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Abstract

In this article, we establish edge domination in Bipolar Hesitancy
Fuzzy Graph(BHFG). Various domination parameters such as inverse
edge domination and total edge domination in BHFG are determined.
Some theorems related to edge domination and examples are also dis-
cussed.
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1 Introduction

The concept of fuzzy sets was first originated by L.A. Zadeh [Zadeh [1965]].
In 1973, Kaufmann established fuzzy graph using Zadeh’s fuzzy relation. The
domination concept in fuzzy graph was first established by A. Somasundaram and
S. Somasundaram [Somasundaram and Somasundaram [1998]]. The edge domi-
nation in fuzzy graphs was initiated by S. Velammal and K.Thiagarajan [Vellamal
and Thiagarajan [2012]]. The notion of Bipolar Fuzzy Graph(BFG) was estab-
lished by M.Akram [Akram [2002]].The approach of domination in bipolar fuzzy
graphs was proposed by M.G. Karunambigai, Palanivel and Akram [Karunambi-
gai et al. [2013]].The book by Akram, Sarwar and Dudek entitled ”Graphs for
the Analysis of Bipolar Fuzzy Information” [Akram et al. [2021]] is a great tool
for understanding the concepts of domination in BFGs. S. Ramya and S. La-
vanya developed edge domination in bipolar fuzzy graphs [Ramya and Lavanya
[2017]].The notion of hesitant fuzzy sets was first introduced by V.Torra [Torra
[2010]] in the year 2010. Hesitancy fuzzy graph, a new approach to fuzzy graph
theory was first established by T. Pathinathan,et.al [Pathinathan et al. [2015]].The
idea of domination in hesitancy fuzzy graph was investigated by R. Sakthivel
et.al,[Sakthivel et al. [2019]]. In the year 2021, K. Anantha Kanaga Jothi and
K. Balasangu [Anantha Kanaga Jothi and Balasangu [2021]]defined the idea of
irregular and totally irregular bipolar hesitancy fuzzy graphs and some of its prop-
erties.

2 Preliminaries

Definition 2.1 (Akram [2002]). Let X be a non empty set. A bipolar fuzzy set
B in X is an object having the form B = {(x, u5(z), uiy(x))|lz € X} where,
ph X —[0,1] and ¥ : X — [—1,0] are mapppings.

Definition 2.2 (Akram [2002]). A Bipolar Fuzzy Graph (BFG) is of the form G =
(V, E) where

1.V = {vy, vy, .0, } such that pf’ : V — [0,1] and p¥ : V — [—1,0]
2. ECVxVwherept :VxV —[0,1]and iy : V xV — [—1,0] such that
py (v, v5) < min(uy (v3), 1y (v7))

and
py' (03, 05) = maz(py (vi), iy (v5))
for all (v;,v;) € &.
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Definition 2.3 (Akram [2002]). Let G = (V, E) be a BFG is said to be strong then
b = il (o), i (uy)) and i = maa (e (o) 2 (o)) Vo, v € V.

Definition 2.4 (Akram [2002]). Let G = (V, ) be a BFG is said to be complete
then,

w3 (viyv5) = min(uy (vi), gy (v;))
w3 (vi, v5) = maz(py (vi), g (v)))
forall v;,v; € V.

Definition 2.5 (Karunambigai et al. [2013]). An arc (a, b) is said to be strong edge
in a BFG, if

1y (a,0) > (113)>(a,b) and 113 (a,0) > (13 )*(a, b)

whereas (pd)>(a,b) = maz{(1f)*(a,b)|k = 1,2, ...,n}
and (113)>*(a, b) = min{(ud)*(a,b)|k = 1,2, ...,n}.

Definition 2.6 (Karunambigai et al. [2013]). Let G = (V,€) be a BFG, then
cardinality of G is defined as

g =3 (1 +Mf(vi;+uf[(w)) . (1 +M§(Uivvj;+ﬂév(viavj))

v; €V (Ui,vj)eg

Definition 2.7 (Karunambigai et al. [2013]). The cardinality of V, i.e., amount of
nodes is termed as the order of G = (V, E) and is signified by |V|(or O(G)) and
determined by

v;EV

The no. of elements in a set of S, i.e., amount of edges is termed as size of G =
(V, E) and signified as |S|(or S(G)) and determined by

s@) = 5=y W) )

(v’i U5 ) €€

for all (v;,v;) € €.
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3 Bipolar hesitancy fuzzy graph

