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Holder’s class H*|0, 1) and Solution of
Fredholm Integral Equations
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Abstract

In this paper, cosine and sine wavelet is considered. Two new CAS

wavelet estimators Eéi)’zM 1 (f) and E;?QM L (f) for the

approximation of a function f whose first derivative f and second
derivative f* belong to Holder’s class H[0,1) of order 0 < o < 1,
have been obtained. These estimators are sharper and best in wavelet
analysis. Using CAS wavelet, a computational method has been
developed to solve Fredholm integral equation of second kind. In
this process, Fredholm integral equations are reduced into a system of
linear equations. Approximation of functions by CAS wavelet method
is applied in obtaining the solution of Fredholm integral equation of
second kind. CAS wavelet coefficient matrices are prepared using the
properties of CAS wavelets. Two examples are illustrated to show the
validity and efficiency of the technique discussed in this paper.
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1 Introduction

Wavelet is a very recent and powerful tool in pure as well as
applied mathematical research area. It has wide range applications in engineering,
science and technology, signal analysis, time-frequency analysis, fast numerical
algorithm. Several problems of Physics, Engineering, science and Technology
are found in the form of integral equations. In some cases, integral equations are
reformulated into ordinary differential equations and partial differential equations.
In many cases, it is very difficult to solve integral equations analytically and
hence there is a need of approximate solution of integral equations. In recents
years, the approximate solutions of integral equations have been obtained by
orthogonal basis functions as well as orthogonal wavelets. The main advantage
of using orthonormal basis is that it converts the mathematical problems to a
system of algebraic equations. Working in same direction, several researchers
like [2], Sahu [3] etc. have been solved integral equations. It is known that
wavelets are considerably useful in the solution of integral equations. In science
and Technology, some problems are available in the form of Fredholm integral
equations of second kind:

u(e) = f(2) + / Kz, y)u(y)dy )

where f € L?[0,1) and K € L?[0,1) x L?[0,1) are known functions and v is
unknown function to be determined (Ray and Sahu [3]).

In best of our knowledge, there is no work associated with the solution of
Fredholm integral eq" (1) by CAS wavelet method. The main objectives of the
research paper are as follows:

1. To estimate the approximation of functions belonging to Holder’s class
H“[0,1) of order 0 < a < 1 by CAS wavelet method.

2. To develop a procedure to solve Fredholm integral equation of second kind
by using CAS wavelet approximation.

3. To compare the solutions of Fredholm integral eq" (1) obtained by CAS
wavelet, Legendre wavelet and Haar wavelet method with their exact
solutions.

It is remarkable to note that the solution of Fredholm integral eq" (1)
obtained by CAS wavelet method and its exact solution are almost same. The
solution of Fredholm integral eq" (1) obtained by CAS wavelet method is
better and more closed to its exact solution than the solutions obtained by
Legendre wavelet and Haar wavelet method. It is observed in numerical
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comparison of these solutions. It is a significant achievement of the proposed
method.

2 Definitions and Preliminaries

2.1 Basic Wavelets And CAS Wavelets

Let vp € L*(IR). v is called a basic wavelet if it satisfies the admissibility
condition:

c _/°° [V .
b= w < 0o (Chui [1]) 2)

o | w]

The integral wavelet transform, relative to a basic wavelet v, is defined by

Wohba) =l [~ g g e @) 0

where a,b € R, a # 0. Set

Unalt) = la) 292, @

a
This is a family of wavelets. If we restrict the parameters a and b to discrete values

a:aak,b:nboaak,ao > 1,b0 >0

where n and k are positive integers, then

Uat) = Uni(t) = |ao|**1(aft — nbo). (5)
Taking ag = 2,bp = 1 ineq" (5),
Un(t) = 272925 — ). (6)

If

Y(2Ft —n) = cos(2mm (2"t —n + 1)) +sin(2mn (2" —n+1))  (7)
= CAS,(2" —n+1). (8)

Using eq"(7), eq" (6) becomes

23 {cos(2mm(2¥t — n + 1)) + sin(2mm (25 —n + 1))}, if T <t < &,

0, otherwise.

wn,m@) == {
{¢n.m }n.mez are orthonormal CAS wavelets defined on [0,1) .
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3 Function belonging to Holder’s class H“[0, 1)

A function f is said to belong to Holder’s class H*[0,1) of order 0 < o < 1
if f satifies the following condition :

|f(@) = fWl < Alz —y|*, Vz,y € R 9)
for some positive constant A (Zheng, Wei [4]).

