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Some results for Volterra integro-
differential equations depending on
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Abstract

In this paper we study the existence of continuous solutions of an integro-
differential equation in unbounded interval depending on derivative. This paper
extends some results obtained by the authors using the technique developed in
their previous paper. This technique consists in introducing, in the given
problems, a function g, belonging to a suitable space, instead of the state variable
X. The fixed points of this function are the solutions of the original problem. In
this investigation we use a fixed point theorem in Fréchet spaces.
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1 Introduction

In this paper we study, in abstract setting, the solvability of a nonlinear integro-
differential equation of Volterra type with implicit derivative, defined in
unbounded interval, like

1) x'(t) = f k(t,)f(s,x(s),x'(s))ds  x(0)=0, te€]=][0,+)

We will look for solutions of this equation in the Fréchet space of all real C!
functions defined in the real unbounded interval J = [0, +00).

Equation (1) is a special case of integro-differential equations. These equations
have been seen as an important tool in the study of many boundary problems
that we can encounter in various applications, like, for exemple, heat flow in
material, Kinetic theory, electrical ingeneering, vehicular traffic theory, biology,
population dynamics, control theory, mechanics, mathematical economics.

The integro-differential equations have been studied in various papers with the
help of several tools of functional analysis, topology and fixed point theory. For
istance we can refer to [1], [2], [3], [4], [5], [11], [12] and the references therein.
In [8] an Hammerstein equation, similar to (1), is consideren in the multivalued
setting and bounded intervals.

Our paper extend some results obtained by the authors Anichini and Conti, using the
techniques developed in previous paper (see to [1], [2], [3], [4], [5]).

The crucial key of our approach, in order to find solutions of equation (1),
consists in the use of a very useful fixed point theorem for multivalued,
compact, uppersemicontinuous maps with acyclic values in a Fréchet space.

2 Preliminaries and Notations
Let C1(J, R) be the Fréchet the of all real C! functions defined in the real

unbounded interval /] = [0, +o) c R, equipped with the following family of
semi-norms

%l = max{|lx|ln, [1x"ll}
where ||x|l, = sup{|x(¢)],t € [0,n]} and [|x'll,, = sup{|x'(t)], ¢ € [0,n]}.

We recall that the topology of C'(J, R) coincides with the topology of a
complete metric space {F, d} where
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+ o0
27"|x = yllin
— 1+ [[x = yllin
n=1

d(x,y) =

A subset A = C*(J, R) is said to be bounded if, for every natural number n, there
exists My > 0 such that ||x|l,,, <M, Vx € C'(J,R).

A subset A = C}(J, R) is relatively compact set if and only if the functions of
the set A are equicontinuous and uniformly bounded (with their derivatives) in
any interval [0, n].

We will denote by C(F) the family of all nonempty and compact subset of a
Fréchet space F.

Let M be a subset of a Fréchet space F; a multivalued map S: M — C(F) is said
to be uppersemicontinuous (u.s.c.) if the graph is closed in M X F, i.e. for any
sequence {x,} cM, x,, > x, and y,, € S(x,,), Yn— Vo, We have y, € S(x,).

A multivalued map S: M — C(F) is said to be compact if it sends bounded sets
into relatively compact sets. We apply the same definition for singlevalued
maps.

A subset A of a metric space E is said to be an Rs - set if A is the intersection of
a countable decreasing sequence of absolute retracts contained in E (see [10]).
Itis known that an Rs - set is an acyclic set, i.e. it is acyclic with respect to any
cohomology theory (see [7]).

Let M be a subset of the Fréchet space C(J, R) and consider an operator T: M —
C1(J,R) . Let {¢,} be an infinitesimal sequence of real numbers.

A sequence {T,,} of maps T,, : M — C*(J,R) is said to be an e,-approximation
of Ton M if ||T,(x) — T(x)lly, < €, for every x € M and for any natural
number n.

Define U,, = {x EF: [[x]lin < 1}.

Let T be a compact map T: M - C(J, R), where M is a closed set of the Fréchet

space C!(J, R), and let {T,,} be a e,-approximation of T on M, where T,, : M —
C1(J, R) are compact maps; then the set of fixed point of T is a compact Rs - set
if the equation x — T,, (x) = y has at most a solution for every y € &, U, for any
natural number n (see [5]).

