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Relation-theoretic contraction principle in
metric spaces using multiplicative
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Abstract

Alam and Imdad have presented a novel application of the Banach
contraction principle on a complete metric spaces with a binary rela-
tion. We have extended the concept of binary relation with the mul-
tiplicative contraction in a complete metric spaces. We have also in-
cluded corollary to demonstrate our results.
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1 Introduction

In many scientific domains, particularly in fixed point theory, the concept of a
metric space is extremely useful. This notion has been generalised in numerous di-
rections in recent years, and many notions of a metric-type space have been intro-
duced (b-metric, dislocated space, generalised metric space, quasi-metric space,
symmetric space, etc.).The Banach contraction principle’s [3]contraction condi-
tion has been generalised to numerous forms in the last fifty years. Furthermore,
the metric space in the Banach contraction principle has been generalised to a va-
riety of generalised metric spaces. Many authors researched other sorts of fixed
point theorems in metric spaces later on, as seen by the and references therein.
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2 Preliminaries

We give the required background material needed to prove our results in this
part to make our exposition self-contained. In what follows, N, Ny, ) and R de-
note the sets of positive integers, non-negative integers, rational numbers and real
numbers, respectively.

Aftab and Alam [1] proved new relation-theoretic fixed point theorems on metric
spaces in 2015, and then inferred comparable findings in metric spaces.

Metric spaces are sets in which there is a defined a notion of ’distance between
pair of points’. The concept of metric spaces was formulated in 1906 by M.Frechet
[7] ,though the definition presently in use given by the German mathematician, Fe-
lix Hausdorff.

Definition 2.1. Let M be a non empty arbitrary set and d be a real function from
M x M into R" such that for all u,v,w € M we have

1. d(u,v) >0,
(u,v) =0
(

u,v) = d(v,u) and

N
S

> u =",

U

3.
4. d(u,w) < d(u,v) + d(v,w),
Here (M, d) is called a metric in R and (R, d) is a metric space.

Example 2.1. 1. d(u,v) = |u — v| is a metric space in R.

2. If d(u,v) defined by
d(u,v) ={lifu#v

0ifu=uv}

Definition 2.2. [10] Let M be a nonempty set. A subset R of M? is called a
binary relation on M. Notice that for each pair uw,v € M, one of the following
conditions holds:

1. (u,v) € R; which amounts to saying that “u is R-related to v” or “u re-
lates to v under R”. Sometimes, we write uRv instead of (u,v) € R ;

2. (u,v) ¢ R; which means that “u is not R-related to v” or “u does not
relate to v under R”.
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Definition 2.3. [10] Let R be a binary relation defined on a nonempty set M
and u,v € M. We say that u and v are R -comparative if either (u,v) € R or
(v,u) € R. We denote it by [u,v] € R.

Definition 2.4. [6, 10, 11, 12, 15] A binary relation R defined on a nonempty set
M is called

~

. reflexive if (u,u) € R forall u € M,

2. irreflexive if (u,u) ¢ R forall u € M,

3. symmetric if (u,v) € R implies (v,u) € R,

4. antisymmetric if (u,v) € R implies (v,u) ¢ R,

5. transitive if (u,w) € R and (w,v) € R implies (u,v) € R,

6. complete, connected or dichotomous if [l,n| € R forall l,m € M,

7. weakly complete, weakly connected or trichotomous if [u,v] € R oru = v
forall u,v € M.

8. strict order or sharp order if R is irreflexive and transitive,
9. near-order if R is antisymmetric and transitive,
10. pseudo-order if R is reflexive and antisymmetric,
11. quasi-order or preorder if R is reflexive and transitive,
12. partial order if R is reflexive, antisymmetric and transitive,
13. simple order if R if weakly complete strict order,
14. weak order if R is complete preorder,
15. total order, linear order or chain if R is complete partial order,
16. tolerance if R is reflexive and symmetric,
17. equivalence if R is reflexive, symmetric and transitive.

