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Abstract

From the beginning of 20th century, generalization of binomial coef-
ficient has been deliberated broadly. One of the most famous gener-
alized binomial coefficients are Fibonomial coefficients, obtained by
substituting Fibonacci numbers in place of natural numbers in the bi-
nomial coefficients. In this paper, we further generalize the concept
of Fibonomial coefficient and called it Generalized double Fibono-
mial number and obtain interesting properties of it. We also discuss
its special case, double Fibonomial number along with the situation in
which they give integer values. Other properties of it have also been
discussed along with its upper and lower bounds.
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1 Introduction

In combinatorics, the factorial of a positive integer n, denoted by n!, is defined
byn!=nxn—1x---x2x1;n>1and0! = 1. Whereas the double factorial
of a positive integer n, usually denoted by n!! is defined as

nxn—2x---x3x1;, nisodd
nl=<nxn—2x---x4x2; niseven
1; n=>0

Note that n!! is not the same as the iterated factorial (n!)!, which grows much
faster. We do not know precisely when, where, or by whom, the double factorial
notation was devised. It was used by Meserve [6] in 1948, and it is not mentioned
by Cajori in his very detailed work in history of mathematical notations during
1928 — 1929 [2]. Thus, we summaries that the notation was introduced at some
times during the period 1928 — 1948.

In this definition of n!!, if we replace the natural numbers by the terms of
the generalized Fibonacci numbers w,, defined by the recurrence relation w,, =
PWp_1 + qW,_o, for n > 2; wyg = a and w; = b, where a, b, p and ¢ are any
integers, then what we get will be called Generalized double Fibonorial n!!,, and
is defined as

Wy, X Wp_g X -+ X w3 X w; n>0isodd
nlly = Wy X Wh_g X -+ X wg X wy n>01iseven (D)
1 n=~0

Here note that when we substitute p = ¢ = b = 1 and a = 0 in the definition of
wy, we get regular Fibonacci numbers F,,. The definition of n!!,, helps to express
the generalized double Fibonorial in terms of regular generalized Fibonorial as
shown in the following lemma.

Lemma 1.1. n!!, = (n’_“fg”w = ((:Ill))!!!‘:;n > 1.

In 1964 Fontene [3] generalized the notion of binomial coefficients and intro-
duce the new concept of Fibonomial coefficients. In the definition of binomial
coefficients (T,:), he replaced the natural numbers by the terms of an arbitrary
sequence {A,} of real or complex numbers. Since then there has been an accel-
erated interest in the study of Fibonomial coefficients. When the sequence { A, }
is considered as the sequence { F},} of Fibonacci numbers, the Fibonomial coeffi-

cients {T]ﬂ ,for 1 > k > m, is defined as TZ B = % The elaborated

F
study on the generalized Fibonomial coefficients can be found in literature. (See

[5D
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This quantity will always be an integer, which can be shown by an induction
argument by replacing F},, in the numerator with Fj F},, 11+ Fj_1 Fy—g, resulting

in
m m— 1 m—1
_ B [ } @)
[k]F e [k_1:|F o k F

We use the concept of generalized double Fibonorial to further generalize the
concept of generalized Fibonomial coefficients. We define the generalized double

Fibonomial numbers HTIZH as

w

m m!ly,
Hk”w: K, (m — k)L, ©)

It is easy to observe that

1 e 1 5l | | R

2 Generalized double Fibonomial numbers:

2.1 Some properties of generalized double Fibonomial num-
bers:

The following results are now easy consequences from this definition:

Lemma 2.1. For any positive integers k, m and n,

i3] (4], 2] (61

2w [[7]] o [,
| A
o [[] = oe [[2 )]

Lemma 2.2. (m — 1), HTIZH will always give an integer value.
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This result is an easy derived from the definition of generalized Fibonorial
and generalized double Fibonomial numbers. The basic recurrence relations for
the generalized double Fibonomial numbers is as follows:

s [ 7)) (2] )

By changing k to m — k and using (4), we get

vemmaza 3] {2 = 177 )

The following result can be easily obtained when we apply the sum on both
sides with respect to the upper index such that m and k have the same parity.

