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Abstract

The introduction of the concept of vertex connectivity polynomial of
graphs in [Priya and Anil Kumar, 2021b] triggered the need to study
the nature of roots as well as the stability properties of the same for
various graph classes. This paper mainly deals with results about the
nature of roots, stability and schur stability of the vertex connectivity
polynomial.
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1 Introduction

The adjacency property of vertices in a graph is not sufficient to characterize
a graph in terms of its connectedness as the deletion of the corresponding edge
may or may not disconnect the graph. More generally, the connectivity property
of vertices in a graph may not be preserved after the deletion of edges of the
geodesics linking them. This motivated the authors to introduce the concept of
“vertex-connected vertices”, which shares geodesics preserving the connectivity
of a graph. The study of vertex-connected vertices in [Priya and Anil Kumar,
2021a] triggered the need to define vertex connectivity polynomial discussed in
[Priya and Anil Kumar, 2021b] for simple finite connected graphs to explicitly
reveal the number of vertex pairs that disconnect a graph.

A polynomial p(z) is said to be stable, or a Hurwitz polynomial, if all its ze-
ros lie in the open left half-plane [Fuhrmann, 2011] and is schur stable if all its
zeros belong to the open unit disk. Hurwitz polynomials are important in control
systems theory, because they represent the characteristic equations of stable linear
systems [Gajender and Sharma, 2014]. Thus the study of a graph polynomial is
worthy only if it succeeds in predicting the behavior of some stable physical sys-
tems. This motivated the authors to study about the nature of roots and stability of
the vertex connectivity polynomial of a graph. Throughout this paper, G denotes
a finite simple connected graph with vertex set and edge set denoted by V' (G) and
E(QG) respectively. All the graph theoretic terminology and notations used in the
paper are as in [Harary, 1969].

2 Main Results

Definition 2.1. Let G be a graph of order n. Then, the vertex connectivity poly-
nomial of G, denoted by V|G; x|, is defined in [Priya and Anil Kumar, 2021b]
as:

diam(G)+1

VGizl= ) |Dila’

i=1
where D; is the set of all vertex pairs which disconnects G into i components.
Definition 2.2. Let G = (V, E) be a graph and let u,v € V. Then, the vertices
u and v are said to be vertex-connected if the deletion of the edges of none of the
geodesics connecting u and v disconnects G into multiple components.

The graph G is vertex-connected if each of its vertex pairs are vertex-connected.
[Priya and Anil Kumar, 2021a]
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Definition 2.3. Let G = (V, E) be a graph. Then, a pair of vertices (u,v) € VxV
at a distance d > 0 are said to be d-metrically connective if it disconnects the
graph G into d components.

The graph G is metrically connective if every pair of its vertices are d-metrically
connective for some d > 0.[Priya and Anil Kumar, 2021a]

Theorem 2.4. (Routh-Hurwitz Criteria [Fuhrmann, 2011]) Given a polynomial
P(x) = apx” + ar1z™ ™ + agx" P 4 - 4 ap 12 + ap,

where the coefficients a;’s are real constants, the n Hurwitz matrices using the
coefficients a; of the above polynomial are defined as

a a a; Qo 0
1 Qo
H1=[al],H2=[ ],H:a: az az ap|,---,
asz az
as G4 0ag
a; Qo 0 o --- 0
as as a; ag --- 0
H,=|a a4 a3 az --- 0 ,
_0 o o o0 -- an |

where a; = 0 if j > n. All the roots of the polynomial P(x) are negative or
have negative real part if and only if the determinants of all Hurwitz matrices are
positive: det(H;) > 0,7 =1,2,..., n.

Definition 2.5. Let G be a graph. Then, the roots of the vertex connectivity poly-
nomial of G are called the vertex connectivity roots of G.

The following are some of the observations about the vertex connectivity roots
of graphs.

(i) (0,00) is a zero-free interval of the vertex connectivity polynomial V|G z]
for any graph G.

