3.4.
First , we show that that for all r,s € R,a, 3 € I',a € M, we have

roae(sefea)=rBalds)0foa, Vte M.
Then

(roae (sepoa)(t) = \/

peEM

(roaop)t)A(s080a)@)] =\ st A X)) =

peEM
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1, teraf(spfa) [ 1, te(ras).fa

0, otherwise | 0,  otherwise
=(rdalds)® B ea)(t), forall t € M.

It is easy to verify that the other conditions of Definition 3.4 can be

obtained in a similar way.O
Proposition 3.16. Let M an Rp-module and p be a fuzzy I'-module of M.
Then the set M will be a fuzzy I'-hypermodule.
Proof. Let (I',*) be an abelian group and (M, +,.) be a Imodule over
[-ring (R, W, 0). We define fuzzy I'-hyperoperations on M as follows:

(a @ D)(t) = X{atp}y, (rOY©a)(t) = p(ry.a—t),

(O{ & ﬁ) (’7) = X{axp} (7) = X{rws}T s S)(Z) (T Hall 8)(2) = X{roaos} (Z)7

va7b’t€M’T7S7'Z€R7a7ﬁ’761—“

It is easy to verify that (M, @) is a canonical fuzzy hypergroup. Now, we
show (M, @, ®) is a fuzzy I'-hypermodule with z(0) = 1.
(i)

(rBs)Oy©a)(t) = Vier(rBs)(p) A(pOyOa)(t)
VperXrws(P) A p(p-y-a — 1)
= p((rvs)ya—t) if p=rws.
Also, (rovy®a)® (sOy©a))(t) =

Vpgem(r © v @a)(p) A (p @ q) () A (s © vy ©a)(q)
Vpgem(1:7.a = p) A X(prq) (t) A p(s.7.a — q)
Vpaeri=ptql (1.0 — p) A pi(s.7.a — q)
w(ray.a—p+sy.a—q)

= p((ry¥s)y.a—(p+q),
On the other hands, if ¢ = s.v.a, p =t — s.v.a., then

IN

VpgeMi=p+gt(T:7-a —p) A p(ry.a —q) = Vpenp(ry.a —p)
> p(ry.a—t+ sy.a)
u((res).y.q—t).

(é4)
(ro(@@p)oa)(t) = Vyerl(royoa)(t)Ala® B)()]

= Vu(ry.a —t) A Xae (7)
= u(r(axp).a—t).
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Also, (roa®a)® (r©foa))

(t
= Vpgeu[(roa®a)(p) A(p®q)(t) A (r©Boa)(q)
Vigen [p(roza = p) AXpiqy(t) A p(rB.a = g)]
Vieptq p(r.a.a —p) A p(r.fa — q)
u(r.aa —p+r.fa — q)
pu(r.(a* B).a — (p+q)).

On the other hands, suppose that ¢ = r.[.a, then for p =t — r.5.a we
have

) =

[IA

Vpenp(r.aa — p)
p(r.aa — (t — rpa))
p(r-(ex B).a = (p+q)),

Viepiqh(r.c.a — p) A p(r.fa — q)

| AVARI

(i)

roye@®b) = Veeu(r©yop)(t)A(adb)(p)

= Vpemp(ry-p —t) A X{ars}(P)
p(ry.(a+b)—t) and (roy©a)® (royob))(t)
Vpgem(r © v @a)(p) A (p® q)(t) A (r © v ©b)(q)
= Vpgemi(ry-a = p) A Xgprqp(t) A p(ry.b — q)
Ve =prat(r7.a — p) A pi(r.y.b — q)
u(ry.a—p+ryb—q) = pulry.(a+0b) —1t).

VARI

On the other hands, for ¢ = r.v.b,p =t — r.7.b. we have

VpgeMi=ptqgb(r-y.a — p) A p(ry.b — q)
> Vpemp(ry.a —p)
> p(ry(a+0) —t).