Lemma 2.5. HZLH = Z;n:k {w]_w—u;’_k} Hi : ;H > where the sum is taken

over integers starting from k with spacing of 2 up to m.

2.2 Star of David theorem:

In 1972, Gould gave a result related to one interesting arithmetic property of
binomial coefficients which was named as the Star of David theorem, which was
stated as “The greatest common divisors of the binomial coefficients forming each
of the two triangles in the Star of David shape in Pascal’s triangle are equal:

ged { (i1), (1) (") 3

The two sets of three numbers, which the Star of David theorem says, have
equal greatest common divisors and equal products. Interestingly, Gould’s result
can be imitated for generalized double Fibonomial numbers too as shown in the
following result.

e 221575 [170)) {[757],
_ Hmk— } ] w H;gj ab] ] ) Hk”j b] } i where a, b are posiive integers.

Proof. Using the definition of generalized double Fibonomial numbers, the
left side of the result becomes

=L el A,

o (m—a)!ly
T (k=b)!ly(m—k—a+b)!ly,

(m—+b)!1y,
(k)M (m—Fk+b)!ly,

(m)ey
(k+a)!ly (m—k—a)!ly

X X
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_ (m—a)!ly x (m—+b)!y, x (m )y
(B)!w(m—k—a)lly (k+a)!ly (m—k—a+b)!ly, (k—=b)!y (m—k+b)!1y

L ] s

Corolary 2.1. If a = b = 1, we get the product of six generalized double Fibono-

mial numbers, which are equally spaced around [ {TZ] ] .

w

2.3 Generalized Double Multinomial Numbers:

Letm = ky +ky+- - -+ k, then we can define generalized double multinomial

number as
m _ mlly
- " n .. "
k/‘17 k?, SRR k‘r w kl--ka--w kr--w

Following result expresses generalized double multinomial numbers as the multi-
plication of generalized double Fibonomial numbers.

Lemma 2.6. Generalized double multinomial numbers can be expressed as the
multiplication of generalized double Fibonomial numbers.

Proof. In the definition of generalized double multinomial numbers, consider

r = 2, then we have m — || ; where ky + ko = m.
kla k? kl

w

Forr=3andm=k‘1+k2+k3,Hkl Z k3H = HZZH Hm];]ﬁ” .

Let us now consider r = nand m = k; + ky + -+ - + k,,. Thus

m _ mlly, _ il o |
R N I B T LT

— m!!w X (m—k‘l—kg—“'—k:n_z)!!w
T TNk kol X (m—k1 —ka——kn—2)w k1l (m—ki—ka———kp_2—kn_1)o

ot e -y |

Hence, by the principle of Mathematical induction, we get the required result.C]
It is obvious that all the above results related to generalized double Fibonorials
and generalized double Fibonomial numbers are also true for double Fibonomials

k

n!!» and double Fibonomial coefficients HmH . But there are some additional
F
results related to them, which are discussed in the following article.
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3 Double Fibonomial numbers:

3.1 Definition and some properties of double Fibonomial num-
bers:

Using the definitions (1) and (3), Double Fibonorials and double Fibonomial
numbers can be respectively expressed as

F,xF, ox---xFyxF, n>01so0dd
wMp=<LF,xF,_ogx X FyxFy n>0iseven
1 n=>0

m _ mllp

The following table shows first few terms of double Fibonorials for some initial
values of n.

and

n |[0]1]2(3]4| 5|6 7 8 9 10
nlp | 1111 [2]3]10 |24 130 | 504 | 4420 | 27720

Table 1: Double Fibonorial numbers

Also by (4), double FIbonomial numbers have the symmetry property. Thus
Table 2 shows the first few terms of double Fibonomial numbers of one side only.