3.1 Proposition

Let f be a function such that its second derivative f~ is in H°[0, 1), then its
first derivative f  is in H*[0, 1).
Proof : Let ¢ € H°[0,1).

f@) = / o (1) dt

f(z) :/ ¢ (t)dt and f'(y /¢” t) dt

F@) - f ) = |/ ot dt—/ o't dtr—|/ o' (1) di

< yl < Mlz—yl*, M= sup {6'(1)}
t€[0,1)
Converse is not true. Consider the example f(z) = 2 :11 0 < a < 1.Then,
f(r) = 2% and f'(z) = az®'. Forz = —L—, y = —L1—, we have
NI-a (14+N)T-a
|z —y] < —— - L <L =4
Nl a (1+N)17a NI—«

And |f(2) — f'(4)] = a1 + N — N) =a
If0 < e<a,then |f () — f (y)| £ e whenever |z —y| < § =

f e Ho[0,1) but f* ¢ H0,1).

—. Hence,

—

3.2 Difference between Holder’s class and Lipschitz class
1. Consider the function f(z) = v2?2+5  Va € [0,1]. Then

F@) = W) < Va? +5 = V2 5] < Va2 =2 < V2o —yl: - (10)
Eq"(10) shows that f € H%[O, 1). And also, we have

| (@)l < |

x2+5\ 1, Vzelo1] (11)
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Eq"(10) and Eq™(11) shows that f € Lip%[(), 1).
2. Define the function f(z) = /x  Va € [0, 1], then we have

f(2) = F)l < Wa — il < e —yl? = fe H2[0,1).

And since, f'(7) = f — oo as ¢ — 0. Hence, f is not bounded.
o f & Lipy [0, 1). Hence, we conclude that Lip,[0, 1] C H*[0, 1].

4 Approximation of function

Since {1.m }n.mez forms an orthonormal basis for L?[0, 1] , therefore a func-

tion f € L?[0,1) can be expressed into CAS wavelet series as:

:Z Z Cn,mqvbn,m(t)

n=1 m=—o0

where the coefficients c,, ,,, are given by

Cnym =< .fa wn,m >
(2F,2M + 1)™ partial sum Sy 95741 (f)(¢) of (12) is given by

SQk72M+1 Z Z Cn m,lvz)nm CT\I](t)

n=1 m=—

where C and V() are given by

— T
C = [Cl,(—M)a Cl,(=M+1)5 s CL M, C2 (=M -5 C2 My +-+y CQky(_M), ceey CkaM]
and

12)

(13)

(14)

U(t) = [V1,an(t) Y cmsn(t), o Vi), Yo,y (t), ooy Yo (1), ..o

Dok (<o) () oo Yor ar (8]
Extended Legendre Wavelet expansion of function f € L?[0, 1) is
= Z Z Cn,mwfz/fr)n (SC)
n=1 m=0

and its (u*, M) partial sum is

k

(33) = Z Cn m¢nm

n=1m=0
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The extended Legendre wavelet approximation E,« 5 (f) of f by (1%, M)"partial
sum S,x 5/ (f) is defined by

E,uk,M(f) = nmin ||f - Suk,M(f)H? :

Mk,]\f( )

In our case, the CAS wavelet approximation Eyr 95711 (f) of f by (2F,2M + 1)®
partial sum Sor 95711 (f) of series (12) is defined by

Ezk,2M+1(f) = min f)Hf - S2k,2M+1(f)H2- (15)

2k 2M+1

5 Theorems

In this paper, we prove the following theorems:

Theorem 5.1. If f € L?[0,1) is a function such that f € H®[0,1) and its CAS
wavelet expansion is

F6=>"3" combum(t) (16)

n=1 m=—o0

then the approximation error Eé?2M+1(f) of fby (28,2M + 1) partial sum

2k M
S2’“,2M+1(f)(t) = Z Z Cn,m¢n,m(t) (17)

n=1m=—M

of expansion 16 is given by

Eyoalf) = o min 1] = (Syeonriaf)ll2 = Of ) (18)