(ii) If G is metrically connective, then it has at most diam(G) vertex connec-
tivity roots.

(iii) If G is a tree, then it has diam(G) + 1 vertex connectivity roots counting
multiplicities.

Theorem 2.6. Let G be a graph. Then, zero is a vertex connectivity root of G of
multiplicity greater than one iff G is a tree.
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Proof. Assume that zero is a vertex connectivity root of G of multiplicity £ > 1.
Then, V[G; x] = 2*g(x), a polynomial of degree greater than or equal to 2. This
means that every vertex pair of GG disconnects the graph into at least two compo-
nents so that none of its edges belongs to a cycle. Hence it follows that G is a tree.
Conversely, if G is a tree, all its edges being cut edges, none of the vertex pairs
are vertex-connected. That is, V' [G; z] is a polynomial free of linear coefficient.

This completes the proof. ]

Theorem 2.7. Let G be a graph of order n. Then, zero is the only vertex connectiv-
ity root of G iff either G is vertex-connected or every vertex pair of G disconnects
the graph into exactly two components.

Proof. Assume that zero is the only vertex connectivity root of G. Then, V[G; ] =
ra®, where r, k > 0. But, V[G; 1] = S8 D, = (7) so that r = (7). That
is,V[G; 2] = ()"

Case (i): If k = 1, then V[G; 2] = () so that G is vertex-connected.

Case (ii): If £ > 1, then all the (’2‘) vertex pairs disconnects the graph into k
components. But if a vertex pair disconnects GG into k£ components, then
corresponding to that there exists a vertex pair disconnecting the graph into

two components. Thus it follows that V[G; z] = (}) 2.

Conversely, if either (G is vertex-connected or every vertex pair of GG disconnects
the graph into exactly two components, then we get V[G;z] as ()z and (})a?
respectively. In both the cases, it follows that zero is the only vertex connectivity
root of GG .

This completes the proof. [

Corollary 2.8. Let G be a non vertex-connected graph of order n. Then, zero is
the only vertex connectivity root of G iff G = P.

Proof. Let zero be the only vertex connectivity root of G. Since G is not vertex-
connected, from theorem 2.7 it follows that G is a tree and V[G; x| = () 2?. This
means that all the (’2‘) vertex pairs disconnects GG into two components. Now if
possible assume n > 2. Then, since every edge of G is a cut edge, we can find a
vertex pair at 2 units distance which disconnects G into three components. There-
foren =2and G = P.

This completes the proof. []
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Theorem 2.9. Let G be a graph and ny, ny are respectively be the number of
vertex-connected vertex pairs and the number of vertex pairs which disconnects
G, where ny > ny . If ny is prime, then G lacks non-zero real vertex connectivity
ro00ts.

Proof. Let V|G; x| = xg(x), where g(z) = a,z" + ap_12" ' + ... a1z + ny,
>, a; = ng, for some n. Clearly all the zeros of g(z) are non-zero. Let 3 be a
zero of g(x) such that |3| < 1. Then,

g(ﬂ) = anﬂn +an716n71 + .. .a15—|—n1 = O
That is,
In1| = |anf™ + an_1 8" 4. oa1B) < lan| + |an_1| + ... |ai] = no,

a contradiction. Therefore, |5 > 1.
Now, if possible, assume that 3 is real. Then, g(x) is reducible over the set of all
real numbers. That is,

9(x) = (z = B)h(x),

where h(x) is a nonconstant integer polynomial. Now,

n1 = g(0) = —Bh(0).

Since n; is prime and since |5| > 1, |h(0)| must be 1. Let /3, ..., 3,-1 be the
zeros of h(x) and a be its leading coefficient. Then,

1
’617' '-57171‘ = —<1
lal
But (i, ..., 3,1 are the zeros of g(x) also so that [5;| > 1Vi=1,....n—1,a
contradiction. Therefore g(x) has no real zeros and hence G lacks non-zero real
vertex connectivity roots.