In the sequel we will use the following result (see [9]).

Proposition 1 (Kirszebraun’s Theorem)
Let F: M — R be a Lipschitz map defined on arbitrary subset M of R". Then
F admits a Lipschitz extension J: R" — R with the same Lipschtiz constant.

The well known Gronwall’s Lemma, from the standard theory of Ordinary
Differential Equations, will be used.
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Proposition 2 (Gronwall’s Lemma)
Let g, h: J — J be continuous functions such that the following inequality:

g <u(®) + [[h(s)g(s)ds t €],

holds, where u : J — J is a continuous nondecreasing function.
Then we have:

g(®) <u(t)exp (fot h(s)ds) te].

In the sequel we will use the following proposition that can be deduced from
Theorem 1 of [6].

Proposition 3 (a fixed poin theorem)

Let F be a Fréchet space and M <X be a bounded, closed and convex subset;
let S:F — M be a multivalued, uppersemicontinuous map with acyclic values.
If S(F) is (relatively) compact, then S has a fixed point.

3 Main result
The following result holds.

Theorem

Consider integral equation (1). Assume that

i) k:Jx J - Ris a C!function; moreover we assume that there exists a
continuous function h : J — J with

0k(t,s)

|k(t,5)] < h(s) and |5

< h(s).

i) f:] x R X R — RisaC!function; moreover we assume that there exist
continuous functions a, b : J—J, with f0+°°a(s)ds =A<+ and

f0+oob(5)d5 = B < +o, such that:

|f(s,x, )| < a(s) + b(s)|yl.
i) Assume that [ h(s)b(s)ds = A< 1.

Then equation (1) has at least one solution in the space C1(J, R).
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Proof
Let g be a function belonging to C}(J, R) and consider the following integral
equation:

2 y@® =fk(t,8)f (Sf q(r)dT,Y(S)> ds te]=][0,+o)
0 0

Let S : C'(J, R) = C}(J, R) be the multivalued map which associates to every q
€ CY(J, R) the set of solutions of equation (2).

Clearly, putting x(t) = foty(s)ds (hence x'(t) = y(t) and x(0) = 0), we have that
the fixed points of the map S are the solution of equation (1).

In order to find the fixed points of multivalued map S, the following steps in the
proof have to be established (Proposition 3):

a) There exists a bounded, closed and convex set M — C*(J, R) such that
S(C'(J, R)) c M.

b) The set S(CY(J, R)) is relatively compact.

C) The map S is uppersemicontinuous.

d) The set S(q) is an acyclic set for every g € C1(J, R).

a) Let g e CY(J, R) and consider equation (2); assume that t € [0, n], from
hypotheses we have, :

ly(®)] = Jk(t;s)f<5,j q(r)dr,y(s)) ds | <
0
0

<

< f h(s)(a(s) + b(s)|y(s)ds
0

< +

f h(s)a(s)ds f h(s)b(s) Iy (s)]ds
0 0

< ||hllnA + Bl lln-

Ih|l,A
1-8°

So that, since B < 1, we have ||y||, <
Moreover, we have for t € [0, n]:
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tak : s t
yo=[ 25 S)f<s, | q(r)dr,y(s>>ds+k(at)f(t, | q(s)ds,y(t)>

and we obtain:

ly' ] =

tak : N
[ =5 S)f<s, | q(r)dw(s))ds

+ <

t
k(e Of (t, j q(s)ds,y(o)
0

< f h(s)a(s)ds + f R(s)b(s)ly(s)lds + h(D)(a(®) + bOIy(D]) <

< |hllnA + BlIylln + [[halln + 1ADIR]IYlln <

< llallnA + [[hally + [lyll. (B + lIhbll,)

h|lnA
< lIAllnA + llhall, + 2 (B+ l1hbI1).