SQk,2M+1(

1
VM + 12kt

Theorem 5.2. If f € L?[0,1) is a function such that ' € H®[0,1) and its
CAS wavelet expansion is given by the series (16) , then the approximation error

Eé?zMH(f) of fby (2%,2M + 1) partial sum So opr1(f)(t) of series (16) is
given by

E? = min — (S =0
2k72M+1(f> SZk’leﬂH(f)Hf ( 2’“,2M+1f)||2 ((M + 1) 2k(01+2)

) (19)
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Proof of theorem (5.1) Since

:Z Z Cn,m1/1n,m(t)

n=1 m=—o0

and
S2’“,2M+1 Z Z Cnmwnm
n=1 m=—M
f(t)—SQkQM—f—l(f)(t) = Z Z Crm Y, m (t) Z Z Crm ¥ (1)
n=1 m=-—o00 n=1m=—M
—M-1
n— 2k+1 m=—00 m= M+1
—Z Z Cnmwnm
n=1 m=—M
2k _M-—1 2" 00
= Z Z cn,m¢n,m(t)+z Z Cn,m¢n,m(t)
n=1 m=—o00 n=1 m=M+1
ok _M-1 2k 00
(0 = Szona(NOF = 32 D Eatin®+30 D dntion(®)
n=1 m=—oo n=1m=M+1

+2 Z Z Z Z Cn,mcn’,m’wz;m (t)wn'JH/ (t>

1< n#n/ < 28 —co<m#Am/<—-M—1

+2 Z Z Z Z Cn,mcn’,m’w?;m (t)d’n/,m’ (t)

1< n#En/ < 28 M+1<m#m’/<co

1
1f = Swann(HIE = / () = Saangen (F)(0)Pdt

2k _M—1

D> rcnm|2/ ()Pt

n=1 m=—oo

D> |cnm|2/ [nan (D)t

n=1 m=M+1

+ 2 ZZ ZZ |Cn,m||cn’,m’|

1< n#n' < 28 —co<m#m/<—-M—1

/rw £ e (1)l

N
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23S ¥y |cnmucnm|/|¢ )t (1) ]t

1< n#En/ < 2k M+1<m;ém’<oo

2k —M-1

= Z Z |cnm|2+z Z |Cnm|® , by orthonormality of {1y, 1 }nmez
n=1 m=—oo n=1m=M+1
2k —M-1

1f = Soranr1 (NI

IA

DD+ Z )lenml” (20)

n=1 m=—o0 m=M+1

Cnm = < f> wn,m >
lk
— ; f(t) 25{005(2m7r(2kt —n+1))+ Sin(ng(th 1) de
7
—1
- g / f %) (cos(2mmz) + sin(2mnz)) dz, 2"t —n+1 =2z
1 L x+n—1 . . .
— W / f (T)(COS(QmmL’) — sin(2mmx))dz, integrating by part
mm
/ T + n—1 s n—1 .
- (2mm) / =)=/ ok )}(cos(2mmz) — sin(2mmx))dx
_f’(”;k ) / (cos(2mmzx) — sin(2mnx))dx]
0
/x+n—1 s n—1 '
— ) / f(—5—)—f( o )Hcos(2mmz) — sin(2mnx))dx
! JT + n— sm—1 )
cnm| < 2mm) / £ ( ) I o )| [cos(2mmz) — sin(2mmx)|dx
A . /
< —%/ | 551" [cos(2mmz) — sin(2mmz)| dx, since f € H*[0,1)
(2m7r) 2 0
Now by Cauchy Schwarz inequality, we have
1
lCnm| < Bk{ |£k|2a dl’}% {/ |cos(2mmz) — sin(2m7m;)|2dx}%
(2m7r) 0 2 0
1
= 20 1
~ (2mn) 2(%+ka) {/o |2 da}>
_ A 1
 (2mm) 2G99k 20+ 1

A
lcnm| < 5
omr 2a + 1 22tk
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By eq” (20) and (21) , we have

2k _M—1 o0

A?
Z Z + Z 4m27-(-2 200 + 1) 2(3+2a)k ’

n=1 m=—o0 m=M+1

1f = Saronaa (I3

IN

—-M-1
- 471-2 2a_|_ _Z Z+ 3+2a

-1

B A? 1 i 1
47220+ 1) 2(2+2°‘ . m? v ,m?