Definition 3.1 (Anantha Kanaga Jothi and Balasangu [2021]). Let X be a non-
empty set. A Bipolar hesitancy fuzzy set

B={, 11y (2), uy (), ()71 (2), B{ (2), B () /= € X}

where ' ~F B X — [0,1] and uY , Y, BN : X — [—1, 0] are mappings such
that,
0 <y (x) +71 () + 67 () <1

and
1<y’ (2) + 7 () + B (2) <0

Definition 3.2 (Anantha Kanaga Jothi and Balasangu [2021]). Let X be a non
empty set.Then we call mappings b, 5 B + X x X — [0,1], @, ~5, 8N
X x X — [—1,0] are bipolar hesitancy fuzzy relation on X such that,

o (2,y) < pg (@) A pt(Y)ip (2y) = 2 (@) Vot (y); 93 (2,y) < 3 (@) A
W Wi (wy) > (@) V() B3 (v,y) < B (x) A B (y); B (x,y) >
B () V B (y).

Definition 3.3 (Anantha Kanaga Jothi and Balasangu [2021]). A bipolar hesi-
tancy fuzzy relation A on X is called symmetric relation if uf (z,y) = pt (x,vy),
py (zy) = my' () 75 (2,y) = 93 (x,y), 7 () = 7'(x,y), B (x,y) =
B3 (w,y), B (x,y) = By (w,y) for all (v,y) € X

Definition 3.4 (Pathinathan et al. [2015]). A Hesitancy fuzzy graph is of the form
G = (V, E) where,

V = {w, v, ...v,} such that py, v, 51 : V. — [0, 1] denote the degree of mem-
bership, non-membership and hesitancy of the vertex v; € V respectively and
p1(vi) +71(vi) + B1(v;) = 1 for every v; € V where By (v;) = 1 — [pu1(v;) +71(v3)]
and

E CV xV where s, v, 82 : V x V — [0, 1] denote the degree of membership,
non-membership and hesitancy of the edge (v;,v;) € E respectively such that,
pr2(vi, v5) < pa(vi) A pa(vg); Ya(vi,v5) < i) Vo (vg); Balvi, v) < Bulvi) A
Bi(vj) and 0 < pa(v;, v5) + v2(vi, v;) + Ba(vi, v5) < 1 for every (v;,v;) € E.

Definition 3.5 (Anantha Kanaga Jothi and Balasangu [2021]). A Bipolar Hesi-
tancy Fuzzy Graph (BHFG) is of the form G = (V,E) where

(i) V.= {vy,vo,...,0,} such that ¥ ~F B+ v — [0, 1] denote the degree
of positive membership, positive non-membership and positive hesitancy of
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the vertex v; € V respectively, ¥, vV, B : V — [—1,0] denote the degree
of negative membership,negative non-membership and negative hesitancy
of the vertex v; € V. For every v; € V,

pi (i) + 91 (vi) + 87 (vi) = 1 and pi’ (vi) + 97 (vi) + B (v3) = —1

BT (vi) = 1 = [uf (v;) + 71 (vr)] and B (vi) = =1 = [’ (v;) + 71" (v3)]

(ii) E C VxVwhere, u . L, BY : VxV — [0, 1]; 1,44, BY : VxV — [—1,0]
are mappings such that

Ng(vu UJ) <y (vi) A Mf(%)
13 (vi, v3) > pd (03) V iy (v)
Vs (i, 05) <A1 (v5) VAp ()
78 (03, 05) = 1 (03) A (v))

5 (vi,05) (vi) A B (v5)

denote the degree of positive, negative membership, degree of positive, neg-
ative non membership and degree of positive, negative hesitancy of the edge
(vi,vj) € E respectively and

0 < g (vi,v5) + 73 (vi,v5) + B (vi,v5) < 1

—1 < py (vi,v5) + 73’ (vi,05) + Ba (vi,v5) <0

for every (v;,v;) € E.

v, (0.5,0.3,0.2)

(04,02 0_;’)1 (0.4,0.2,0.2)(-0.2,-0.4,-0.1) (03 06, 0.1)
-0.6,-0.2,-0.2
(0.4,0.1,0.2) V3
(-0.4,-0.4,-0.1) (0.8,0.1,0.1)
o (-0.2,-0.4,-0.4)
Vs
(0.7,0.1,02) (0.2,0.2,0.2(-03,-0.3,-0.1) 14 (0.2,0.3,0.5)
(-0.4,-05,-0.1) (-0.3,-0.1,-0.6)

Figure 1: Bipolar Hesitancy Fuzzy Graph
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Example 3.1. From Fig 1, for vertex v,

wF (o)) + 4 (v1) + B (v1) =04 +02+04 =1

¥ (v1) + ¥ (v) + BN (v1) = —0.6 —0.2 - 0.2 = —1.