So that there exists My >0 such that |[y|[,, < M,,.
Then we have S(C}(J, R)) = M, where

M ={y € C U, ), llyllun < My},

b) Now, we want to prove that the set S(C*(J, R)) is relatively compact.
Lety € S(C}(J, R)) and fix £ > 0. For any u, w € [0, n] we have:

y'w)—y'(w =

JOw ak(avz, s)f (S, qu(r)dr,y(s)> ds + k(w,w)f (W' fowq(s)ds,y(w)> _

[ 5221 (5 [ aoaey )as - kwwy (w [ ‘ot v
. T fs,qu 7,y(s S w,u)f u,oqs s,y(u
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ok (w, s w
= J;) (aVZ S)f<s,j; q(r)dr,y(s)) ds + k(w,w)f (W,fo q(s)ds,y(w)>

“ok(u, s
_fo S; S)f<s,f0 q(r)dr,y(s)) ds

N j""ak(w, S)

—k(wu)f(u, | q(s)ds,yw)) N f(s, | q(r)dr,y(s)>ds
0 u 0

It follows that
ly'(w) —y' (W] <

ok(w,s) 0k(u,s)
ot ot

+ Al f<W;f Q(f)dT.Y(W)> —f<u.f CI(T)dT,Y(u)>
0 0

W ak(w, s
[ S)f<s, | q(r)dr,y(5)> ds

‘ (a(s) + b(s)|y(s)Dds

u
<]
0

+[IAlln

u

ok
By continuity of the functions g, h, f and ETS it follows that there exists & > 0
such that for [w — u| < 6, u, w € [0, n], we have

ly'w) —y' W < ¢

Since |y(w) — y(uw)| < M,|w — u|, we can conclude that the set S(C}(J, R)) is
relatively compact.

c) Let us now show that the map S is uppersemicontinuous.
Let {g,,} be a sequence, q,, € C'(J, R), with ||g,, — qollin = 0,

Ym € S(qm), 1.€.

t

ym(t) = fk(t,S)f (Sf qm(r)df,ym(5)> ds te€[0,n]
0

0

Assume that ||y, — yoll1» = 0. We need to show that y, € S(qo).
From the Dominated Lebesgue Convergence Theorem it follows:
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limy 1o f(s'f qm(T)dT»ym(s)> = f(S'J qo(D)d7, 3’0(5))
0 0

and
limm—>+oo Ym (t) =

t
= liMmpt00 fk(t,S)f (S'f Qm(T)dT’Ym(s)> ds =
0 0
— [ timp K 9)f (s, | am(Ddr, ym<s>> ds =
0 0

t
= fk(t,s)f (s,f qo(r)dr,yo(s)> ds .
: 0

Hence, we obtain
Yo(t) = jk(t,S)f (SJ qo(r)dr,yo(s)> ds
0 0

i.e. yo € 5(qo)

d) Now we want to show that, for every fixed g € C}(J, R), the set S(q) is acyclic.
Consider equation (2) (with q fixed).

Put f (s, J; a(Ddz,y(s)) = (5,7,

Then equation (2) can be written in the following way:

t

y(t) = f k(t,s)l(s,y(s))ds te€[0,+x)
We have: "

ly(®)] < th(s)a(s)ds+]h(s)b(s)ly(s)lds.
0 0

j k(t,s)l(s,y(s))ds
0
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From Gronwall’s Lemma it follows that:

Yl < f h(s)a(s)ds exp( f h(s)b(s)ds) = m(s)
0 0

where m is a continuous function.
Let U: R — [0, 1] the Uryshon (continuous) function defined by

Ulz)=1if|z|<1landU(z) =0 if |z| = 2.
Now we define the function

B y
g9(s,y)=U (—m(s) m 1) (s, ).

Clearly g(s,y) = I(s,y) when |y| < m(s). Hence the set of solutions of the
following equation

y(©) = j k(t,)g(s,y(s))ds ¢ € [0, +o0)
0

coincides with the set of solutions of equation (2) with q fixed.
Consider now the integral operator H: C1(J, R)— C*(J, R):

t
(H(y))(t) = fk(t, s)g(s,y(s))ds t €[0,+x)
0

If z=H(y), we have

y(s)

m(s) + 1>l(s,y(s))ds.

z(t) —fk(t )U

Notice that

U (ﬂ) I(s,y(s)) =1l(s,y(s)) ify(s) <m(s) + 1

m(s)+1
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and

U( () )l(s,y(s)) =0ify(s) = 2m(s) + 2.

m(s)+1
So that:
lzll, < llRll,A + 28(lImll,, + 1).