B A2 1 1 1
C4Am2(2a 4 1) 20+a)2k (]\/[ 1M 1)
B A2 1 1
T 27m2(2a + 1) 202k M 4]

A 1 1

min ||f—52k2M+1(f)||2 <

. 52k72M+1(f) ’ T /2(2a+1) 2k(()é+1) /M+1

1
@ — ; —
. E2k72M+1(f) - g mn ||f - S2’“,2M+l<f)||2 - O(\/m Qk(a—l—l))

zk,2M+1( )

Thus, theorem (5.1) is completely established.

Proof of theorem (5.2) Following the steps of the proof of theorem ( 5.1)

1 b —1
Cngm = m/ f(HQ—Z)(COS(QmW:U)—Sin(2m7rx))dx

— _—1 /1 f”(Ln_l)(cos(Qmﬂx) + sin(2mmx))dz,

(4m27r2) 2% 2k
" l’ + n — 1 n, N — 1 .
- (4m? WQ / {f (=) -/ ( o )} (cos(2mmz) + sin(2mmx))dw
—f”(n;k )/ (cos(2mmz) — sin(2mnz))dz]
" l‘ + n — n, N — 1
|Com| < 4m27r2 / 1/ ( ) f( o )| [cos(2mmx) + sin(2mmx)|dx
(4m27r2 / | k|°‘ |cos(2mmx) + sin(2mnx)|dx, sincef” € H[0,1)
Now by Cauchy Schwarz inequality, we have
| ‘ < B {/1‘$|2ad }%{/1| (2 )+ . (2 )Pd }%
n,m S - COS Sin
o (4m2m?) 2% The) © [y "2k v 0 mmr mmx)|ar
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| < AN
’ (4m27r2) 2(§+a)k R 1
B
|Cn m| < 5 (21)
’ Am2r2 20 + 1 26k

From eq” (20) and (21), we have

1 oo

—M-—
2.+ 2 Mewnl”

m=—00 m=M+1

2k
Hf—szk,QMH(f)Hg = Z

n=1

2

k 1 0o

M- 82
Z Z Z 16m47r4 2a—|—1) 2(5+2a)k

n=1 m=—o0 =M+

N

-M-1

B2
- 1674 (2&+ 2(5+2a)k Z Z

m=—o00 m=M+1

B 1 1
= 167T4 (20z+ 1) 2(4+2a)k (m_ ﬁ + Z @)

B2 1 1
1677 (20 + 1) 209208 (7 1 18 3(M + 1))
B2 1
247t (20 + 1) 22k(e2) (M + 1)3
1
'SQTLT(Lf)Hf — Soran1(f)ll2 < /G2 \/m% (a+2) (Mf +1)%

- EY = ' —- S =0
2k 2M+1(f) S2k232(f)||f 2k,2M+1(f)||2 ((M 1 1) 2k@r2)

Hence, theorem (5.2) has been proved.

6 Solution of the Fredholm integral equation of sec-
ond Kkind

Consider the Fredholm integral equation of second kind given by eq" (1).
Using CAS wavelet approximations,

u(z) = UMV (z) = U7 (2)U , (22)
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where K is a square matrix of order 2¥(2M + 1), which is calculated as follows

1 1
Aﬁwmwww@mwmw, 23)

where 1 < n, n <2%and — M < m, m <M, equation (1) becomes
1
U(2)U = V(z)F + \I/t(x)K/ U (y) W (y)Udy (24)
0
By orthonormality of CAS wavelets, equation (24) reduces to

U=({I-K)'F (25)

where I is identity matrix of order 2¥(2M + 1) . Subtituting the value of U from
eq" (25) in eq" (22) , the solution u(x) of Fredholm integral equation of second
kind (1) can be obtained.