(iv)

(roa®(sefoa)(t) = Voeu(roa®p)(t)A(s© O a)(p)
= Vpemp((r.a.p) —t) A p((s.8.a) — p)
= p(ra.(s.f.a)—t), and (rBalds)® B a)(t)
= Vper(r©a®s)(p) A(p© Lo a)t)
= VpeRX{roaos}(P) N p(p.B.a — 1)
= p(roaos-(f-a)—t) if p=roaos.
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O
Remark. Let H = (H,(f; : i € I)) be a fuzzy hyperalgebra. Denote by
F*(H) the set of the nonzero fuzzy subsets of H. Then H can be organized
as a universal algebra under the following operations:

Bilpr, ooy ) (0) = \/ _[(ul(fvl)/\---uni(fﬂni)/\ﬁi(wlv---wni)(t))],

for every i € I, iy, ..., pin, € Fx (H) and t € H. We denote this algebra
by F*(H).
Proposition 3.17. If (M, &, {) is a fuzzy ['-hypermodule, then (F*(M), *, O)
is a ['-module.
Proof. We define operations x, < on F*(M) by puxv = p@v, and rOyOu =
rOyOuforall u,v e F*(M),r € R,y € I'. It is easy to see that (F*(M), x)
is a group. Clearly, (F*(M),®) is a semigroup.

(7) Identity: we must prove that there exists a v € F*(M) such that
Jux v = . We have

(wxv)t) = (n®v)?)
= Vpgemi(p) A (p @ q)(t) Av(q)
= Vpemp(p) A (p®e)(t)
= p(t)e if
¢=ev(g)=Lp=t.
Thus it is enough we choose v = ..

(1) Inverse: it must prove that for p € F*(M), there exists a v € F*(M),
such that pu * v = x.. It is sufficient to consider v = —pu, then we have

(nxv)(t) = (n®V)()

Vipgenmit(p) A (p @ q)(t) A (—p)(q)
Vipgemit(p) A (p @ ¢)(t) A p(—q)

pp = (=) ANp®g)(t) < (p@q)(t)
= Xe(t) where, p is inverse of g.

A
A

IN

On the other hands, we have

> Vopemrp(p) A (p & —p)(t)
> (p@-p)()
= Xe(t)'

Vpgemi(p) A (p @ q)(t) A p(—q)
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Other cases are easy and omitted. O
Definition 3.18. Let (M, ®,®) be a fuzzy I'-hypermodule over a fuzzy
[-hyperring (R, H,[). A nonempty subset N of M is called a subfuzzy I'-
hypermodule if for all x,y € N,r € R and v € I, the following conditions
hold:
(1) (zdy)(t) >0 = teN;
(2) z@®N = xn;
3) royoz)(t) >0 = teN.
Proposition 3.19. (i) If (N, ®, ®) is a subfuzzy I'-hypermodule of (M, ®, ®)
over a fuzzy I-hyperring (R, H, [J), then the associated I'-hypermodule (N, +, .)
is a I-hypersubmodule of (M, +,.) over (R, W, 0);
(73) (N, +,.) is a [-hypersubmodule of (M, +,.) over (R,W,0) if and only if
(N, ®,®) is a subfuzzy I'-hypermodule of (M, ®, ®) over (R, H,H).

4 Fundamental Relation of Fuzzy
['-hypermodule

In [14], fuzzy regular relations are introduced in the context of fuzzy hyper-
semigroups. In this section we extend this notion to fuzzy I'-hypermodules.
Let p be an equivalence relation on a fuzzy I'-hypersemigroup (M, o) and
i, v be two fuzzy subsets on M. We say that upv if the following conditions
hold:

(1) if p(a) > 0, then there exists b € M, such that v(b) > 0 and apb and;
(2) if v(z) > 0, then there exists y € M, such that u(y) > 0 and xpy.

An equivalence relation p on a fuzzy I'-hypersemigroup (M, o) is called a
fuzzy regular relation (or fuzzy hypercongruence) on (M, o) if, for all a,b,c €
M,~ €T, the following implication holds:

apb => (aoyoc)p(boyoc)and (coyoa) p (coyob).