This completes the proof. [

Corollary 2.10. Let G be a graph and ny, no are respectively be the number of
vertex-connected vertex pairs and the number of vertex pairs which disconnects
G, where ny > no. Then, all the non-zero vertex connectivity roots of G lie strictly
outside the unit circle.

Theorem 2.11. Let G be a graph with |D;| = m Vi < n, where 2 < n <
diam(G) + 1. Then, all the non-zero vertex connectivity roots of G are distinct
and are of unit modulus. In addition, if G is a tree of diameter p, where p is an
odd prime, then G lacks non-zero real vertex connectivity roots.
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Proof. Without loss of generality, let G be a graph which is not a tree.
Since |D;| =m,Vi=1,2,...,n,

VIG, z] :min =mz[l +z+...+2"1.

=1

The zeros of the polynomial 1 + z + ... + 2" ! are the n'” roots of unity except
1 and hence it follows that the vertex connectivity roots of GG are distinct. Now, if
G is a tree, then V[G; x] is a polynomial of degree diam(G) + 1. That is,

diam(G)+1
VIG,z] =m Z ot =ma[l 4+ x4 ...+ gbm@)
=2
Since diam(G) = p, the polynomial 1 + z + ... + zP~! is irreducible over the
set of all rationals and hence it has no rational roots. But the only possible real
p— 1" root of unity is —1, which is rational. Therefore, it can be concluded that
G is free of non-zero real vertex connectivity roots.

This completes the proof. []

Corollary 2.12. If n is odd, then all the non-zero vertex connectivity roots of C,
lies on the unit circle. In addition, if an is even, then C,, has exactly two real
vertex connectivity roots.

n—1

Proof. This follows from the fact that V[C,,; z] = >_. 2 na' for odd n and —1 is
a k" root of unity if k is even. ]

Theorem 2.13. (i) Let Gy and G5 be two disjoint graphs. If a is a vertex con-
nectivity root of both G and G, then a is also a vertex connectivity root of

G+ Go.

(ii) Let G be a vertex-connected graph of order n and let G be the graph ob-
tained by adjoining one pendent vertex to m distinct vertices of G, m < n.
Then, the vertex connectivity roots of G' are the roots of the polynomial
VIG;z] + nma? + ()25
(iii) Let G be metrically connective and let d = diam(G). Then, G has exactly
d vertex connectivity roots counting multiplicities.
Proof. (i) This follows from the fact that V' [G1+Go; x] = V[Gy; x|+ V[Ga; x].
(i1) Since G is vertex-connected, the newly adjoined vertices along with every
vertex of G disconnects G into exactly two components and mutually dis-

connects G into three components.
Therefore, V[G'; 2] = V[G; 2] + nma? + ()23
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(iii) This follows from the fact that the degree of V|G z] is d.

This completes the proof. O

Theorem 2.14. Let G be a graph of order n and diameter d. Then, any vertex
connectivity root 3 of G either has nonpositive real part or satisfies

8] < 1+ +1+4+2n(n—1)
5 :

Proof. Let (3 be a non-zero vertex connectivity root of G. If |3| < 1, then the

+4/142n(n—1) 1

result holds trivially since ! 5

Case(i) : Let G be a tree. Then, the degree of V[G; x| is d + 1.
We have, V[G;z] = 2%g(z), where g(z) = ag_127 ' + ... + a1z + ao.
Since >0 a; = (2),]a;| < (3)Vi =0,1,...,d — 1. Now, if || > 1 and
Re(B) > 0, then

:;t(fzt = |ag—1 + adB_Z tot 5312 + 53(11’
ag—2 nn—1) 1 1
> Jag_1 + g |- == [|/62|+'”+W]
1 _1 1
> Re(aq_1) + ad—zRe(g) - n(n2 )[‘52‘ _ w]
>1— n(n2— 1) [|52| 1_ |5|], since aq_1,aq_o > 1 and Re(3) > 0.
e o e s e
132 — |8
>0