6.1 Solution of integral eq" (1) by Haar wavelet method

Let Haar wavelet solution of intgral eq" (1) be of the form

2M
u(w) =Y ahi(x) (26)
i=1
Subtituting the eq" (26) in eq" (1) , we have
2M
> ailhi(z) = gi(w)) = f(@) @7)
i=1
where .
ie) = [ b))y ©8)
0
Taking the collocation points z; = %, kE=1,2,..,2M, in eq™ (27) and (26),
we obtain
2M
> ailhi(a) = gi(xy)) = f(x) (29)
i=1
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2M
and u(xy) = Zaihi(xk) (30)
i=1
The wavelet coefficients a;,7 = 1,2,...,2M are obtained by solving 2M
system of equations in (29). Subtituting these coefficients in the eq"( 30) we
can obtain the Haar wavelet solution of the integral eq" (1).

7 Illustrated Numerical Examples

Two Fredholm integral equations have been solved by proposed method ie.
CAS wavelet method discussed in this paper. Exact solutions of
considered integral eq" are compared with their approximate solutions obtained
by CAS wavelet, Legendre wavelet and Haar wavelet method. The graphs of
these solutions are plotted. It is observed that exact solution and approximate
solutions of Fredholm integral equations obtained by CAS wavelet method are
almost equal. The solutions of Fredholm integral equation derived by the help of
CAS wavelet method are more closed than the solutions of this integral equation
obtained by Legendre wavelet and Haar wavelet method. This comparison shows
the advantages of proposed method of this paper. This is illustrated in following
two examples.

Example 1

Subtituting f(z) = sin(87z) and K(z,y) = y?*, in the Fredholm integral
equation (1), it reduces to

1
u(z) = sin(8mx) +/ y?u(y)dy (31)
0

The exact solution of integral eq" (31) is given by

3

Ton (32)

u(z) = sin(8rzx) —

CAS wavelet solution

For CAS wavelet solution, take £ = 2, M = 1 in the eq" (14) . In this case,

U(z) = [1,-1(x),Y10(x), Y11(2), Ya,—1(),20(x), Y21 (),
%,—1 (ZU), 103,0(93), Q/13,1 (ZE), ¢4,—1 (ﬂf), @/14,0(55)7 ¢4,1 (x)]T (33)
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where

Yy —1(x) = 2(cos(8mx) — sin(87x)) )
¢170($):2 0<$<Z—l,
Y11(x) = 2(cos(8mx) + sin(87z))

Yo —1(x) = 2(cos(8mx) — sin(87x)) ) )
Pao(z) =2 15<3,
Yo 1(z) = 2(cos(8mz) + sin(87x))

s _1(x) = 2(cos(8mx) — sin(87x)) ) 5
Y30(z) =2 sST<,
P3.1(x) = 2(cos(8mx) + sin(87z))

and

ty —1(x) = 2(cos(8mx) — sin(87x)) 5
1/}470(1.):2 Z<$<1
y1(z) = 2(cos(8mz) + sin(87x))

B S e Tt e e
F = [4,0, , , 0, —, ,0,4,4,0,4],

The matrix K is calculated as follows:
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w+1
64m2

o+l
6472

3r+1
6472

_ 3m+1
6472

5m+1
6472

19
96

_ om41
6472

Tr+1
6472

37
96

_ Tm41
9672
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_ /01 /01 Vi) K (z, y)y;(y)dydz
_ /0 I@z)i(a;) ( / 1y2¢j(y)dy) dz

0

= ([ 6 ([ i
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K = 0 5m+1 0

U = (I-K)'F
-1 1 -1

r w+1
0 12872 0
1
0 192 0
—r+1
0 12872 0

0 37+1 0

12872
T
0 192 0
—3m+1
0 12872 0

12872
19
0 192 0
—5m+1
0 12872 0

0 Tr+1 0

12872
37
0 192 0
—Trn+1
0 12872 0

0 FHz 00
0 & 00
0 e 00
0 &5 00
0 s 00
0 &z 00
0 25 00
0 &£ 00
0 H&z 00
0 25 00
0 2 00
0 Tz 00

1 -1 1 -1

—,0,-,—,0,~,—,0,=,—,0, -
[4774747’4’477474774

w+1
12872

—m+1
12872

3r+1
12872

192

—3r+1
12872

5m+1
12872

19
192

—5m+1
12872

Tr+1
12872

37
192

—7r+1
12872

1}T

w+1
12872

—m+1
12872

3r+1
12872

—3r7+1
12872

Sm+1
12872

19
192

—5m+1
12872

Tr+1
12872

37
192

—7r+1
12872

(34)