Definition 2.5. [4] Let M be a nonempty set and R a binary relation on M. A
sequence {u,} C M is called R-preserving if

(Un, Ups1) €E R Vn € Ny
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The notion of d- self closeness of a partial order < defined by Turinici [16] is
extended to an arbitrary binary relation in the following lines.
Now, we state and prove our main result, which is as follows:

Theorem 2.1. Let (M, d) be a complete metric space, R a binary relation on

M and T a self-mapping on M. Suppose that the following conditions hold: a)

M (f; R) is nonempty,

b) R is f-closed,

c) either f is continuous or R is p-self-closed,

d) there exists X € [0,1)d(f(u), f(v)) < d(u,v)* forallu,v € M with(u,v) €
R

Then f has a fixed point. Moreover, if e) Y(u,v, R®) is nonempty, for each
u,v € M,

then f has a unique fixed point.

Proof. Consider a point uy € M. Now we define a sequence {u,, } of Picard
iterates, i.e., u, = fu,_; forn = 1,2, ... From the multiplicative contraction
property [13] of f forall n € Ny. As (ug, fug) € R, using condition (b), we get

(fU07 fQUO), (fQU[), fSU()), cees (fnU[), fn+1U0)7 ... € R

so that
(Un, Upg1) € R n € No. (D

Thus the sequence {u,, } is R-preserving. Applying the contractivity condition (d)
to equation (1), we deduce, for all n € N, that

2

d(unJrl; un) S d(una unfl))\ S d(“nfla un72))\ S S d(ubuO))\n'
which by induction yields that
d(unH, Un+2) S d('LL(], fUO))\n+1 n c No. (2)

Using equation (2) and triangular inequality, for all n € Ny,p € N,p > 2, we
have

A(Uny1, Unyp) < d(Uni1, Unga) + d(Ungo, Ungs) + oo+ d(Ungpo1, Ungp)

< d(ul, UO)A"+1+..A+>\P

AP

< d(uy,up) T

This implies that d(u,,u,) — 1 as (n,p — o0). Hence the sequence (z,) =
(f™up) is multiplicative Cauchy. By the completeness of M, there is z € M such
that u,, — z as n — oco. Moreover,
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d(fz,2) < d(fun, f2).d(fun, 2) < d(u,, 2)*.d(fu,,2) = 1asn — oo,

which implies d(fz, z) = 0. Therefore this says that z is a fixed point of f; that is
fz==z
Now, if there is another point y such that fy = y, then

d(z,y) = d(fz, fy) < d(z,y).

Therefore d(z,y) = 0 and y = z. This implies that z is the unique fixed point of

f.
Alternatively, let us assume that R is d-self-closed. As u,, is an R-preserving
sequence and

u, =% u,
there exists a subsequence {u,, } of {u,} with
[Uun,,u] € Rk € Ny
Using (d), [un, ,u] € R and u,, —¢ u, we obtain
d(Un, 11, fu) = d(fun,, fu) < d(un,,u)* — Lask — oo

so that u,, .1 —¢ f(u). Again, owing to the uniqueness of limit, we get f(u) = u
so that u is a fixed point of f. To prove uniqueness, take u,v € F'(f), i.e.,

flu)=u and f(v)=n0. 3)

By assumption (d), there exists a path (say { zo, 21, 29, ..., 2, }) of some finite length
k in R® from u to v so that

20 = U, 2k = U, |2, 2zi41] € R foreach (0 <i<k—1). %)

As R is f-closed, we have
[f"zi, f"ziz1) € R foreach i(0<i<k—1) and for each n € Nj.
)

Making use of equations (3),(4),(5),, triangular inequality and assumption (d), we
obtain

d(u,v) = d(f 20, fP2) < 3 d(f 2, [ 2i)
< Zzzj d(f" tz, [ zp)

< S A2z, 2 )Y
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<..< Z;iol d(2i 2ip1)™"
—0asn — oo

so that v = v. Hence f has a unique fixed point.O]

Corolary 2.1. Let (M, d) be a complete metric space. For € with ¢ > 1 and
uy € M, consider the multiplicative closed ball, B.(ug). Suppose the mapping
f M — M satisfies the contraction condition

d(f(u), f(v)) < d(u,v)* forallu,v € B.(ug)

where \ € [0,1) is a constant R is a relation such that d(fuo,uo) < €'~*. Then
f has a unique fixed point in B.(u).