1

1
1 1

1 2
1 372 3

1 10/3 5
1 24/10 8 6

1 65/12 13 65/3

1 252/65 21 126/5 56

Table 2: Double Fibonomial numbers
We further show how Double Fibonorial and Double Fibonomial numbers are

connected with the sequence { L, } of Lucas numbers. This sequence is famously
known as the twin sequence of Fibonacci sequence, which can be obtained by
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substituting p = ¢ = b = 1 and a = 2 in the definition of w,. Thatis L, =
L, 1+ L, 9;Ly=2and L; = 1. It is easy to observe that F5, = F,,L,. If we
definen!y, = L, x L, _1 X - X Ly x Ly, then the following lemma follows easily.

Lemma 3.1. n!!y = k!p X k!, for even positive integer n = 2k.

. m ..
If we consider [ k} = % ,then the following is an easy consequence
L

of lemma 3.1.

s 3] - [2], 1],

From the Table 2 it is clear that double Fibonomial numbers are not always an

integer. Obviously, for any integer m, [ [m} } = [ [m] } = 1, will always have
01p milr

an integer value. Also m = m = F,,, will be integers. These
2115 m—2||,
two will serve as the trivial cases. Following theorem speaks about when double

Fibonomial numbers attain integer values.

Theorem 3.1. The nontrivial double Fibonomial numbers || are integers

k

only when either m and k both are even integers together or { {ZL] } = [ {g} } .
F F

Proof. We prove the result in four cases depending on the parity of m and k.
Case 1: When m and k both are even integers, we have

m . 2n _ (2n)”p _ FQnXFQn_QX“‘XF2n_2l+2
k||, |l - — @)EEn—20)F Foy XX Fyx Fa

Note that number of elements in numerator and denominator are same. Also,
they are Fibonacci numbers with even subscripts, such that in the denominator
we have first 1 even subscripted Fibonacci numbers. Since these numbers always
divide multiplication of any 1 consecutive even subscripted Fibonacci numbers, it

follows that 7}: will always be an integer.

Case 2: When m and k both are odd integers, we have In this case, we have

m _2n+1 _ (2n+D)!1p _ PonpixFan_1X--XFoys
k r - 2[ + 1 r - Qi+ p2n—20)!F - Fon_op XX Fy X Fy
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In the numerator, every Fibonacci number is with odd subscript. Consequently,

none of them will be divisible by F; = 3. Thus { [7{?1 } will not be an integer in

X F
this case.

Case 3: When m is odd integer and k is even integer, we have In this case, we
have

m o 2n +1 . 2n+D!p _ Fonp1XFon_1XXFo, 943
L . = 9] B = @NpEn2+ Dy For XX FaxFa

Here again in the numerator, every Fibonacci number is with odd subscript, so

none of them will be divisible by F; = 3. And therefore, in this case HTIZH

F
will not be an integer.

Case 4: When m is even integer and k is odd integer, we have

m _ 2n - 2n)1p B
Kl L2041, = Conieeeamniy ©

FonXFop_oX--XFyxXFy
(FQH_l><~~~><F3><F1)(F2n_21_1><~~~><F3><F1)

Here number of terms in the numerator and denominator are same. Also, the
Fibonacci numbers in the numerator are with only even subscripts and in the de-
nominator with only odd subscripts. But, for any Fibonacci number F},, there
exists a prime p such that if p | F,,, then p will only divide F,,,,; for every m > 1.
Since HmH = H m H , for convenience we take £ > m — k, that is,
kllp m—=Fk||.
2k > m. Then there will not be the same Fibonacci numbers in the numerator and
denominator. Also, there will not be any multiple subscripts of & in the numerator.
Thus, there will exist a prime p in the denominator such that p | F}, which will not
divide any of the Fibonacci number in the numerator.
Likewise, when k = m — k, then except for k = 3, there will be a prime p such
that p | Fy as well as p | F,,, but it will appear in the denominator only once where

as in the numerator twice. Thus in this case, except for { {g} ] =0, { {ﬂkl} } will
F F

not be an integer.O]
In the following theorem we obtain the recurrence relation for the double Fi-
bonomial numbers.