Putting the values of W(x) and U from eq™ (33) and (34) in eq" (22), we have

u(z) = sin(8mx)

which is the CAS wavelet solution of the integral equation (31) .
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Legendre wavelet solution

Legendre wavelets wfﬁ%(t) = ) (k,n,m,t) having four arguments; k =
2,3, ...,
2n —1,n = 1,2,3,...,2"71 m is the order of the Legendre polynomial and ¢
is the normalised time, are defined by :

1\ink k : n—1 n

0, otherwise.

where P,,(t) are Legendre ploynomials of order m (Rehman and Khan [7]). The

set {wy(f%}n,mez of Legendre wavelets forms an orthonormal set. A function f €
L?]0, 1) may be expanded into Legendre wavelet series as:

FO =D camt&l(1), (37)

n=1 m=0

where ¢, ,,, =< f, wﬁﬂq > .The series (37) may be truncated as:

2k=1 M—1
N~ DD camt) (1) = CTED (1) (38)
n=1 m=0

where C and WX (¢) are 25=' M x 1 matrices given by:

Cc = [017070171,...,Clnyl,ngo,...,027]\/[,1,...,
CQk—170, cees CQk—17M_1]T
and
L L L L L
W) = [ (0, (1), (0,055 (), s 8 (), s

AN () N 2N (311
Similarly, a function K € L?[0,1) x L?[0,1) may be approximated as:
K(z,y) = (¥9) (2) KD 0D (y),
where K(&) is 25=1 M/ x 25~1 M matrix, whose entries are given by
K" =< " (z), < K(z,y), 0" (y) >> . (39)

For Legendre wavelet solution, take M = 3,k = 3 in eq" (38), then twelve basis
functions are given by
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L L L L L L
VB () = [ @), 0 (@), o) (@), vl (@), 8 (x), 53 (),

U3 (@), 5 (), 53 (), 0l (), 0 (2), 0§ (@) (40)

Ui () =2 1
(@) =2v3(82 — 1) 0<a <,
B(@) = VB(3(8z — 1) — 1)

(@) =2 1 1
Y (2) = 2V3(8x — 3) 1ST<3,
() = VB(3(8z — 3)2 — 1)

9 (x) =2 1 3
i1 (2) = 2/3(87 = 5) SST<
B (x) = V5(3(8z — 5)2 — 1)

(@) =2 3

B (z) = 2v/3(8z — 7) S<a<1
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192

B0 L 00 XL o0 L oo
J5 J5 J5 J5
B0 B 00 L 005 00
7 7

K(L) = 19

V3 V3 73 73
@00—00—00@00

viogog Y500 2 00 Y5 o0 0

1920 1920 1920 1920
FO = o _\/300 _\/500 _\/500 _\/§O]T
) 27]' ) 7 ) 27'(' ) ) ) 27T ) Y ) 27T ) Y
Ul = ([ — KB p®
—/3 —/3 —/3 —/3
= [07 \/_70707 \/_707 07 \/_70707 \/_7O]T' (41)
2T 2T 2T 2T

Putting the values of ¥(X)(x) and U™ from eq™ (40) and (41) in eq” (22), we get
the Legendre wavelet solution of the integral equation (31) as:

V3 é (L) V3 (L) V3

u(r) = = 2u) (o) = 05 (@) = vl (o) - S oui @) (42)
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Haar wavelet solution

The Haar wavelet family for « € [0, 1] is defined as follows:

1
1 if e[k Bay

m’ m

hi(w) =4 —1 ifr e [H2 bty 43)
0, otherwise

where m = 2°, b = 0,1,...,J is the level of wavelet; £k = 0,1,...,m — 1 is
the translation parameter. J is the maximum level of resulution. ¢ is calculated by
t = m + k + 1. The minimum value of ¢ for m = 1,k = 0 is 2. The maximum
value of 7 is i = 2M = 27! (Arbabi and Darvishi [6]).