Corolary 2.2. Let (M, d) be a complete metric space. If a mapping f : M — M
satisfies for some positive integer n,

d(f"u, f*v) < d(u,v)* forallu,v € M,
where \ € [0,1) is a constant, then [ has a unique fixed point in M.

Theorem 2.2. Let (M, d) be a complete metric space, R a binary relation on
M and T a self-mapping on M. Suppose that the following conditions hold: a)
M (f; R) is nonempty,

b) R is f-closed,

c) either f is continuous or R is p-self-closed,

d) there exists X\ € [0,3) d(fu, fv) < (d(f(u,v).d(fv,u))*forallu,v €

12
M with(u,v) € R
Then f has a fixed point. Moreover, if e) Y (u,v, R®) is nonempty, for each u,v €
M,

then f has a unique fixed point.

Proof. Consider a point uy € M. Now we define a sequence {u,, } of Picard
iterates, i.e., u, = fu,_1 forn = 1,2, ... From the multiplicative contraction
property of f for all n € Ny. As (ug, fup) € R, using condition 2, we get

(fuo, fPuo), (f*uo, fPuo), ..., (f*uo, [ ug), ... € R

we have
d(un—i-h un) = d(fum fun—l) < (d(funa un)'d(fun—h Un—l)))\

= (d(un+1, Un)d(un’ u”_l)))\
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Thus we have

A

d(un—f—la un) S (d(una un—l))ﬁ - d(u’m un—l)hv

where b = 25. For n > m, Using triangular inequality, for all n € Ny, m €
N, m > m, we have

d(una um) S d(“na un—l)-d(un—h un—2)~~d(um+17 um)

m

< d(ul,uo)hn71+hn72+"'+hm < d(uyq, Uo)lhj”

This implies d(uy,, u,) — 1 as (n,m — oo). Hence (u,) is a Cauchy sequence.
By the completeness of M, there is z € M such that u,, — z as n — oo. Since

A(F2,2) < d(Fun, £2).d( fiin, 2)
< (d(fum un).d(fz, Z))A-d(un-&-la Z)a

we have

A

d(un—i-la un) S (d(una un—l))m - d(u’m un—l)hv

where h = ﬁ For n > m, Using triangular inequality, for all n € Ny,m €
N, m > m, we have

d(una um) S d(“na un—l)'d(un—l’ un—2)~~d(um+17 um)

m

< d(ul,uo)hn71+hn72+"'+hm < d(uyq, Uo)lhj”

This implies d(uy,, u,) — 1 as (n,m — oo). Hence (u,) is a Cauchy sequence.
By the completeness of M, there is z € M such that u,, — z as n — oo. Since

d(fz,2) < d(fun, f2).d(fun, 2)
< (d(fti, t)-d(f2, 2))d(tps1, 2),
we have
d(fz,2) < (A(Fun, un)*-d(tUps, 2)) 75 — L asn — oo.

Hence d(fz,z) = 0. This implies fz = z. Finally, it is easy to prove that the fixed
point of f is unique.

Alternatively, let us assume that R is d-self-closed. As {u,} is an R-preserving
sequence and

u, =% u,
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there exists a subsequence {u,, } of {u,} with
[Up,,ul € R ke Ny
Using (d), [un,,u] € R and u,, —¢ u, we obtain
AU, 11, fu) = d(fun,, fu) < (d(Un, 11, 0).d(Un, , u))* — 1as k — oo

so that u,, 1 —% f(u). Again, owing to the uniqueness of limit, we obtain f(u) =
u, so that u is a fixed point of f.