Y

whenever |5%| — |5] — 220 > 0,

n(n—1
That is, if |3 > —V—_ T by 220D and Re(B) > 0, then
lg(B)|
1841
Case(ii) Let GG be a graph which is not a tree. Then at least one edge of GG is a
part of some cycle so that the linear coefficient of V' [G; x] is non-zero. Let
V[G;z] = zh(x), where h(z) = ap,12™ ' + ... + a1z + ao. Here also

> 0 so that 5 cannot be a zero of g(z).

Sta = (%) ]ail < (5)¥i=0,1,...,m — 1, so that similar calculation
as in case(i) yields that if |3| > oy ieenintl V1+22n(n_1) and Re(f) > 0, then 3 can-

not be a zero of g(x). .
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Therefore, from the above two cases we get that every vertex connectivity root
of the graph G either has nonpositive real part or has modulus strictly less than

14+4/1+2n(n—1)

2

This completes the proof. []

Theorem 2.15. Ler G be a tree with diameter d < 2. Then, all the non-zero
vertex connectivity roots of G lie in the left half plane. In addition, if the leading
coefficient of V|G x| dominates, then the polynomial is schur stable.

Proof. Case(i): If d = 1, then G = P, so that V[G;z] = 2% Thus, the result
holds trivially.

Case(ii): If d = 2, then V[G; z] = z*(ax + b), a cubic polynomial where a,b >
0. Thus the only non-zero zero x = =2 of V[G;z]| lies in the left half
plane. Now if the leading coefficient of V[G;z] dominates, then |2 < 1
and thus all the vertex connectivity roots of GG lies inside the unit circle.
Hence V[G; z] is schur stable.

O

Corollary 2.16. V[K ,,; x| is schur stable iff n > 3.

Theorem 2.17. Every vertex connectivity root of the path graph P, lie in the
closed left half plane iffn < 5

Proof. We have, V[P,;x] = 3.1~ (n — )2+ Thus the result holds trivially for
n =2andn = 3.

Now for n > 4, let V[P,; z] = z%g(z).

When n = 4, g(r) = 2 + 2z + 3 so that

le[z],HFB :ﬂ

are having positive determinants.
If n = 5, then g(x) = 23 + 222 + 3x + 4 so that all the Hurwitz matrices

9 1 210
H1:|:2},H2:|:4 3:|,1¥3: 4 3 2
05 4

have positive determinant.
Forn =6, g(x) = 2* + 223 + 322 + 42 + 5.

Hy =

O = N
O W =
IS v )
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so that det(H3) < 0.
Forn > 7,

H3:

S =N
ot W =
=N O

so that det(Hs) = 0. Thus for n > 6, g(z) is not stable so that all the vertex
connectivity roots of P, does not belong to the closed left half plane.

This completes the proof. ]

A bistar graph B, ,, is the union of two identical star graphs K ,,, whose centres
joined together to form a new edge.

Theorem 2.18. The vertex connectivity roots of the bistar graph B,,, ,,, always lie
in the closed left half plane and are all real iff m > 7. Also, for all m > 2, zero is
the only vertex connectivity root of multiplicity > 1.

Proof. We have, VB, ; x] = 2*[m*z? + m(m + 1) + (2m + 1)].[Priya and
Anil Kumar, 2021b]
The zeros of the polynomial g(z) = m?z* + m(m + 1)z + (2m + 1) are

_ —m(m+ 1) £ /m?(m+ 1)? — 4m?(2m + 1)

v 2m?
—(m+1)£vm?—6m—3

2m

Since v/m? — 6m — 3 < vm? < m + 1, all the zeros of g(z) lie in the left half
plane. The zeros of g(x) are real iff m?> — 6m — 3 > 0 iff m > 3 4+ /12 or
m < 3 —+/12. Since m is a positive integer and since 6 < 3 + V12 < 7, we
get that the vertex connectivity roots of 5, ,, are all real iff m > 7. Now, since
m? — 6m — 3 is never zero for any integer m, all the zeros of g(x) are distinct.