For i = 1, h;(z) is taken to be scaling function which is defined as follows:

() = {1 if xel0,1),

0, otherwise

Any function f(x) can be expressed in terms of Haar wavelets as follows:

2M

fl@) =" ahi(x), (44)

i=1
where the wavelet coefficients a;, + = 1,2, ...,2M are to be determined. For Haar

wavelet solution take J = 3ineq" (43),b=0,1,2,3,then m = 2°* = 1,2,4, 8.
By eq™ (28) the Haar wavelet coefficients a;, © = 1,2, ..., 16 are given by

[—0.008071,0.001459, 0.002497, 0.001447, 0.000485, 0.006380,
0.000488, —0.000476, 1.000010, 1, 1,0.988178, 1, 1,0.999039, 1] (45)

Putting these values of a; in the eq" (26), we get the solution of integral equation
(31) by Haar wavelet method. The Haar wavelet solutions of integral eq" 31 are
shown in the Table (1).

The exact solution and approximate solutions of Fredholm integral equation
(31) obtained by CAS wavelet, Legendre wavelet and Haar wavelet method for
different values of x are given in the Table (1).
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Table (1)
x | Exactsol" | CAS wavelet sol" | Legendre wavelet sol" | Haar wavelet sol"
by eq" 32 by eq" (35) by eq" (42) by eq" (26)
0 | -0.059680 0 0.954930 0.996370
0.1 | 0.528105 0.587785 0.190986 -1.003630
0.2 | -1.010736 -0.951056 -0.572958 0.995399
0.3 | 0.891376 0.951056 0.572958 0.995399
0.4 | -0.647465 -0.587785 -0.190986 0.972689
0.5 | -0.059680 0 -0.954930 0.992404
0.6 | 0.528105 0.587785 0.190986 -1.008083
0.7 | -1.010736 -0.951056 -0.572958 -1.007595
0.8 | 0.891376 0.951056 0.572958 0.987585
0.9 | -0.647465 -0.587785 -0.190986 0.989498

The graphs of the exact solution and approximate solutions of integral equation
(31) obtained by CAS wavelet, Legendre wavelet and Haar wavelet method are

shown in the Fig.(1).

\ // \ /
SN

/\\ A

\
\
\
\
\

03 04

/

Fig.(1)

By numerical comparison in Table(1) and graphs shown in Fig.(1), it is clear
that the solution of Fredholm integral equation (31) by CAS wavelet method is
better than solutions obtained by Legendre wavelet and Haar wavelet methods.
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Example 2

Consider the Fredholm integral equation:

1
u(z) = sin(4nx) + / zyu(y)dy . (46)
0

It is obtained by subtituting f(x) = sin(4rz) and K (x,y) = xy , in the Fredholm
integral equation (1). The exact solution of Fredholm integral equation (46) is
given by

3x

8w

u(z) = sin(4nzx) — (47)

CAS wavelet solution

For CAS wavelet solution, take k = 1, M = 1 in eq" (14), then following the
procedure of example (31), we have

~1 1 -1 L

707 ) 707
22 T 2/2 22 T 24/2

The matrix K* is calculated as follows:

Fro=

Ky = [ [ @K
= [ wto) ([ s ds

= ([ o) ([ o

SRR
8
V2
8
_V2
81
K = V2 V2 V2 V2 V2 2
V2 8t 8 8r 8t 8 8
8
V2
8
_V2
81
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K*

= 1+ 1 1 1 1 1
3272 327 3272 3272 327 3272
3 3 =B 3 3 =3
327 32 327 327 32 327
S S TS U S R
3272 327 3272 3272 327 3272
and
-1 1 -1 1
U* = 707 ) 70, T
[zﬂ 2v/2' 2¢/2 2\/5]
u(z) = 1.0188 sin(4rz) — 0.0294 (48)

This is the approximate solution of the integral equation (46) by CAS wavelet
method.