s 5] < 57 e 23]

Proof. From [4], we observe that the Fibonomial coefficients [ZL] has the

F
recurrence relation
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m m—1 m—1
= Iy [ } + Fo—k+1 [ }
[k:|F k F k=1 F

Now, using this relation and lemma 3.2, we get

m _ _ml k=g  (m—k=Dlg _ |TM (k=) px(m—k—1)!g
HkH = iy X we - X Ry _|:k:|FX (m—DTp :

m— 1 m—1 k— 1)l x (m—k—1)1
=< [ 1 + Fon k1 [ } } x — £
{ k| k=1, (m=D)llp

S Feam-1)'p _ (k=Dllp _ (n—k—1)1 Fou_jir(m—Dlp _ (k=1)lp  (n—k—1)!
—{ e X (nfkfl)!;}—i_{ e X e X (nfkfl)!;j}

_ kal(n—2)”F + Fn,k+1(n—2)!!p

)] =[] ¢ o [ 2] o v

m m—k . m — 2 y
Lemma 3.3. |:|ik’:|:| = Ej:i FI‘Cj_llFm_k+1_2(j_1) |:|i b — QJ:H +F
F F
1;when m and k both are even or both are odd integers

where A = Hk+1
k

m—k

Tla

} } ; otherwise
F

Proof. From above theorem, we have

5], = oo [R5, o 737

Sl ety PN

JF

—2]] —4
= Frkt1 HTZ_ 2] + B Bk qu_ 2”
| P

+ R, {Fm—k—3 1[”/;—_26”F e Hmk_ 6”F}

Continuing this process, we get

( mokl L m — 27 m—k k
2][21 | F 2 Pz || 2] v B el
F F
Hm” B when n and k both are even or odd
k|~ mok| m—2j mek| [Tk 41
S > Sy H b 2‘7” v H i H :
F F
otherwise

\
,as required. O
To illustrate the result, we consider m = 9 and k¥ = 5. Then

m—k

m 2] - "y 2
(2] = b [ 2] T
F
. 92 g
=3 FITF o H 3 j” FE H5H
P F
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= F; {[;}]F+F4F3 HgHFHﬁ: (5x )+ (3x2x5)+ (3%

442 _
=35 = |5 , as expected.

F
The following result is an easy consequence from the definition of double

Fibonomial numbers and the basic identity F,, L, + F, L,, = 2F}, ., relating both
Fibonacci numbers and Lucas numbers.

s [1] 4657, e [[12))

Proof.  Since 2F,, = F.L, . + F. L. . we have 2 {mH P, =
L F

il e ]

=) = k+ﬁ 1] ot

e e

Using lemma 3.4 and applylng the same logic of lemma 3.3, the following
result can be proved easily.

m mz_k Liile— —2(j—1 m_2j mz_k .
Lemma 3.5. Hk”F:ZJ'Ll JQ—;H)H’C—2”F+(%>L )4,

1; when m and k both are even or odd integers
where A = Hk +1

;otherwise
.

To illustrate the result, we consider m = 10 and £ = 3. Then 7;; } =
% Ljilef —2(j— - 2]
EEEes s IRt
_ 3 Ly Lraoy | |10 — 27 &)3“ }
- =1 27 3 2
F
6 4
¢, IM{M1+%ﬂL]+%HH
F
(2+32)
2 2

— (3B + (S )+ (5) (4

— % = ngO} } F, as expected.

In the following section we find the bounds of these numbers.
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3.2 Bounds of double Fibonomial numbers:
O‘Z:gn; where

a = %5 and § = %5 The following theorem gives us the bounds of double
Fibonomial numbers in terms of .