This condition is equivalent to

apa’,bpl) = (aovyob)p(a oyol),Va,b,a b€ M,veT.

Definition 4.1. An equivalence relation p on a fuzzy I'-hypermodule (M, ®, ®)
over a fuzzy T'-hyperring (R, H, ) and a canonical fuzzy hypergroup (I', ®)
is called a fuzzy regular relation on (M, ®,®) if it is a fuzzy regular relation
on (M,®) and for all z,y € M,r € R,~v € I, the following implication holds:

rpy = (rOyO©z)p(r©v0oy).
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Let (M, ®,®) be a fuzzy T-hypermodule over a fuzzy I'-hyperring (R, H, [J)
and a canonical fuzzy hypergroup (I, ®). Suppose (M, +,.) is the associated
[-hypermodule over the I-hyperring (R, W, o) and the canonical hypergroup
(I, %). Then we have the next result.

Theorem 4.2. An equivalence relation p is a fuzzy regular relation on
(M, &, ®) over a fuzzy I'-hyperring (R, H, [J) and canonical fuzzy hypergroup
(I',®) if and only if p is a regular relation on (M, +,.) over the I'-hyperring
(R,W, 0) and canonical hypergroup (I, *).

Proof. Letting zpy and 2’py’, where z, 2’ y,y' € M. We have (z®z")p(y+y')
if and only if the following conditions hold:

(@2 )(u)>0,=FveM: (ydy)(v) >0 and wupv,

and

yoy)t)>0 = JweM: (r@2)(w)>0 and atpw.

These are equivalent to:

if u € x + 2/, then there exists v € y 4+ ¢/, such that upv;

if t € y + 9/, then there exists w € x + &/, such that tpw;

which mean that (z +2')p(y +v'). Hence p is fuzzy regular on (M, @) if and
only if p is regular on (M, +).

On the other hands, if zpy and r € R,y € I'. We have (royoz)p(roy©y)
if and only if the next conditions hold:

if (r®~y ®x)(u) > 0, then there exists v € M, such that (r &y y)(v) > 0
and upv;

if (r®~y®y)(t) > 0, then there exists w € M, such that (r© v ® z)(w) >0
and tpw.

These are equivalent to:

if u € r.y.z, then there exists v € r.v.y, such that upv;

if ¢t € r.y.y, then there exists w € r.y.x, such that {pw;

which means that (r.y.x)p(r.y.y).0

Definition 4.3. An equivalence relation p on a fuzzy I'-hypersemigroup
(M, o) is called a fuzzy strongly regular relation on (M, o) if, for all a,a’, b,V
of M and for all v € ', such that apb and a’pb/, the following condition holds:

(aoyoc)(x) >0,(boyod)(y) >0 = wpy,

for all z,y € M. Note that if p is a fuzzy strongly relation on a fuzzy I'-
hypersemigroup (M, o), then it is a fuzzy regular on (M, o). An equivalence
relation p on a fuzzy I-hyperring (R, H, ) is called a fuzzy strongly reqular
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relation on (R,H, ) if it is a fuzzy strongly regular relation both on (R, H)
and on (R,[).

Definition 4.4. Let p be a fuzzy strongly regular relation on a fuzzy I'-
hyperring (R,H, ) and 6 be a fuzzy strongly regular relation on a canon-
ical fuzzy [-hypergroup (I',*). An equivalence relation 0 on a fuzzy I'-
hypermodule (M, ®,®) over a fuzzy I-hyperring (R,H,[) and canonical
fuzzy I'-hypergroup (I, ®) is called a fuzzy strongly reqular relation on (M, ®, ®)
if it is a fuzzy strongly regular relation on (M, ®) and if zdy, rps and afp,
then the next condition holds:

for all w € M, such that (r ® a ® z)(u) > 0 and for all v € M, such that
(s ®BOy)(v) >0, we have udv.