For edge (v1,v2); pb (v1,v2) + 75 (v1,v2) + B3 (v1,v9) = 0.8 < 1

p (v1, v9) + A2 (v1, v2) + BY (v, v2) = —0.7 > —1.

Definition 3.6. A Bipolar Hesitancy Fuzzy Graph G = (V, E) is said to be complete
when, p3 (vi,v5) = pif (V) A pg (V) (Vi v7) = B3 (V) V R (vg), 93 (Vg v7) =
M (i) VAL (0g), 3 (i, v5) = 21 (00) A (v)) 5 By (v v5) = BE (0i) A BT (v5)
BY (vi,v;) = BN (v;) V B (v;) for every v;, v; € V.

Definition 3.7. A Bipolar Hesitancy Fuzzy Graph G = (V,E) is said to be strong
when, py (vi, v5) = pi(0i) A g (v3),3" (03, 05) = 3 (03) Vg (v3) 73 (vi, 05) =
M (Vi) VA (vg), 3 (i, v5) = 21 (0i) A (v)) 5 By (v, v5) = BE (0i) A BT (v5)
BY (vi,v;) = B (v;) V B (v;) for every (v, v;) € E.

Definition 3.8. Let G be a Bipolar hesitancy fuzzy graph. The neighbourhood of
a vertex x in G is defined by

N(x) = (N, (x), N, (2), Ny (x), N} (2), Nj (x), Nj' ()

Y v

where

N}é(fﬂ) ={y € V/13 (z,y) < pi'(2) Apt (@)} NV (2) = {y € V/'(z,y) >
i () Vo (2) BN (2) = {y € V/g (2, y) < of (2) A (@)} NV (z) = {y €
v/ (z,y) = 9 (2) Vi (@) ENG (2) = {y € V/B3 (z,y) < B (2) A B (2) )
N (z) = {y € V/B3 (z,y) = B (2) V B (2)}.

Definition 3.9. Let G be a Bipolar Hesitancy Fuzzy Graph. The neighborhood
degree of a vertex x in G is defined by

deg(z) = [deg u” (z), deg i (), deg 7" (z), deg v™ (z), deg 87 (z), deg 8" ()]

y € V, where

degp”(z) = Y pi(y),degp™(x) = > i (y),degr () = > ()

yEN (z) yEN (z) yEN ()
degy(z) = Y W(y),degp”(x) = D B (y),deg ()= > B(v)
yEN (z) yEN () yEN (z)

Definition 3.10. Let G = (V,E) be a BHFG. The edge cardinality of G is given by,
E[ =7

3 3+ p5 (u,v) + g (u,v) + 95 (u,v) + 95 (u,0) + B3 (u, v) + B (u, v)

(u,v)€EE
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Definition 3.11. An Arc (u,v) is said to be strong edge in BHFG. then,

pf (,0) = () (0 (,0) = (i) (0, 0) 2 (.0) > (0F)(1.0),
/yév(uvv) Z (,yé\f)oo(u’v>’6§(u’v> Z <ﬂ2 )oo<u7v)’ /32 (U,U) Z <ﬂ2 )oo(u7,0)
whereas (pd)®(u, v) = maz{(pd)*(u,v)|k =1,2,...,n};

(12 ) (u,v) = min{ () *(u, v)|k = 1,2,... ,n};
(73)*(u,v) = maz{(v3)*(u, v)|k = 1,2,...,n};
(’Yév)oo(uﬂ U) = mln{(fﬁv)k(uv U)’k =1,2,... 7n};
(/Bf)oo(u’ U) = max{(ﬂg)k(uvv”k =1,2,... ’n};
(BN (u, v) = min{(BE)(u,v)|k = 1,2,...,n}.

4 Edge domination in bipolar hesitancy fuzzy graph

Definition 4.1. Let G = (V,E) be a Bipolar Hesitancy Fuzzy Graph. A set S C E
is said to be an edge dominating set of G if every edge not in S is incident to some

edge in S.

Definition 4.2. An edge dominating set S C E is said to be minimal if no proper

subset of S is an edge dominating set.