The Binet formula for the Fibonacci number is given by F;, =

0; when n is even
1;when n is odd ’

k—x(k))(m—k—x(m(m—k—1)—1 m k+x(k))(m—k+x(m(m—k—1)—1
o LDk ) _ HkH ga( () (m (. 1)
P

Theorem 3.3. For x (n) =

Proof. Itis well-known that "2 < F,, < o™ !;foralln > 1.
Then it is easy to observe that

me2t —4t—1
<a™ %)
Foio
and P
m—2¢ m—4t—3
> o (6)
Forio

Here we consider the four cases depending on the parity of m and £. When both
m and k are even, using the definition of double Fibonomial numbers and (5), we
have

m _ m!lp _ FmXFm—QX“‘Xmek«FQ
k P - k!!px(m—k)!!p - FQXF4><'“><Fk-

k(m—k+1)
2

<amlxagmdx...x Ck(m_2k+3)

Thus HTIZ] < aw.

IF
Again using (6) in the definition of double Fibonomial number, we get

=

k(m—k—1)
2

k

m
l :|:| > am—S X am—? X oeee X am—2k+1 =«
L F

k(m—k—1)

This shows that HZLH > « 2 . Thus when m and n both are even, we

F
have

Glmsk=n [ m < Gk

0; when n is even

. , this result can be written as
1;when n 1s odd

Considering x (n) = {

(0%

(k=x(k))(m=k=x(m(m—k=1)—1)) m (ktx(k))(m—k+x(m(m—k—1)—1))
2 S k; S OK 2 N
F
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The required result can be proved using the similar technique for all the remaining
cases.

To illustrate it, we consider m = 9 and k = 4. Then HTIZ” = 442

F
(k= (k) (m—k—x (m(m—k—1)—1)) k(m—k—1)
Also, o 2 =a =z  =a%=14697
(kb () (m— k- (m(m—k—1)—1)) k(m—k+1) .
and « 2 =a 2z = «a'2 =321, which shows that
(k=X (k) (m—k—x (m(m—k—1)—1)) m (et (k) (m— kb5 (m (m—k—1)—1))
“ ’ S |: |ik :| :| S “ ’ .
F

4 Double Fibonomial numbers and Fibonacci num-
bers:

By [1], it is known that a primitive divisor of a Fibonacci number F;, is any
prime integer p such that p | F, but p { F,,; where m < n. Also, primitive
divisor theorem says that for n > 13, every F,, has a primitive divisor. We use this
result to prove many interesting relations between generalized double Fibonomial
numbers and Fibonacci numbers.

4.1 Double Fibonomial number as a power of Fibonacci num-
ber:
In literature, there are many results involving Fibonomial numbers and Fi-

bonacci numbers. From (4), it is clear that HTIZH = F,, for £k = 2. Thus, the
F

Diophantine equation { {TZ} } = F,, will always have a trivial solution (m, k, n)
F
(m, 2, m). Following result claims that there is no other solution for the consid-

ered Diophantine equation.

Lemma 4.1. The Diophantine equation [ [7]?] } = F,, has no solution for k > 2.
F

Proof. We know that except for Hg” = 6, which is not a Fibonacci
F

.. m . .
number, and trivial cases, { [ 1 ] } is an integer only when both m and k are even
F

integers. Thus, Hm” = F,, implies
kllp
Foy X Fry_g X o+ X Fy_jq
Fi, X Fj_g X -+ X F}

=F, (7)
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If we consider n > 13 and n > m, then by the primitive divisor theorem, there
exists a prime p such that p | F,, but p { F},,. That is, (7) has no solution possible.
Similarly, for m > 13 and m > n, primitive divisor theorem implies that (7) has
no solution.

Thus, we can narrow down the range of m and n as max (m,n). A quick look at

the Table 2 reveals that for £ > 2, the Diophantine equation [ {Tlﬂ } = F,, hasno

F
solution. O

The following result can be proved through the similar arguments.

Theorem 4.1. For any positive integer t, the Diophantine equation [ [ZL] } =F
F
has no solution for k > 2.