To prove uniqueness, take u,v € F(f), i.e.,
fw)=u and f(v)=wo. (6)

By assumption (e), there exists a path (say{zo, 21, 22, ..., 2 }) of some finite length
k in R® from u to v so that

20 =U, 2k = U, |2, 2i41) € R for each i(0<i<k-—1). (7)
As R is f-closed, we have

[f"zi, f"ziza] € R for each i(0<i<k—1) and for each n € N,.
)

Making use of equations (6),(7),(8),, triangular inequality and assumption (d) we
obtain

d(u,v) = d(f"z0, f2) < S0 d(f 2, f2i41)
< Zf_ol(d(f"‘lzi, S i) A 2, S )
< S (df 2z, ) d( R, )Y

<..< ZZi()l(d(Z“ Zi+1)'d(zi+17 Zi)))\n
—0asn — o

so that u = v. Hence f has a unique fixed point.C]

Theorem 2.3. Let (M,d) be a complete metric space, R a binary relation on
M and T a self-mapping on M. Suppose that the following conditions hold: a)
M (f; R) is nonempty,

b) Ris f-closed,

c) either f is continuous or R is p-self-closed,

d) there exists X € [0, 1) d(fu, fv) < (d(f(u,u).d(fv,v))*forallu,v €

12
M with(u,v) € R
Then f has a fixed point. Moreover, if e) Y (u,v, R®) is nonempty, for each u,v €
M,

then f has a unique fixed point.
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Proof. Consider a point uy € M. Now we define a sequence {u,, } of Picard
iterates, i.e., u, = fu,_1 for n = 1,2,... From the multiplicative contraction
property of f for all n € Ny. As (ug, fug) € R, using condition 2, we get

(fuo, fPuo), (fug, fPug), ..., (ffug, f* ug),... € R
we have
A(tp1;un) = d(frn, fun—1) < (d(fun, un)-d(frn—1, tn-1))*
= (d(tnt1, Un)-d(Up, Up_1))>
Thus we have
Aut 1, t0) < At 1)) 5 = ot ),
2

where h = 2. For n > m, Using triangular inequality, for all n € Ny, m €

N, m > m, we have
d(una um) S d(una un—l)'d(un—la Un—2)~-d(um+lv um)
< d(U17U0)hn71+hn72+”'+hm < d(uyq, UO)%

This implies d(uy,, u,) — 1 as (n,m — oo). Hence (u,) is a Cauchy sequence.
By the completeness of M, there is z € M such that u,, — z as n — oo. Since

d(fz,2z) < d(fun, f2).d(fug, 2)
< (d(fun, un).d(f2, 2))d(uns1, 2),
we have
d(fz,2) < (A(Fun, un)*-d(Upsr, 2)) 5 — Lasn — oco.

Hence d(fz,z) = 0. This implies fz = z. Finally, it is easy to prove that the fixed
point of f is unique.

Alternatively, let us assume that R is d-self-closed. As {u,} is an R-preserving
sequence and

u, =% u,
there exists a subsequence {u,, } of {u,} with
[un,,u] € R k€ Ny

Using (d), [un,, u] € R and u,, —% u, we obtain
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AU, 11, fu) = d(fun,, fu) < (d(Up, 11, 1).d(Un, , u))> — 1as k — oo

sothat u,, 11 —? f(u). Again, owing to the uniqueness of limit, we obtain f(u) =
u, so that u is a fixed point of f.

To prove uniqueness, take u,v € F(f), i.e.,
fw)=u and f(v)=wo. 9)

By assumption (e), there exists a path (say{zo, 21, 22, .., 2 }) of some finite length
k in R® from u to v so that

20 = U, 2K =0, %, i1 € R foreach (0 <i<k—1). (10)
As R is f-closed, we have

[f"zi, [Mzi1]) € R foreach i(0<i<k—1) and for each mn € N,.

(1)
Making use of equations (9),(10),(11), triangular inequality and assumption (d),
we obtain

d(u,v) = d(f "z, f"2) < S0 d(f 2, [P 2i41)
< Sz, 1 ) A (f 2, )

< S (A 2z, ) A 2z, )Y

—0asn — o

so that u = v. Hence f has a unique fixed point.O]
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