Definition 4.3. The minimum cardinality out of all minimal dominating sets of

BHFG G is said to be lower domination number of G and denoted as dy,(G).

Definition 4.4. The maximum cardinality out of all minimal dominating sets of

BHFG G is said to be upper domination number of G and denoted as Dy,(G).

€1
vy (0.3,0.3,0.1)(-0.2,-0.2,-0.1) vy
(0.5,0.4,0.1) (0.3,0.2,0.5)
(-0.7,-0.2,-0.1) (-0.2,-0.1,-0.7)
es €2
(0.5,03,0.1) (0.2,0.3,0.3)
(-0.1,-0.3,-0.1 (-0.2,-0.2,-0.4)

@
v 0.2,03,02)-01,-04, 04
(0.6,02,02) ( X ) V3 (0.2,0.5,0.3)

(-0.1,-0.4,-0.5) €1 (-0.3,-0.3,-0.4)

Figure 2: Edge domination in BHFG
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Example 4.1. In the above figure 2, {e1,ea,e4,65},{€2,€3,e5},{e1,e3,e4} are
edge dominating sets of G.{e1, e, } {es, ea},{es} are minimal edge dominating sets
of G. Among all the minimal dominating sets, {es} has minimum cardinality and
edge domination number ~,,(G) = 1.06.

Theorem 4.1. Let S be a minimal edge dominating set of a BHFG G = (V,E). if
for any edge e € S, one of the following condition hold

a) N(e)NS = ¢

b) Je' € E — S such that N(e) NS = {e}.

Proof. Given G = (V,E) is a BHFG and S is a minimal edge dominating set
of G, Then for every edge e € S, S — {e} is not an edge dominating set and hence
there exists an edge ¢’ € E — S which is not adjacent to any element of S — {e}.
Thus if ¢’ = e we get (a) and if &’ # e we get (b). O

Definition 4.5. An edge e of a BHFG G is called an an isolated edge if no effective
edges is incident with the vertices of e and hence it doesn’t dominate any other
vertex in G.

Theorem 4.2. [fG = (V,E) is a BHFG without any isolated edges, then for every
minimal edge dominating set S, prove that E — S is also an edge dominating set.

Proof. Given G = (V,E) a BHFG without any isolated edges. Let S be
minimal edge dominating set of G, then there exists an edge ¢’ € N((e). From
theorem 5.4 we get ' € E — S which implies every edge in E — S is adjacent to
an edge in S. Hence E — § is also an edge dominating set. O

Corolary 4.1. For any graph G without isolated edges ~y,(G) < g

Definition 4.6. Let G = (V,E) be a BHFG. Let S be a minimum edge set of G.
If E — S contains an edge dominating set S' of G, then S’ is said to be inverse
edge dominating set of G. The minimum cardinality out of all minmal inverse edge
dominating sets is said to be inverse edge domination number and is denoted as

Yor (G).

Proposition 4.1. For any graph G without isolated edges and vertices

Yor(G) < %, (G)

Proposition 4.2. If G is a graph without isolated edges and vertices and if number
of vertices are greater than or equal to 3, then

Yor(G) + 75 (G) < 7
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Definition 4.7. Let G = (V,E) be BHFG without isolated edges. An edge dominat-
ing set S is called as total edge dominating set if < S > has no isolated edge.The
minimum cardinality of all minimal total edge dominating sets is said to be total
edge domination number of G and is denoted as Vyy,.

A set F C E is said to be a total edge dominating set of G if for every edge in E is
adjacent to at least one edge in F.

Theorem 4.3. For any bipolar hesitancy fuzzy graph G, Yp,(G) < Y (G). O

Theorem 4.4. For any bipolar fuzzy graph G with r edges then prove that vy, = 7
iff every edge of G has a unique neighbor.

Proof. Given a BHFG G with r edges.Let us consider every edge of G has a
unique neighbor, then S is the only total edge dominating set of G which implies
Y, = 7. Conversely, suppose 7y, = 7 and if there exists an edge with neighbors
s and t then S — {s} gives a total edge dominating set of G. Thus ~y,,, <  which
is a contradiction. O

5 Conclusions

We have established edge domination in Bipolar hesitancy fuzzy graph(BHFG).
Along with various domination parameters such as inverse and total edge domi-
nation were also discussed. We have also given various examples and theorems
supporting the main result. Our result can be extended to other domination pa-
rameters as well.
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