Moreover we obtain:

y(s)

m(s) 1 1) |l(s,y(s))|ds

w@N<fM@U

+h(O)U (%) |1(t, y(@®)]

Hence
1zl < llkllA + 280Imll, + 1) + llhall, + 2|[Ab [, (Imll, + 1) =
It follows that [|z]|,, < Ay, Where z = H(y).

So that the set of solutions of equation

t
ﬂw=jkquwmwnw t € [0, +o0)
0

coincides with the set of fixed points of operator H in the set
A={z€C U, R), 1zl < An).

It is easy to see (again as consequence of the Ascoli- Arzela Theorem) that the
set H(A) is relatively compact set.

Moreover H is a continuous operator; to show the last assertion, let us take
Yo,Ym € 4, HYm - YO”Ln - 0,z, € H(ym); ”Zm - ZO”l,n — 0; we are gOing
to prove that z, € H(yy).

For every t € [0,n] we have:
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t

t
o || 106 5)g(53m(sD)ds = [ (91905, 70())ds | <
0 0
(from the Dominated Lebesgue Convergence Theorem and the continuity of
function g)

< [t RO \g(53m(5)) = 905 70()]ds.

Hence

t
20(8) = [ K 9)9(5,90(5))ds = HG)O.
0
Fix now a natural number n. We know (Proposition 1) that there exists a
Lipschitz function
gn:[0,n] X [-4,,4,] » R

such that, for every (s,y) € [0,n] X [-A,, A,] , we have:

1
19n(5,7) = 9 < I

and
19n(5,¥) = gn(s,y1)| < Luly — y1
forevery (s,¥),(s,y1) € [0,n] X [-A4,, 4,],
Let G,.:J] X R — R be the Lipschitz extension of the function g,,; hence
Gn(s,¥) = gn(s,y) forevery (s,y) € [0,n] X [-Ap, Ap]
and |G (s,y) = Gn(s,y1)| < Lyly — y1| forevery (s,y),(s,y1) €] X R.

Let H, : A - C1(J,R)) be the operator defined as follows:

H)(®) = f K(t,5)Gn(s,y(s))ds ¢ € [0, +o0)
0
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Clearly this operator is compact for every natural number n.
Moreover, forevery t € [0, n] and y € A, we have:

|(H,())(®) — (HM)®)| < f k(t,$)|Gn(s,y(s)) — g(s,y(s))|ds <
0

1 1
< nllhlln o <a

~.
1

Sothat ||Hy(y) =HW)ln <.

Moreover we have for every y € A:

I(H' () (®) — (H' () ®)] <
t dk(t,s)
< f a£ Gn(S,y(S))ds — k(t, t)Gn(t,y(t))

0

t

ok(t,
+f gttS)g(S'y(s))dS —k(t,t)g(t,y(®)| <

0

t
fh(S)|Gn(S.y(S)) —g(5,y())|ds +h®)|Ga(t,y(®) — g(t. y(®))| <
0

1 1 n+1 1
< — = n
< bl Gz, 1l G, = G <w

/; ] 1
Hence ||H',(y) = H' (W)l < -

Let now b € A. We consider the equation y — H,,(y) = b. We want to prove that
it has at most one solution. Consider the equation z — H,,(z) = b; then, for every
t € J and by Gronwall’s Lemma we have:

t

Y© =201 < [ h©)|Gn(s. 7)) = Gal5,2))|ds <

0

< j R(s)Luly(s) — 2(5)lds < 0.
0
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So that we can say that y(t) = z(t) for every t € J.
Finally, we are able to conclude that, for every q € C(J, R), the set S(q) is
acyclic and the theorem is proved.

4 An example

Consider the following integro-differential equation:

t

® xo-=]

0

3t €_S+2 352 e—ZS

+se 572y’ d
1+ \ 14 (sin(x(s)))2 se ) s

x(0) =0, te]=][0,+).

We have
3t e—S+2
R e
352 e—ZS
f(s,x(s),x'(s)) = >+ se 72 (s)
1+ (sin(x(s)))

h(s) =3e 52 a(s) =3s2e725, b(s) =se 572,

Hence, we obtain:

+o0oo 3
L a(s)ds = I

+oo
f b(s)ds = e™?
0

+0o0 +00 3
f h(s)b(s)ds = f 3se %5ds = 75 1
0

0

So that the assumptions of our theorem are satisfied and integro-differential
equation (3) has solutions.
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