Legendre wavelet solution

For Legendre wavelet solution, take M = 3, k = 2 in eq" (38), then we have

VO () = [l (), v (@), w13 (@), v (2), 57 (@), 55 ()], (49)

Following the procedure of the example (1), we have

. —v6 VG
() = [0,5—=,0,0,——,0]",

(U = [-0.0211,—0.4020,0, —0.0633, —0.4020, 0] (50)

Putting the values of ¥(%)(z) and (U*)") from eq™ (49) and (50) in eq" (22), we
get the solution of the integral equation (46) by Legendre wavelet method as

u(a) = —0.021194%) () —0.40200" () —0.0633¢5% () —0.40200 () (51)
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S

(K =

Haar wavelet solution

For Haar wavelet solution, take J = 2 in eq" (43),b = 0,1,2 then m = 20 —
1,2, 4. The Haar wavelet coefficients a;,7 = 1, 2, ..., 8 are given by

[0.061361,0.027885,0.616015, 0.670955, 0.000922, 1.465270, 0.000264, 0.004906]

Putting these values of a; in the eq" (26), we get the solution of integral equation
(46) by Haar wavelet method. The Haar wavelet solutions of integral eq" 46 are
given in the Table (2).

The exact solution and approximate solutions of Fredholm integral equation
(46) obtained by CAS wavelet, Legendre wavelet and Haar wavelet method for
different values of x are given in the Table (2).

Table (2)
x | Exactsol” | CAS wavelet sol” | Legendre wavelet sol” | Haar wavelet sol”
by eq" (47) by eq" (48) by eq" (51) by eq" (26)

0 0 -0.0294 0.9549 0.6955
0.1 0.9391 0.9395 0.5610 0.6955
02| 0.5639 0.5694 0.1671 0.6722
03| -0.6236 -0.6282 -0.2268 -0.7701
0.4 | -0.9988 -0.9983 -0.6207 -1.7239
05| -0.0597 -0.0294 0.8952 0.6194
0.6 | 0.879%4 0.9395 0.5013 0.6194
0.7 | 0.5042 0.5694 0.1074 -0.3672
0.8 | -0.6833 -0.6282 -0.2865 -0.8337
09 | -1.0585 -0.9983 -0.6803 -0.8532
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The graphs of the exact solution and approximate solutions of integral equation
(46) obtained by CAS wavelet, Legendre wavelet and Haar wavelet method are
shown in the Fig.(2).

Fig.(2)

By numerical comparison in Table(2) and graphs shown in Fig.(2), it is observed
that the solution of Fredholm integral equation (46) by CAS wavelet method is
more accurate than solutions obtained by Legendre wavelet and Haar wavelet
methods.

Note: The solutions of Fredholm integral equations in examples (1) and (2) by
CAS wavelet method propoesd in this research paper and their numerical
comparison with Legendre wavelet and Haar wavelet methods show the
advantages of CAS wavelet method than Legendre wavelet and Haar wavelet
methods.

8 Remarks

1. CAS wavelet approximation of Theorem (5.1) is given by

E522M+1<f) = O(m) . Eéi?2M+1(f) — 0 as M — oo, k— oo.

CAS wavelet approximation of Theorem (5.2) is given by

(2) _ 1 (2)
E2k,2M+1<f) = O(m) : Egk,zMH(f) —0as M — o0, k — 00
Therefore, estimators E;)Q w1 (f)and Eéi)Q w41 (f) are best possible in wavelet
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analysis (Zygmund [5]).

2. (M A41)22KeD > (A 4 1)a2ked) N> 1 k> 1

1 1
3 < 1
(M+ 1)§2k(a+2) (M + 1)§2k(a+1)
. 2 1
te. Eék?2M+1(f) S Eék?2M+1(f>‘
Hence, estimator Eéi)Q Mo (f) is sharper than estimator Eéi)Q M (f) . This shows

that the estimator of a function f having f” € H“[0, 1) is sharper than the estima-
tor of f having f' € H%[0,1).

3. CAS wavelet method is more effective than Legendre wavelet and Haar wavelet
method in finding the solution of Fredholm integral equations (31) and (46).

4. Fredholm integral equation of first kind,

1
| Klaude = ria)
0
can be solved by CAS wavelet method as follows:
1
/ V()K" ()WY = ¥(2)F
0
Using orthonormality of CAS wavelet, we get KY = F'. By finding the matrix K

and F as in the case of Fredholm integral of second kind, we can find Y and hence
the solution y(x).
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