Theorem 4.5. An equivalence relation 0 is a fuzzy strongly regular relation
on (M,®,®) if and only if J is a strongly regular relation on (M, +,.).
Proof. Set xdy and x'0y’, where x,2’,y,y € M and set rps, where r,s € R
and af3, where a, 3 € T'. The relation § is strongly regular on (M, ®,®) if
and only if the following conditions are satisfied:

Vu € M, such that (z @ 2’)(u) > 0 and Yo € M, such that (y @ y')(v) > 0,
we have udv;

Vit € M, such that (r©a®z)(t) > 0 and Vw € M, such that (s©Foy)(w) > 0,
we have tow.

These conditions are equivalent to the following ones:

Vu € M, such that u € x + 2’ and Yv € M, such that v € y + ¢/, we have
udv;

Vt € M, such that t € r.o.x and Vw € M, such that w € s.5.y, we have téw,
which mean that (z + 2/)d(y + %) and (r.c.x)d(s.0.y). Hence § is strongly
regular on (M, @, ®) if and only if § is strongly regular on (M, +,.).

Now, Let § be a fuzzy regular relation on a fuzzy I'-hypermodule (M, ®, ®)
over a fuzzy I-hyperring (R, H, ) and canonical fuzzy I'-hypergroup (', ®)
and p, 8 be fuzzy strongly regular relations on the I'-hyperring (R, 8, []) and
canonical fuzzy I'-hypergroup. (I', ®).

We consider the following I'-hyperoperations on the quotient set M /0:

rry={z|zex+yt={z] (z@y)(2) >0},

reaer={z|zeraz}={z] (roadz)(z) > 0}.

Theorem 4.6. Let (M,®,®) be a fuzzy I'-hypermodule over a fuzzy I'-
hyperring (R, H, ) and canonical fuzzy hypergroup (I',*). Let (M, +,.) be
the associated I'-hypermodule over the corresponding I'-hypergroup (R, W, o)
and canonical hypergroup (I', x). Then we have:
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(1) The relation ¢ is a fuzzy regular relation on (M,®,®) if and only if
(M/d,%,®) is a I'-hypermodule over (R, W, o) and (I, *).

(17) The relation ¢ is a fuzzy strongly regular relation on (M,®,®) over
(R,H,) and (I',®) if and only if (M/d,*, ®) is a I'-module over R/p and
r'/e6.

If we denote by 4 the set of all expressions consisting of finite fuzzy I'-
hyperoperations either on R, [' and M or the external fuzzy I'-hyperoperations
applied on finite sets of elements of R,I" and M, then we have

rey <= Jue i : {z,y} Cu.

Now, we introduced fundamental relation on fuzzy I'-hypemodules.
Definition 4.7. An equivalence relation €* is called fundamental relation
on a fuzzy I-hypermodule (M,®,®) if € is fundamental relation on the
associated I'-hypermodule (M, +,.).

Hence, €* is fundamental relation on a fuzzy I'-hypermodule (M, ®, ®) if and
only if €* is the smallest fuzzy strongly equivalence relation on (M, ®, ®).
Denote by 1§ the set of all expressions consisting of finite fuzzy ['-hyperoperations
either on R, I" and M or the external fuzzy I'-hyperoperation applied on finite
sets of elements of R,I" and M. We obtain

vey <= I py €UF : {x,y} C ppy <= pgy(x) > 0 and ppy(y) > 0.

The relation €* is the transitive closure of e.

Denote by Z; any finite fuzzy hypersum and by HZ) any finite fuzzy I'-
hyperproduct of the fuzzy I'-hypemodule (M, ®,®). As above, we obtain
that

(> ie [T} o @ji)(p) > 0 if and only if p € 377 [T5e aji-

Hence, {z,y} C >[I o aj if and only if (377 T} o aji)(z) > 0 and
(> i 11} o @ji)(y) > 0. Therefore, we obtain xey <= 3y, € UF such that
psy(x) >0 and pp,(y) > 0.

So, in order to obtain a fuzzy I'-module starting from a fuzzy I'-hypermodule,
we consider first the relation ¢, then the transitive closure €* of € and finally
the quotient structure (M/e*, %, ®) of the fuzzy I'-hypermodule (M, ®, ®).
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