Though the double Fibonomial numbers do not possess the value of a Fi-
bonacci number except for the trivial cases, they do stand in the neighborhood
of Fibonacci number. We present this fact in the following final result.

Theorem 4.2. The only solutions of the Diophantine equation {73] +1=F,

F
are (m,k,n) = (3,1,2),(3,2,2),(4,2,3),(6,3,5),(8,4,10) for '+ case and
(3,1,4),(3,2,4) for'—' case.

Poof. From the Table 2, it is easy to observe that the Diophantine equation

HZLH + 1 = F, has solution (m, k,n) = (3,1,2),(3,2,2),(4,2,3) for '+
F

case and (m, k,n) = (3,1,4),(3,2,4) for the '—’ case for m < 5. Now for m >

5, when m is an odd integer, double Fibonomial number will not be an integer.

And when m is an even integer such that k is an odd integer, Hg” = 6 1s the

only possibility integer value of double Fibonomial. Thus (m, k, n)F: (6,3,5)
will be a solution of the given Diophantine equation for '+’ case.

Now, we can narrow down our possible solution to the even integers for both
m and k. Since F,L, = F,., + (—1)b F,_,, the different factorizations for £, =1
depending on the class of nmodulo4 can be written as:

Fy+1=Fy 1Ly Fy—1=Fypi1Llo

Faupi+1=Fypaloy Fyy— 1= Fylo

Fuyo+ 1= Foolo Fyyo— 1= Fyloo
Fuys+1=Foyploye Fuyzs—1= Fopalon
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Therefore, the considered Diophantine equation, which can also be written as

7;; = F,, F 1, can be factorized for the '+’ case as
- :m: 3 m m

1 = Fy 1Ly Hk” = Fy Lo Hk” = FyLojio
LLJJF F F

m

1 = FyyoLoji1;
and for the '—' case as

m m m

1 = Fy_1Loyq Hk” = Fyp1Ly Hk” = Fyqoly
- - s F F F

m

1 = Fyp1Loto;

It is obvious that all these eight cases can be handled in the similar man-

ner. Thus, we shall only focus on the proof of the first case. Now, HTZ” =

F
Fy X Frpy o XX Fpy 10

Fo01 Loy 1 implies FonFr o iy

= F5 11 Lo 41. Thus, we have

Fon X Fing X o+ X Fyy o = Fopp1 X Loy X Fi X Fieg X -+ X Fy

. . Fy_
Since Fyn = F,, L, we write Lo = ﬁ Thus

Fo X Fp_o X oo X Fpy g9 X Foy_y = Foppq X Fyy_o X Fiy X Fjy_g X <+ X 5,

Since | = L%J > 2, we haved4] — 2 > 2] + 1. Therefore, from primitive divisor

theorem, we can write m = 4] — 2. Thus,
Foox o X Fpy_jqo X Fypy = Foppy X Fiy X Fi_g X -+ - X I )

If we assume that m > max {14,k + 1}, we have m — 2 > 12. So, again by
primitive divisor theorem, we get m — 2 = max {2l +1,k}. Butm — 2 =
41 — 4 > 20 4 1, which implies m — 2 = k and from (8), we get Fy 1 = Fy.q,
which is not possible. Thus, we only need to consider the range 4 < &£ < 10 and
k+2<m< 12

Again, from Table 2, we can easily claim that the only solution of the Diophan-
tine equation Hﬂlz +1=F,are (m,k,n)=(3,1,2),(3,2,2),(4,2,3),

F
(6,3,5),(8,4,10) for '+’ case and (3,1,4),(3,2,4) for'—' case. O

5 Conclusion:
In this paper, we have defined double Fibonorial numbers and double Fibono-

mial numbers. We have proved many properties for these numbers including re-
cursive equations in terms of Fibonacci numbers and Lucas numbers. We have
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extended the star of David theorem for double Fibonomial numbers and also dis-
cussed various Diophantine equations related to double Fibonomial numbers and
Fibonacci numbers.
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