This completes the proof. ]

Corollary 2.19. For m > 3, VB, m; | is schur stable.

Proof. In the proof of theorem 2.18, the zeros of g(x) are
—(m+1)£vVm2—6m—3
2m

—(m+1)+vVm2—6m—3 It
2m :

can be observed that | | < 1 form > 3 so that all the vertex
connectivity roots of B, ,,, lie inside the unit circle.

This completes the proof. ]
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Theorem 2.20. Let P(z) = a,2" + ap_12""' + ... + a1z + ag be a complex
polynomial such that |ay| > |ao| + |a1| + ... + |ag_1| + |aks1| + ... + |an| for
some 0 < k < n. Then exactly k zeros of P lie strictly inside the unit circle, and
the other n — k zeros of P lie strictly outside the unit circle.[Zhao, 1947 ]

A helm H,, is obtained by adding pendent edges to every vertex on the graph
obtained as the join of the cycle C),_; and K;. A webgraph W B, is obtained
by joining the pendent vertices of H,, to form a cycle and then adding a single
pendent edge to each vertex of the outer cycle. A butterfly graph is a double shell
with same apex along with exactly two pendent edges at the apex.

Theorem 2.21. (i) Forn > 3, the helm H,, is not schur stable.

(ii) For n > 3, the web graph W B,, is not schur stable. But all the vertex
connectivity roots of W B,, are real and belong to the closed left half plane.

(iii) For n > 4, the butterfly graph BF,, is not schur stable. But all the vertex
connectivity roots of BF,, are real and belong to the closed left half plane.

Proof. (1) From [Priya and Anil Kumar, 2021b], we get the vertex connectivity

polynomial of H,, as V[H,;z| = (";1)903 +n(n—1)a? + (Z)x .

Here, the quadratic coefficientn(n—1) > (",") + () so that from theorem

2.20 it follows that only two zeros of V[H,,; z] lie inside the unit circle and

one zero outside the unit circle. Hence H,, is not schur stable.
(i) We have, VW B,;z] = (";")2® + (2n — 1)(n — 1)2* + (** ") a.
That is, V(W By 2] = (";Y)afa? + 2221y 4 222201 Gince the dis-
criminant of the quadratic polynomial p(z) = x* + 2(3:1—21% + 2(271_21) is
1?722212_)21 ) > 0, it follows that all the vertex connectivity roots of W B,, are
real. The remaining results follows easily from the fact that the zeros of
—2(2n—1)+,/12(2n—1)
2(n—2) :

p(z) are exactly

(iii)) From [Priya and Anil Kumar, 2021b], it follows that the vertex connec-
tivity polynomial of BF, is V[BE,;z] = 2% + (2n — 4)2? + (",%)=.
For n = 5,6,7, the non-zero vertex connectivity roots of BF), are ex-
actly —3 + /6, —4 £ /10 and —5 4 /15 respectively so that in all those
cases the graph is not schur stable. Now for n > 7, the linear coefficient
(”52) > 1+ 2n — 4 and hence by theorem 2.20, only one zero of V[BF,,; x|
lie inside the unit circle and the other two zeros lie outside the unit circle.
Hence for n > 4, BF,, lacks schur stability. Now, since 2n — 4 is greater
than the magnitude of the square of the discriminant of the quadratic factor
in V[BF),; x| and since the discriminant is positive, it follows that all the
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non-zero vertex connectivity roots of B F}, belong to the left half plane.

This completes the proof. O

3 Conclusions

In this paper, the nature of roots and stability properties of some well known
graphs were discussed in detail and inferences were made about its stability. More
general properties regarding the graph stability can be inferred only after studying
the same for graph operations.
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